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Abstract

Compressing all the energy of a laser pulse into a spatiotemporal focal cube edged by the
laser center wavelength will realize the highest intensity of an ultra-intense ultrashort laser,
which is called as the A3 regime or the A laser. Herein, we introduced a rotational
hyperbolic mirror - an important rotational conic section mirror with two foci - that is used
as a secondary focusing mirror after a rotational parabolic mirror to reduce the focal spot
size from several wavelengths to a single wavelength by significantly increasing the
focusing angular aperture. Comparing with the rotational ellipsoidal mirror, the first focal
spot with a high intensity, as well as some unwanted strong-field effects, is avoided. The
optimal focusing condition of this method is presented and the enhanced tight focusing for
a femtosecond Petawatt laser and the A° laser are numerically simulated, which can enhance
the focused intensities of ultra-intense ultrashort lasers for laser physics.

Keywords: ultra-intense ultrashort lasers, beam focusing, focused intensity, hyperbolic
Mmirrors.

1 Introduction

Strong-field laser physics [1] and ultrafast laser physics [2] are currently important research
areas in experimental physics. Focused intensity, rather than unfocused peak power, is the
parameter of most interest in both strong-field and ultrafast laser physics, and it largely
determines whether the goals of a physics experiment can be achieved. The highest
intensity of an ultra-intense ultrashort laser facility, or called as a femtosecond Petawatt



laser (fs-PW) recently, is approximately the value when all the pulse energy is contained
within a spatiotemporal focal cube edged by the laser center wavelength, i.e., a single-
optical-cycle pulse and a single-wavelength sized focal spot are obtained at the same time,
which is called as the A? regime or the A* laser by Mourou et al. [1, 3]. In the time domain,
single-cycle and even sub-cycle optical pulses have been realized in both near- and mid-
infrared wavelengths by optical parametric amplification (OPA) [4, 5], optical parametric
chirped pulse amplification (OPCPA) [6], coherent waveform/spectrum synthesis [7],
nonlinear post-compression [8-11], etc. in low-energy lasers, and recently some improved
OPAs/OPCPAs have also been proposed for high-energy lasers, e.g., single-cycle
Petawatt-class lasers [12-15]. In the space domain, near single-wavelength sized focal spots
have been produced by tight focusing optics with small f-numbers in some low-energy
lasers. And a recent reported result in a high-energy laser is thata 1.1 um (full width at half
maximum, FWHM) near diffraction-limited spot size was achieved in a 4-Petawatt laser
by an /1.1 (f=300mm) off-axis parabolic mirror and deformable mirrors for the realization
of a 102> W/cm? intensity [16]. Typically, large-aperture tight focusing elements with very
small f-numbers (e.g., meter-sized f/~1 off-axis parabolic mirrors) are very difficult to
fabricate and very hard to adjust to near-ideal conditions, which is not conducive to
obtaining very small focal spots in experiments. To solve this problem, the ellipsoidal
mirror (or ellipsoidal plasma mirror) with two foci is used as a secondary focusing mirror
after a parabolic mirror to further reduce the focal spot size by shifting its location from
one focus to another, and a 1/5 reduction of two near diffraction-limited focal spots from
about 4.5 pm to 0.9 um (FWHM) was demonstrated in experiments [17, 18]. As a
secondary focusing mirror, the ellipsoidal mirror can magnify the output focusing angular
aperture at the second focus compared to the input focusing angular aperture at the first
focus, thereby producing a smaller focal spot. However, the high intensity at the first focus
can generate some unwanted strong-field effects, e.g., ionization of a non-ideal vacuum
[19]. In geometry, the bifocal conic section includes not only ellipses but also hyperbolas.
In this article, we proposed a method to use a rotational hyperbolic mirror as a secondary
focusing mirror after a rotational parabolic mirror to reduce the focal spot size to a single-
wavelength. We have investigated the magnification of the focusing angular aperture of
hyperbolic mirrors, proposed the optimal focusing conditions, and simulated the results in
the fs-PW and A3 lasers, which contribute to the realization of ultra-intense ultrashort lasers
with the highest intensities for extreme strong field physics.

