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A holographic description of theta-dependent Yang-Mills theory
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Abstract: Theta-dependent gauge theories can be studied using holographic duality through string theory in certain
spacetimes. By this correspondence we consider a stack of », dynamical DO-branes as D-instantons in the back-
ground sourced by N, coincident non-extreme black D4-branes. According to the gauge-gravity duality, this D0-D4
brane system corresponds to Yang-Mills theory with a theta angle at finite temperature. We solve the IIA supergrav-
ity action by taking account into a sufficiently small backreaction of the Dinstantons and obtain an analytical solution
for our D0-D4-brane configuration. Subsequently, the dual theory in the large N, limit can be holographically invest-
igated with the gravity solution. In the dual field theory, we find that the coupling constant exhibits asymptotic free-
dom, as is expected in QCD. The contribution of the theta-dependence to the free energy gets suppressed at high tem-
peratures, which is basically consistent with the calculation using the Yang-Mills instanton. The topological suscept-
ibility in the large N, limit vanishes, and this behavior remarkably agrees with the implications from the simulation
results at finite temperature. Moreover, we finally find a geometrical interpretation of the theta-dependence in this

holographic system.
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1 Introduction

The spontaneous CP violation in Quantum Chromo-
dynamics (QCD) has been studied for a significant
amount of time, and such effects can usually be de-
scribed by introducing a 6 term to the four-dimensional
(4d) action for gauge theories as [1],

! TrfF/\*F+iiTrfF/\F, (1)
283 8n2
where gyy is the Yang-Mills coupling constant, and the
second term defines the topological charge density with a
6 angle. While the experimental value of the theta angle
is stringently small (|9| < 10‘10), the dependence of Yang-
Mills theory and QCD on theta attracts great theoretical
and phenomenological interests, e.g., the study of large
N. behavior [2], glueball spectrum [3], deconfinement
phase transition [4, 5], and Schwinger effect [6]. Particu-
larly, there is an open question in hadron physics, namely

S=-

whether a theta vacua can be created in hot QCD. To re-
solve this issue, some progress was made in previous
studies [7-12]. One of the most famous proposals was to
search for the chiral magnet effect (CME) in heavy-ion
collisions [13-16] to confirm the theta dependence at high
temperature.

In contrast, the AdS/CFT correspondence, or more
generally the gauge-gravity (string) duality, has rapidly
become a powerful tool to investigate the strongly
coupled quantum field theory (QFT) since 1997 [17-19].
In the holographic approach to study QCD or Yang-Mills
theory, a concrete model was proposed by Witten [20]
and Sakai and Sugimoto [21, 22] (named the WSS mod-
el), based on the IIA string theory. This model is quite
successful, as it almost includes all necessary ingredients
of QCD or Yang-Mills theory in a very simple manner,
e.g., the fundamental quarks and mesons [21-23], baryon
[24, 25], the phase diagram of hot QCD [26-30], glueball
spectrum [31, 32], and the interactions of hadrons [33-
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38]. Because of the non-perturbative properties of the
theta dependence, it has been recognized that D-branes as
D-instantons in bulk geometry play the role of the theta
angle in dual theory [39-41]. By this viewpoint, the holo-
graphic correspondence of theta-dependence in QCD or
Yang-Mills theory has been systematically studied using
the WSS model with DO-branes as D-instantons at zero
temperature or without temperature in [42-50].

To analyze the theta dependence at finite temperature,
several studies performed simulations, and the results im-
ply that some large N. behaviors are different from the
situations of zero temperature or without temperature [1].
In the current status of holographic approaches, the theta
dependence at finite temperature is studied mostly in the
N =4 super Yang-Mills theory by the D(-1)-D3 brane
configuration, e.g., References [39, 51, 52]. On the con-
trary, few lectures discuss specifically QCD or Yang-
Mills theory at finite temperature through the DO0-D4
brane configuration. Thus, we are motivated to fill this
blank by exploring a way to combine the theta-dependent
Yang-Mills at finite temperature with the IIA string the-
ory. In our setup, we adopt the gravity background
sourced by a stack of N, black non-extreme D4-branes,
since the dual field theory in this background exhibits de-
confinement at finite temperature [26]. Then, we intro-
duce Ny coincident DO-branes as D-instantons into the
D4-brane background by taking into account a very small
backreaction to the bulk geometry. Hence, the D-instan-
tons are dynamical, and this setup is coincident with the
bubble D0O-D4 configuration in Refs. [42—50]1) . To search
for an analytical supergravity solution, we further as-
sume that the DO-branes are homogeneously smeared in
the worldvolume of the D4-branes, and this D-brane con-
figuration is illustrated in Table 1. Solving the effective
1d gravity action, we indeed obtain a particularly analyt-
ical solution. Subsequently, we examine coupling con-
stants and a renormalized ground-state energy by the
gravity solution. The coupling constant indicates the
property of asymptotic freedom, and the free energy gets
suppressed at high temperature. Moreover, the topologic-
al susceptibility in the large N. limit vanishes. We find
that all these results agree with the implications of the
simulation reviewed in Ref. [1], or the well-known prop-
erties of QCD and Yang-Mills theory. Therefore, our
study might offer a holographic approach to study the is-
sues proposed in Refs. [7-15].

