Single-photon frequency-modulated continuous-wave
Lidar based on quantum compressed sensing
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Frequency-modulated continuous-wave (FMCW) Lidar has the characteristics of high-ranging accuracy, noise immunity, and synchronous
speed measurement, which is the candidate for the next generation of vehicle Lidar. In this work, an FMCW Lidar works at single-photon
level is demonstrated based on quantum compressed sensing, and the target distance is recovered from the sparse photon detection, in which
the detection sensitivity, bandwidth, and compression ratio are improved significantly. Our system can achieve 3 GHz bandwidth detection
at photon count rates of a few thousand, making ultra-long distance FMCW Lidar possible.
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1. Introduction

Long-distance light detection and ranging (Lidar) has
attracted significant attention in the military, astronomical,
and civil fields. Frequency-modulated continuous-wave
(FMCW) Lidar [1-3] has significant advantages in high
ranging accuracy, noise immunity, fast-moving target
capture, and synchronous speed measurement, compared
with other Lidar technologies such as phased array Lidar,
time-of-flight Lidar and pulsed-light Lidar [4-8]. These
advantages make the technique enabling applications such
as three-dimensional (3D) object profiling [9-11], synthetic
aperture imaging Lidar [12, 13], noncontact precision
metrology [14], and swept-source optical coherence
tomography [15].

However, at considerably great target distances, or in
certain special scenarios, such as deep-space and deep-sea
applications [16, 17], the reflected probe beam attenuates to
the single-photon level. Although higher power local
oscillator improves the signal-to-noise ratio (SNR) of the
beat signal [18], long distance detection requires a detection
system capable of broadband measurements, and the
bandwidth and the sensitivity are incompatible features for
a coherent heterodyne detector. Geiger-mode single-photon
detectors have been applied to coherent detection to reduce
laser power [19]. Furthermore, Data acquisition is restricted
by the Nyquist-Shannon sampling theorem [20]. The photon
counting technique is utilized for frequency recovery of the
beat signal [21, 22]. The amount of data to be processed is
time consuming and memory intensive.

Compressed sensing (CS) can recover the sparse signals
with a sampling rate much lower than the Nyquist sampling
rate, promising real-time, broadband signal detection [23-
26]. Generally, random sensing matrices are usually used
for compressed sensing, since they satisfy the restricted
isometry property with a high probability. For a one-round
FMCW Lidar measurement, a single range with a round-
trip delay produces a single-frequency beat signal, which
meets the requirements of the signal sparsity of CS. The 1-
bit CS is utilized to recover the frequency of the beat signal
from the photon arrival sequence [27]. Although it works,
the 1-bit quantization method is not fully applicable to
photon detection-based situations. In fact, randomness is a

fundamental property in quantum mechanics. Quantum
compressed sensing (QCS) method realize compressed
sampling of sparse signals in the transform domain by
preparing and detecting quantum state processes. In our
previous work, a broadband (>1 GHz) single-photon
modulation spectrum measurement method was proposed
and experimentally verified based on QCS [28-31].

In this work, FMCW Lidar works at the single-photon
level is demonstrated based on the QCS, in which the
detection sensitivity, bandwidth, and compression ratio are
improved significantly. In the single-photon FMCW, the
interference at the single-photon level leads to the
probability modulation of photon detection. The QCS
constructs the CS using quantum physical processes,
enabling us to recover target distances from the sparse
photon sequence. The system is highly sensitive and capable
of broadband measurement, which enables large dynamic
range and high-precision Lidar. Meanwhile, sub-Nyquist
sampling significantly reduces the pressure of data storage
and processing. In the experiment, a 3 GHz measurement
bandwidth was realized with a photon count rate of kcps
(kilo counts per second), the compression ratio improved by
three orders of magnitude compared with the conventional
coherent detection.

2. Compressive Single-Photon FMCW laser ranging

For the FMCW Lidar, the theoretical limit of the ranging
resolution 1is inversely proportional to modulation
bandwidth. However, laser phase noise and frequency
nonlinear modulation can cause the spectrum of the beat
signal to spread out during the actual measurement.
Therefore, the ranging resolution is determined by
considering both the modulation bandwidth and full width
at half height (FWHM) of the spectrum of the beat signal
[10].