2 Results

2. 1 Angular aperture magnification

In a strong-field or ultrafast laser physics experiment, a rotational parabolic mirror focuses
a collimated laser beam to its focus where an experimental target is located for light-matter
interactions. Figure 1(a) shows that when a rotational hyperbolic mirror is introduced, with
one of its foci located at the focus of the rotational parabolic mirror, the reflected beam will
be focused at its another focus, where the focusing angular aperture will be enlarged,
resulting in a smaller focal spot. Figure 1(b) shows a profile containing the reflection and
focusing processes, and a Cartesian coordinate system of x-y-z is set up with reflections in
the x-z plane and two foci on the z-axis and symmetric about the x-axis. The input and
output angular semi-apertures are Aa and A«a’, which are located at the input and output



foci Fy(-c, 0) and F5(c, 0), respectively. The semi-major axis of the hyperbola is a, and the
eccentricity is ¢/a that is larger than 1 for hyperbolas. The angle between the edge of the
beam and the z-axis is defined as the edge angle a., which should be larger than zero to
avoid the experiment target blocking the input beam. For comparison, Fig. 1(c) shows the
secondary focusing using a rotational ellipsoidal mirror, where the two foci of the ellipse
have the same locations F,(-c, 0) and F(c, 0). The semi-major axis of the ellipse is a, and
the eccentricity c/a is smaller than 1 for ellipses.
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Fig. 1. (a) Schematic of tight focusing using a parabolic mirror and a hyperbolic mirror.
[lustration and comparison of secondary focusing using (b) hyperbolic and (c) ellipsoidal
mirrors. 24« and 24« are input and output angular apertures.

Using the calculation model given in Appendix A, the angular apertures at the two
foci are calculated for different cases. Figures 2(a) and 2(b) show the variation of the
magnification ratio Ada’/Aa and the output angular aperture 24c’ with different
eccentricities c/a, respectively. The edge angle is fixed at o, = 5°, and the results are given
for three input angular apertures of 24 = 10°, 20° and 30°. The calculations show that,
first, the angular aperture can be increased by optimizing the eccentricity c/a; second, there
exists an optimal eccentricity c¢/a, for both ellipses (0 < ¢/a < 1) and hyperbolas (c/a > 1),
which corresponds to an optimal magnification ratio Aa'o,/Ac and an optimal output
angular aperture 24y, with the maximum values. It can be found that for the same input
(i.e., the same input angular aperture 24a and the same edge angle «), the optimal
magnification ratio Aa'op/Ac and the optimal output angular aperture 240/, 1s the same
for both ellipses and hyperbolas. Table 1 gives the optimal focusing conditions for both



ellipses and hyperbolas, when the edge angle is o, = 5° and the input angular apertures are
24a = 10° 20° and 30°. In addition, Fig. 2(a) shows that the magnification ratio da’/Ax
increases as the input angular aperture Aa decreases, while Fig. 2(b) shows that the output
angular aperture 24« increases as the input angular aperture 24« increases. This indicates
that, first, the need to optimize ellipsoidal and hyperbolic mirrors for the optimal
conditions, especially when the input angular aperture is small; second, even with the
optimal conditions, a large input angular aperture is preferred for a larger optimal output
angular aperture.

Table 1. Optimal focusing conditions for different input angular apertures.

input Optimal Optimal Optimal Optimal
angular eccentricity (for eccentricity (for magnification output angular
aperture ellipse) hyperbola) ratio aperture
2Ax /Aot /Aot Ad s/ At 2A ot
10° 0.859 1.164 6.0 60°
20° 0.821 1.218 4.2 84.3°
30° 0.790 1.266 3.3 98.4°
*The edge angle is fixed at o, = 5°.
Ellipse | Hyperbola
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Fig. 2. Variations of (a) magnification ratio A’/ A« and (b) output angular aperture 24’
with eccentricity c¢/a for different input angular apertures 24 = 10°, 20° & 30° and a
fixed edge angle ¢, = 5°.