The outline of this manuscript is as follows. In Sec-
tion 2, we first discuss the general formulas of the black
DO0-D4 system based on IIA supergravity. Then, compar-
ing them with the black D4-brane solution, we obtain a
particular solution by including some physical constraints.

In Section 3, we evaluate the coupling constant and free
energy density by our gravity solution. We also provide a
geometric interpretation of the theta-dependence in this
DO0-D4 system. The final section provides the summary
and discussion. Our gravity solution, expressed in terms
of the U coordinate, is summarized in the Appendix.

2 Supergravity description
2.1 General setup

In this section, we explore the holographic descrip-
tion based on the Ny DO- and N. D4-branes with the con-
figuration illustrated in Table 1. As the gauge-gravity du-
ality is valid in the large N, limit, we first define the 4d
Hooft coupling as A4 = g%MNC, where gym is the Yang-
Mills coupling, and A4 is fixed when N, — co. Then, to
consider a small backreaction of the Ny DO-branes, we
further require Ny — oo, while

N
20 = Cfixed, C< 1. )
N
Here, C is a fixed constant in the limitation of

N, Ny — oo, and we note that this limit is similar as the
Veneziano limit discussed in Refs. [29, 30]. Keeping this
in mind, we consider the dynamics of the 10d bulk geo-
metry, which is described by the type IIA supergravity. In
a string frame, the action is given as,

1 _ 1 1
Sua=— | dxv=g [e ?(R+4(007) - 3 IR - S 1P,
(3)

2K(2)

where 2«2 =)' 8, and I;= Vo’ is the string length.
F, =dCs, F, =dC, is the Ramond-Ramond four and Ra-
mond-Ramond two forms sourced by N, D4-branes and
Ny DO-branes. We used R and ¢ to denote the 10d scalar
curvature and the dilaton field, respectively. Since DO-
branes as D-instantons are extended along the x* direc-
tion and homogeneously smeared in the directions of
{xo,xi}, i=1, 2,3, we may search for a possible solution
using the metric ansatz, written as [26, 29, 30],

- . . 2
ds* =—e?'dr? +e*s; jdx'dx’ + et (dx4)
+P2e™%dp? + Pe?dQ3. (4)

Table 1. Configuration of Ny smeared DO and N, black D4-branes
4

with compactified direction x*. “—” represents that D-branes extend
along this direction, and ““ = ” represents direction where D0-branes

are smeared.

4 5p) 6 7 8 9

N, smeared DO-branes = = = = -

N, black D4-branes - - - - -

1) Here we emphasize that the dual theory in the approach of the bubble D0-D4 configuration is defined at zero-temperature limit, or defined without a concrete tem-
perature. The dual theory includes a finite temperature is the distinguishing feature in our setup.

013103-2



Chinese Physics C  Vol. 44, No. 1 (2020) 013103

The Ramond-Ramond C; form and its field strength F3 is
assumed to be,

Cy =[h(p) + H]dx*,

F» =dC; = d,hdx* Adp, )
where H is a constant, and /4 (p) is a function to be solved.
To find a static and homogeneous solution by the ansatz
in Eq. (4), we further assume that the functions
4 4, ¢, v and the dilaton ¢ only depend on the holo-
graphic coordinate p. Hence, the action Eq. (3) could be
rewritten as an effective 1d action by inserting Eqgs. (4),
(5) into Eq. (3), which leads to,

Sia :q/fdp[—u?—a?—/l _4P 4R

1 = ,
—563’1”_/1‘*4”‘%2 +V +total derivative} . (6)

We used “.” to represent derivatives, which are w.r.t. p
and

= 1
V=127 2% _ QR A de - qp o Yol V3VssBrpals,
0

32l
e = - Fy.
Q \/EK() f4 !
(7

Here, B4, SBT refers to the size of (time) in the x° and x*
direction”, V3 represents the 3d spacial volume, and
Vgs = %”2 is the volume of a unit §*. Then, the solution for
C; may be obtained as follows,

o) = ~que ¥, ®)
where ¢y is an integration constant related to the 6 angle,
which will become more evident later. The 1d action in

Eq. (6) has to be supported by the following zero-energy
constraint [29, 30, 45],

90=2¢—3/l—/~l—/ls—4v,

332_ /-13 _jll 424 gbz _ %e3a+i—z‘+4v+¢h2 V=0, (9

such that the equations of motion from the 1d effective
action in Eq. (6) are coincident with those from the 10d
action in Eq. (3), if the homogeneous ansatz Eq. (4) is ad-
opted.