Remote and high-precision FMCW Lidar requires discrete
single-photon signals to recover the broadband beat signal,
as shown in Fig. 1. QCS is a technology that constructs a CS
system to realize data compression and broadband signal
reconstruction based on quantum physical processes. In this
study, the QCS includes two steps, i.e., the random
compressed sampling and information recovery.



For sampling in QCS, the beat signal xis first mapped to
a quantum state |ad), which is transformed to |[a®.
Therefore,
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Fig. 1. Concept of the FMCW Lidar. (a) Schematic of the
FMCW Lidar. (b) The compressed sampling of the random
single-photon sequence. (c) The spectrum of the beat signal
corresponding to the target distance is analyzed by the DFT.

the mathematical model of QCS can be expressed as:
y'=Ala"). 1

Compared with the traditional CS system, in which the
mathematical model is expressed as y=Ax, there are two
major differences. Firstly, the sensing matrix 4 is a random
matrix for traditional CS, however, in QCS, it is replaced by
a sensing operator A. Secondly, the sensing matrix is
predetermined and does not change with signals for
traditional CS. As claimed in Ref. [29], the measurement
process is non-adaptive [32]. However, the sensing matrix is
related to the initial state | @), the signal x, and the sensing
operator A, can only be determined when the measurement
occurs for the QCS, i.e., the quantum state collapse.
Therefore, the measurement process in QCS is passive-
adaptive, which is impossible with traditional electronic-
based CS systems. In the process of QCS sampling, the
frequency-modulated signal is first mapped to the photon
wave function, making the probability of photon detection
vary periodically. The second step is photon detection,
which, according to quantum physical processes, causes the
collapse of the quantum state. The probability of quantum
measurement collapse is proportional to the square of the
wave function amplitude. The high detection probability at
the crest location and the low detection probability at the
trough location allow the signal to be reconstructed with
fewer photons. Then, a time domain signal of the random
arrival of photons [4, &, ... £l is collected, which is different
from the time and amplitude information required in the
traditional sampling.

In quantum mechanics, the intrinsic randomness stems
from the consumption of coherence, which appears as white
noise in the frequency domain, as shown in Fig. 1(c). We
denote |e,, 0) and |e, 0) as two orthogonal eigenstate
vectors with the x-direction and y~direction of the laser.
Similarly, we refer |e,, 2) and |e,; 1) as the x-direction
eigenstate vectors of the probe and reference beams,
respectively, and denote |e, 2) and |e, 1) as the
corresponding y~direction eigenstate vectors. Owing to the
time delay between the frequency-modulated probe and
reference beams, a relative phase difference ¢ is induced.
The quantum-mechanical operator before the interference
of the two beams is expressed as:

o8, ~le.edele Vool
exp(ip)|e,,2)(e,,0 +exp(i(p)|ey’2><ewo|.

The quantum-mechanical operator of the beat signal is
expressed as:

]Sbeat = ]SBS2¢ISBS1 = [1 + exp(iqp)] x
(ex,0><ex,0 +|ey,0><ey,0|)

Therefore, the output state of the beat signal is determined
solely by the relative phase difference @. In the FMCW Lidar
system, because ¢ is linearly frequency modulated, the
probability of photon detection varies periodically.

For information recovery, the original beat signal xcan be
reconstructed with a high probability from a small number
of measurements yby solving optimization problems [33, 34].
Photon counting of the weak coherent state at the single-
photon level obeys the Poisson distribution, i.e., the photon
arrival time is completely random. The shot noise generated
by the randomness of photon detection has the same power
spectral density for each frequency component, and shows
as white noise in the frequency domain. The spectrum of the
modulated weak coherent state is a superposition of white
noise and the characteristic spectral line located at £, In this
work, the single-photon beat signal is converted to the
frequency domain using the Discrete Fourier
Transformation (DFT). The target distance £ can be derived
directly from the spectrum by locating the position of the
characteristic spectral line. At this point, the compression
measurement of the signal is completed. We did not finally
recover the time domain waveform of the beat signal x,
because the purpose of this work is to obtain the distance
information of the target, which can be obtained directly
from the frequency of the beat signal, in fact, the time
domain waveform can be obtained by a simple inverse
Fourier transform of the spectrum. SNR of the spectrum is
defined as:

3

SNR =20 loglo (Vmax /Std (I/'wise )) ’ (4)

where V., is the amplitude of the spectral peak and
5t V,ppiso) is the standard deviation of the noise excluding
the signal. The data compression ratio (CR) could be defined
as:

CR = Cx32bit/( f, x12bit x 2)x100% , (®)

where C'is the photon count per second, £, is the bandwidth
of the beat signal and 32 bit and 12 bit are the resolutions
of the compressed and classical sampling instruments,
respectively.