2. 2 fs-PW laser in the focal region

Based on the optimal focusing condition for a 24« = 20° input angular aperture and a o, =
5° edge angle, i.e., the optimal output angular aperture 240/, = 84.3° and optimal
eccentricity c/a., = 1.218 for a hyperbola, the focused field of a typical fs-PW laser is
numerically simulated. The fs-PW laser is assumed to have a Gaussian spectrum with a 60
nm FWHM bandwidth centered at 800 nm, which corresponds to the current Ti:sapphire
fs-PW lasers [20-22]. The focusing model by Wolf et al. [23] is used in the simulation and
given in Appendix B, and therefore the field in the focal region is assumed to come from a
cutoff portion of a uniform spherical wave. Another Cartesian coordinate system of x -y -
z’ 1s set up at the geometrical focus where the z -axis is the beam propagation direction.
Figures 3(a) and 3(d) show the intensity distributions of the laser center wavelength of A =
800 nm in the x’-z” focal region for the input and output angular apertures of 24 = 20°
and 24’ = 84.3°, and the spatial coordinates are normalized by the laser center wavelength
A = 800 nm. The focal spot size (FWHM) is reduced from about 3.124 to 0.884 and
meanwhile the focal depth (FWHM) decreases from about 614 to 3.84, which agree well
with the results in the Fig. 3(b) of the Ref. [23]. Figures 3(b) and 3(c) show the spatio-
spectral intensity distribution /(f, x’, z’=0) and spatiotemporal intensity distribution /(¢, x’,
z’=0) of the pulsed beam in the geometrical focal plane z” = 0 for 24 = 20°, and Figs. 3(e)
and 3(f) show the results for 24« = 84.3°. During the magnification of angular apertures
(from 20° to 84.3°), the spectral and temporal properties of the pulsed beam at the
geometrical focal plane remain unchanged, except for a spatially smaller focal spot. This
result shows that secondary focusing using rotational hyperbolic mirrors can reduce the
focal spots of current fs-PW lasers to a single-wavelength size. The problem, however, is
that the focal depths are also significantly reduced, which makes it challenging to
accurately adjust the targets’ positions.
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spatio-spectral and (c)(f) spatiotemporal intensity distributions in the geometrical focal
plane z’ = 0 for a 60 nm FWHM bandwidth Gaussian pulsed beam. Curves are on-axis
profiles.