The FMCW Lidar working at the single-photon level has
been noticed and studied by several research groups. The
signal reconstruction methods of these works are mainly
divided into two kinds. One is the photon counting method
[21, 22, 35], which first recovers the waveform through
photon statistics and then performs FFT on the recovered
waveform. The second is to utilize the traditional CS 1-bit
quantization model to achieve signal recovery [27]. This
method introduces the idea of binarization on the basis of
traditional compressed sensing, i.e., the sampling results
are quantized into 1 bit by setting a threshold. In contrast,
the QCS method proposed in this paper utilizes the inherent
randomness of quantum coherence measurement to achieve



compressive measurements of the physical quantity being
measured.

3. Experimental setup

The single-photon FMCW Lidar system is shown in Fig. 2.
A narrow linewidth external cavity tunable 1550 nm laser
(Toptica) was selected as the light source. The Pound-
Drever-Hall (PDH) locking technology was used to lock the
laser frequency to the reference frequency provided by the
ultra-stable cavity to ensure the stability of the output
frequency [36]. Linear frequency modulation was achieved
using an electro-optic modulator and radio-frequency signal
generator. Subsequently, the modulated laser was split into
a probe and reference beam by a beam splitter.

The probe beam coherently interfered with the reference
beam after covering distance of 25 km. Here, the 25km fiber
is employed to emulate remote target detection, while
simultaneously increasing the optical path difference
between the signal light and reference light. This
displacement effectively shifts the FMCW interference
frequency from low to high frequencies, thereby
circumventing low-frequency noise. An optical scanning
system was added after 25 km fiber for 3D imaging. We first
performed classical detection by using a photodetector and
a spectrum analyzer (ROHDE&SCHWARZ), combined with
frequency locking to test the improvement in ranging
resolution. Furthermore, variable optical attenuators were
used to simulate channel loss to the single-photon level. The
beat signal was detected by a single-photon detector
(IDQ230) with a high detection efficiency and low dark
count rate, and the arrival time of each photon was recorded
by using a time interval analyzer (TTA, SIMINICS). The
target distance was retrieved based on the post-processing
QCS algorithm.
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Fig. 2. The single-photon FMCW Lidar system. FSG:
Function signal generator, CIR: Circulator, PMC:
Polarization-Maintaining  coupler, PC: Polarization
controller, RF: Radio frequency signal generator, EOM:
Electro-optic modulator, SLS cavity: Ultra-stable cavity
(SLS Company), OSC: Oscilloscope, VOA: Variable optical
attenuator, PD: Photoelectric detector, BS: 50/50 beam
splitter, SPD: Single-photon detector, TIA: Time interval
analyzer, AMP: Amplifier, FSM: Fast steering mirror.
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Fig. 3. 3D image of target. (a) The target containing multiple
objects. (b) The 2D reconstruction. (¢) 3D image according to
the frequency mapping distance.

4. Experimental results

By adding an optical scanning system to the system, targets
at different positions are labeled with unique frequency
shifts, and frequency mapping distance enables 3D
reconstruction. In the experiment, the probe beam was
coupled to the space through the 25 km fiber and
illuminated the targets. Targets containing a plastic cube
with a diameter of 2 cm, a regular hexagon, and an
equilateral triangle with reflective tape were located at a
distance of 1 m from the lens in the imaging system. The
objects were separated by 5 cm and 7.5 cm as shown in Fig.
3(a). The optical scanning system consisted of a 4f system
and a fast steering mirror to detect illuminated objects for
reconstructing 57X21-pixel resolution depth map and 3D
imaging. Figure 3(b) shows the two-dimensional (2D)
reconstruction from the frequency of the beat signal, and the
3D reconstruction of the target is shown in Fig. 3(c). To
accelerate the imaging time, the dead time of the detector
was set to 2 pus. The photon intensity of the reference path
was maintained at 90 keps, and the photon intensity of the
probe path was collected at 50~110 keps due to the different
reflectivity of the objects. Two seconds of photon signals
were accumulated on each pixel. The beat signal was
averaged 8 times to improve the SNR. To ensure the SNR of
the beat signal in single-photon coherent detection, the
photon intensity of the reference and the signal paths
should be equal. The optimal solution in scanning imaging
is that the photon intensity of the reference path needs to be
adaptively and optimally adjusted at each pixel point. We
do not change the photon intensity of the reference path in

our experiments, which 1is wuniversal in real-world
environments.
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Fig. 4. The spectrum of the beat signal when the laser is
running freely and when closed-loop frequency locking
system is employed. The graph is centered on the frequency
1620173 Hz. Black line is the experiment result, and red line
is curve fitting. (a) Open-loop operation, classical detection.
(b) Closed-loop operation, classical detection. (c) Single-
photon detection, closed-loop operation.

4.1 Analysis of range resolution and accuracy

Since imaging resolution is related to frequency resolution,
we investigated and analyzed factors that affect frequency
resolution and accuracy, such as frequency modulation
linearity, detection range, sweep rate, and bandwidth.



Figure 4(a) and (b) show a comparison of the spectrum of the
beat signal with and without frequency locking for the
classical detection. The spectrum of the beat signal was
measured with a linear frequency modulation sweep rate of
4 Hz and a sweep bandwidth of 3.3 GHz. The measured
signals were averaged 200 times to improve the SNR. The
phase noise of the free-running laser causes spectral
broadening of the beat signal. The long-range transmission
also introduces phase noise, which widens the FWHM of the
spectrum of the beat signal to 65844 Hz. However, the phase
noise can be suppressed well, and the FWHM can be
narrowed to 9.09 Hz with frequency locking. Accordingly,
the frequency noise was suppressed by approximately 40
dB, which significantly improved the frequency resolution of
the beat signal.

The spectrum of the beat signal for the single-photon
detection is shown in Fig. 4(c). In this experiment, the mean
photon count rate of the beat signal was ~8 kecps, and data
for 1000 s were collected to improve the SNR. The photon
sequence recorded by the time interval analyzer is divided
into segments, and each segment is processed using the DFT
algorithm [29-31, 37]. Because the center frequency of the
spectrum of the beat signal is approximately 1.62 MHz, and
the photon count is merely 8 kcps, the data compression
ratio is 6.58x103 according to the sampling theorem. The
spectral SNR is 37.90 dB.
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Fig. 5. The ranging resolution and accuracy. (a) The FWHM
of the spectrum of the beat signal with different target
distances and different sweep rates. (b) The spectrum of the

beat signal has double peaks because of the frequency shift
of the beat signal caused by Doppler noise of the fiber. (c)
The relationship between the measured and theoretical
distance increment. The linear fitting of the experimental
data is a 1.02 slope.

However, when fewer photons are detected, the quantum
shot noise dominates, which appears as white noise in the
frequency domain. Consequently, the SNR of the spectrum
decreases. It is worth highlighting that the FWHM in single-
photon detection is identical to that in classical detection.
Clearly, QCS technology maintains the range resolution
despite a reduction in the average photon count and enables
high-precision long-range detection. Importantly, the 27 Hz
shift in the peak signals of the classical and single-photon
measurements is caused by the different reference clocks of
the measuring instruments.

The relationship between the FWHM of the spectrum of
the beat signal and the target distance with different sweep
rates is shown in Fig. 5(a) for a sweep bandwidth of 3.3 GHz.
We measured the beat signal at ranges of 1 km and 12.5 km,
and added 20 ¢m, 25 c¢m, 30 ¢cm, 30.5 cm, 32.5 cm and 40 cm
to the 12.5 km optical fiber. As the fiber length is further
expanded, phase noise caused by temperature drift and
mechanical vibration cannot be ignored. The Doppler noise
caused by the stress and strain of the fiber results in phase
or frequency variations of the transmitted signal. The
FWHM of the beat signal at 12.5 km distance is nearly twice
as large as that at 1 km distance. Similarly, the FWHM of
the beat signal exceeded 1 Hz at a sweep rate of 1 Hz owing
to the phase noise of the system. In addition, when the
sweep rate is 4 Hz, double peaks occasionally appeared in
the spectrum when the distance is 12.504 km, as shown in
Fig. 5(b), owing to the frequency shift of the beat signal
caused by Doppler noise. The spectral SNR is reduced to
35.50 dB. The maximum of the FWHM of the spectrum is
8.83 Hz at a sweep rate of 4 Hz, and the corresponding
ranging resolution is 6.69 cm, which is twice the theoretical
limit of ranging resolution.