2. 3 The A3 laser in the focal region

Realizing the A? regime or the A’ laser has always been the way forward for the ultra-
intense ultrashort lasers. We keep the magnified angular aperture 24a/,, = 84.3°
unchanged and broaden the spectral bandwidth to 600 nm (FWHM), with a 12-order super-
Gaussian profile and a 600-1200 nm FWHM spectral range. Figure 4(a) shows the electric-
field distributions of 1200 nm, 900 nm, and 600 nm monochromatic waves in the x’-z’
focal region, and Fig. 4(b) shows the corresponding intensity distributions. Due to the ultra-
broadband bandwidth with one octave, the distribution in the focal region clearly depends
on the spectrum and the spatial profile increases with increasing wavelength. The focal
spot sizes (FWHM) of 1200 nm, 900 nm and 600 nm waves are about 1.05 um, 0.79 um
and 0.53 um, respectively, and the corresponding focal depths (FWHM) are about 4.65
pm, 3.50 um and 2.31 um, respectively. The focal spot size and the focal depth remain
unchanged at about 0.88 4 and 3.8/, respectively, although the absolute values are different
for different waves. The spatio-spectral intensity distribution I(f, x’, z’=0) in the
geometrical focal plane z’ = 0, as shown in Fig. 4(c), also clearly illustrates the spectral
dependence. After the Fourier transform from spectral-frequency to time, the
spatiotemporal intensity and electric-field distributions /(¢, x’, z’=0) and U(¢, x’, z’=0) of
the pulsed beam in the geometrical focal plane z’ = 0 are shown in Figs. 4(d) and 4(e),
which have symmetrical profiles in both space and time. The FWHM spatiotemporal size
is about 0.73 um x 3.4 fs, which meets the definition of the A3 regime or the A3 laser [1, 3].
The numerical simulation shows that the combination of a rotational parabolic mirror and
a rotational hyperbolic mirror provides a way to enhance the current ultra-intense ultrashort
lasers to the A3 regime or the A’ laser when the wavefront errors [24, 25] and the
spatiotemporal coupling errors [26-30] are removed. In particular, wavefront correction is
critical for tight focusing. In the two-step focusing, the planar wavefront enters the first
mirror, a parabolic mirror, and then the spherical wavefront enters the second mirror, a
hyperbolic or ellipsoidal mirror. In previous experiments using ellipsoidal mirrors [17, 18],
near-ideal single-wavelength-size focal spots have been achieved successfully, indicating
that the wavefront control can meet the experimental needs.



(@) ¢ empemm ‘ *1 900 nm ! *1 600 nm n
2 0 2 0 2 0
R .'1 1 'J 1 .1
(i : i : i
”
-1 -1 =1
2 -2 2

-200 -150 -100 -50 0 50 100 150 200
f(THz)

e),

t(fs) t(fs)

Fig. 4. When the angular aperture is 84.3°, spatial (a) electric-field and (b) intensity
distributions in the focal region for 1200 nm, 900 nm, and 600 nm wavelengths, and (c)
spatio-spectral, spatiotemporal (d) intensity and (e) electric-field distributions in the
geometrical focal plane z” = 0 for a 600 nm FWHM bandwidth 12-order super-Gaussian
pulsed beam. Curves are on-axis profiles.

3 Discussion and conclusion

In this article, the method with hyperbolic mirrors is proposed to magnify the angular
aperture of focusing, e.g., from 20° to 84.3° (the f-number from f/~2.84 to f/~0.55). Since
the focal length is still slightly larger than the beam radius, the Debye approximation is
valid [23] and the result is not sensitive to polarization [31-33]. In this case, for
simplification, the scalar diffraction theory of a finite spherical wave proposed by Wolf et
al. [23] is used. In the next-step work, the polarization effect must be considered as the f-



number decreases to very small. In addition, the focusing property of parabolic mirrors as
boundary conditions for the Stratton-Chu integral [34] has been well studied [35, 36], since
almost all current ultra-intense ultrashort lasers use parabolic mirrors as focusing optics. In
order to apply this method to experiments, another next-step work is to study the Stratton-
Chu integral with the boundary condition of the combination of a parabolic mirror and a
hyperbolic mirror.

Since the optimal output angular aperture is the same for hyperbolic and ellipsoidal
secondary focusing mirrors (see Fig. 2) and the ideal focusing of a cutoff portion of a
uniform spherical wave is considered, the secondary focusing results are the same for both
methods using hyperbolic and ellipsoidal secondary focusing mirrors. However, when the
optimal output angular aperture 24a’y, 1s increased to much larger than 90°, the above two
approximations do not hold and differences would appear, requiring further in-depth study.

Due to the short working distance of the hyperbolic secondary focusing mirror, which
is approximately equal to half of the semi-major axis, mirror contamination and protection
should be considered in the design and engineering.

When the two-step focusing method using an ellipsoidal secondary focusing mirror
was first proposed, a plasma mirror, i.e., an ellipsoidal plasma mirror, was considered for
strong-field experiments because the second mirror, an ellipsoidal mirror, is much smaller
than the first mirror, a parabolic mirror [17, 18]. Here, although the hyperbolic mirror is
much larger than the ellipsoidal mirror, the problem of damage still needs to be considered,
and even a hyperbolic plasma mirror needs to be used as well.