To further illustrate the ranging resolution and accuracy
of the system, the distance increments of 0.5 cm, 2.5 cm, 5
cm, 10 cm, 20 cm, 30 cm, and 40 cm were used as in Fig. 5(c),
with a sweep rate of 4 Hz and a sweep bandwidth of 3.3 GHz.
The result shows that the deviations between the
experimental and theoretical values are 1.05 cm and 0.23
cm when the distance shift is 2.5 cm and 5 ecm, respectively.
The experimental system could distinguish a distance
increment of 5 cm. Error bars were obtained by taking
multiple measurements of the frequency of the beat signal
for each distance. The maximum value of the error bar is
0.28 Hz, indicating that the ranging accuracy of the system
is 0.21 cm.

4.2 Noise immunity and broadband detection

FMCW Lidar is immune to ambient noise since the
background noise photons are incoherent with the
modulated beam. With the proposed QCS, our experiment
shows that FMCW Lidar is also applicable at the single-
photon level. In the experiment, an additional 1550 nm laser
beam was added to the probe beam as background noise.
The noise, probe, and reference beam photon count rate
were all 6 kecps. Figure 6(a) shows a comparison of the
spectrum of the beat signal with and without background



noise at a linear frequency modulation sweep rate of 1 Hz
and a sweep bandwidth of 3.3 GHz, the frequency of the beat
signal is 405037.6Hz, corresponding to the target distance
of 12.563971 km. The signal and background noise can still
be clearly distinguished, which can be attributed to the fact
that the background noise without frequency modulation
has the same power spectral density in each frequency
component. The FWHM remains almost unchanged with
and without the background noise. The spectral SNR is
reduced from 41.30 dB to 38.54 dB due to the addition of
background noise. A relatively higher SNR=41.30 dB is
acquired in quieter experimental environments and with
better visibility of the interference of optical coherence. In
addition, 1000 s data accumulation is used to show better
spectral SNR. Under the condition that the noise intensity
is the same as the signal beam intensity, theoretically 2000
photons can recover the spectrum. Our experimental system
is not only suitable for long-distance high-sensitivity
detection but also for environments containing strong
background noise.
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Fig. 6. Noise immunity and broadband detection of our
proposal. (a) Comparison of the spectrum of the beat signal
with and without background noise. (b) Test of broadband
detection capability of our system from 200 MHz to 3 GHz
based on the QCS technology.

In the FMCW Lidar, the measurable bandwidth
determines the range and resolution of the system. To
demonstrate the broadband measurement capability of our
system, the laser was frequency-modulated by applying
signals of different frequencies to the electro-optic
modulator. Photon detection and frequency demodulation
were performed based on the QCS technique, and the
results are shown in Fig. 6(b), where the frequency varies
from 200 MHz to 3 GHz. The results show that the 3 dB
bandwidth of the system is 1.43 GHz, when the photon
counting rate is approximately 6.8 kcps and the data
compression rate reaches 6.34xX10%. The measurement

bandwidth of 1.43 GHz theoretically corresponds to 10800
km of range length with a sweep rate of 4 Hz and a sweep
bandwidth of 3.3 GHz. With the measurement sensitivity,
bandwidth and compression ratio significantly improved,
our results represent significant progress toward practical
ultra-long-range Lidar.

5. Conclusion

In this study, FMCW Lidar works at the single-photon level
is demonstrated based on the QCS, in which the detection
bandwidth and compression ratio are improved
significantly. The QCS constructs the CS using quantum
physical processes, enabling us to recover target distances
from the discrete random single-photon sequence.
Moreover, the system is highly sensitive and capable of
broadband measurement, which enables a large dynamic
range and high-precision Lidar. Meanwhile, sub-Nyquist
sampling significantly reduces the data size and reduces the
pressure of data storage and processing. In the experiment,
a 3 GHz measurement bandwidth was realized with a
photon count rate of kcps, the compression ratio improved
by three orders of magnitude compared with the
conventional coherent detection. To further improve the
ranging resolution, the tunable laser was locked to an ultra-
stable cavity using frequency locking technology, and the
linewidth of the laser was narrowed to the Hz level, which
overcomes the range limitation owing to the laser coherence
length. Our proposal provides an idea for the application of
QCS and solves the bottleneck problem of FMCW Lidar
technology, which will greatly expand its applications in
deep space, underwater and harsh environments.
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