In this article, since the optimal output angular aperture 24,y is not larger than 90°,
Refs. [31] and [32] show that the optical field is centrosymmetric in the x-y plane, and the
distribution along the y-axis is not shown. However, when it is increased to much larger
than 90°, the three-dimensional spatiotemporal optical field needs to be studied in the focal
region.

In conclusion, we have proposed that hyperbolic mirrors (another important conic
section that also has two foci) can also be used as secondary focusing mirrors after
parabolic mirrors to reduce the focal spot size to a single wavelength. Similar to the method
using ellipsoidal mirrors, the input large focal spot is located at one focus, while the output
small focal spot is located at the other focus. The difference, however, is that with an
ellipsoidal mirror, the input focal spot is a real image, while with a hyperbolic mirror, the
input focal spot is a virtual image, which avoids some unwanted strong-field effects in a
non-ideal vacuum. The optimal focusing condition of this method is presented, and the
enhanced tight focusing in a typical fs-PW laser and the A3 laser are numerically simulated.
This work provides the possibility of achieving the single-wavelength sized focusing for
ultra-intense ultrashort lasers, which in turn provides the possibility of realizing the A3
regime or the A3 laser in the future.

4 Appendix A: Calculation of angular aperture
magnification

Because an arbitrary optical ray towards the focus F;(-c, 0) is reflected by the hyperbola to
the focus Fy(c, 0) [see Fig. 1(b)] and an arbitrary optical ray from the focus F;(-c, 0) is



reflected by the ellipse to the focus F;(c, 0) [see Fig. 1(b)], the equations of the two optical
rays before and after the reflection are given by

{x:tana-(erc) )

x=tana"(z-c)’
where « and o' are angles of the incident and reflected optical rays relative to the z-axis.
Since the two optical rays intersect at the reflection point (Z, X), from Eq. (1) we have the
relationship between two angles « and o'
a'= arctan[iﬂj tan aJ. (2)

—C

The hyperbola and ellipse are respectively described by

Zz/az—xz/bzzl

{ cc—a’=b )
and
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where a and b are semi-major and semi-minor axes, respectively. Because the reflection
point (Z, X) is on the hyperbola or ellipse, by substitution of the first equation in Eq. (1)
with Eq. (3) or (4), the horizontal coordinate of the reflection point (Z, X) is given by

2 2 \? 2 2,2
2ctan” 2ctan” a 1 tan"a |[ctan"
) ;T 2 2 -4 7T 2 2 2 -1
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2 ., (5)
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a a —c¢

which is the same for both an ellipse and a hyperbola.

By substitution of Eq. (5) with Eq. (2), the angle &' of the reflected optical ray
becomes a function of the angle « of the incident optical ray, which is also influenced by
the parameters a and c, i.e., the eccentricity c/a, of a hyperbola or ellipse. For a beam
focused to the focus Fy(-c, 0) with an input angular aperture 24« and an edge angle «, as
shown in Fig. 1, the output angular aperture 24« at the focus F»(c, 0) can be calculated by
la'(a. +24a) — ()|, and the magnification ratio is given by |a'(a. + 24a) — o'(a)|/
24a).

5 Appendix B: Simulation of field distribution in the
focal region

Based on the work from Wolf et al. [23], when a monochromatic, homogeneous,
converging spherical wave diffracts at a circular aperture with a radius close to the focal
length, the electric-field distribution in the focal region can be described by

U(x,z)= —ikAj1 R exp (ikzp)J, (kx 1-p° )dp , (6)

where, k is the wavenumber, 4 is a constant amplitude, A« is the angular semi-aperture, z
is the propagation axis perpendicular to the circular aperture, x is the vertical axis, and Jj
is the first-kind and zero-order Bessel function.
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