Afterwards, the complete equations of motion can be
obtained by varying the 1d action in Eq. (6), which are
given as

Q2 G1e24202 ‘15 24,2
3 c +2A,421-2¢ _ s
A1-=Ce ¢ =29 ¢

2 4
2 2
Qo %eﬁ/wz/uz}l—zrp —_ %6 202
) 4 ’
2 2
3 OC 6242126 _ 96 2024
-5 =5

0’ . y ;
o 90 6042042126 5 6a+24,420-4p+6v _ Do 2224
4+ =S¢ —-3e - € ,
2 4
) 2
. 0 106 g -
$— == e0A+24,+24-2¢ _~10 20,29 (10)

2
To find a solution for Eq. (10), let us introduce new vari-
ables y, p, x, defined as

Y= 61+24,+21-2¢, p=61+21,+21—4d+6v, y = 21,—2¢.
(1n

Hence, Eq. (10) reduces to three simple equations,

402" =0, p—18e” =0, y+2qe’ =0. (12)
Moreover, the solution for Equations in (12) could be
analytically obtained as

-
v =-2log[a; —e "] —azp +log 4
[20¢ |
o
—a asay
p=—2log[az —e “]—ayp+1log 5 |
S
—-a a5a6
x =—2log[as +e "] —acp +log — | (13)
L 4y |

aaaaa

Eq. (10), in contrast, we have

A=A=b, p+by,

A= A—¢+ A =byp+by, (14)
where b;,34 are additional integration constants. Alto-

gether with Eqgs. (13) and (14), we could obtain the full
solution for Eq. (4) as,

=g -0+ br+bip),
71:%(7—)()—34&—34&;),
o=gr-30-(2+ 2)p-2 -2,

Vzg—% 7+X)—(%+b—63)p—%—%~ (15)

Moreover, the zero-energy constraint Eq. (9) reduces to
the following relation,

—3a5 +8a3 —3a2 —20b7 —8b b3 —8b3 =0.  (16)

While all the integration constants should be further de-
termined by some additional physical conditions, we note
that these could depend on ¢4, which is the only paramet-
er in the solution.

2.2 A particular solution

In this section, we discuss a particular solution to fix

1) Since we would consider a 4d dual field theory at finite temperature, the x% and x* directions have to be compactified on S !in this model. And Ba, B — oo cor-

responds to the decompactified limit.
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the integration constants in the supergravity solution ob-
tained in the last section. Since || is usually very small in
Yang-Mills theory, we consider a sufficiently small back-
reaction of the D-instantons (DO-branes) in the black D4
configuration. Therefore, we require that the solution to
Eq. (15) must be able to return to the pure black D4-brane
solution if gy — 0, i.e., no DO-branes. Hence, the black
D4-brane solution corresponds to the situation of C; = 0"
in Eq. (3), and in the near-horizon limit the solution is
given as

a5 )3/2 |~fr (W 6y + (ax')'|
R 3/2 dUZ
i (U) fr ()

+ Uzdgi],

Tws, R =ngNDE, (17)

where g, w4 represents the string coupling constant and
the volume form of §*. Accordingly, we identify the solu-
tion Eq. (17) as the zero-th order solution of Eq. (13), and
rewrite it in terms of y, p, x, defined as in Eq. (11),

U6
__ _ = 3ap| _ T
Yo = 2log[1 e ] 3ap +log g%Ré]’
; Uy
po =—2log|1—e%*|-3ap+log —}
[ ] IR
Xo =—2log|g;]. (18)

This yields the relation of p and the usually employed U
coordinate in Eq. (17) as

——ﬁlo I_U_% a_M_U_% _ 3N
,0 - 361 g U3 ’ 3R3gs - l?g%, c — \/§ .
(19)

Here, by is another constant dependent on 6, which is re-
quired as by — 1 if gy — 0. Comparing Eq. (18) with Eq.
(13), this implies that in the limit of gy — 0 there must be

4 2
ai3— 1, az4 — 3a, asal — f, ag —qg so that vy, p, x

consistently returns to vy, po, xo. In this sense, we could
in particular choose as=1, ag=2|gslg;! so that
ay=az=1,a;=3a, by, =0, by=—log[gs] as the most
simple  solution. Moreover, we require that
800 ~ A, gi i~ 4, goa ~v has to behave the same as when
in the zero-th order solution of Eq. (17) in the IR region
(i.e. U - Uy, p — ), such that the holographic duality
constructed on the N, D4-branes basically remains in the
low-energy theory. Therefore, we have the following re-
lations

1 a3 +a;
by = E(az_a6)’ as =

= . 20
a +ag ( )

In contrast, the zero-energy constraint of Eq. (9) reduces
to an extra relation to determine b3, which is

1 \/E 2 2 2
by == 5b1 =~ =33+ 843 ~3a2 - 1817,
—3a3 +8a3 —3a% - 18b} > 0. @1

The above constraints imply that our solution would be
valid only if |gg| < %ags, which is consistent with our as-
sumption that the backreaction of D-instantons is suffi-
ciently small. The constant by could be determined by ad-
ditionally requiring that gyy ~ ¢ behaves as same as in
Eq. (17) at U = Uy, and this yields

_ 9a%g2 - 6agqy

22
9a2g2 + 4q; 22)

For the reader's convenience, we have summarized the
current solution in terms of the U coordinate in the Ap-
pendix, which can be directly compared with the zero-th
order solution of Eq. (17). Notice that our solution also
has the same behaviour as Eq. (17) in the UV region (i.e.
U — o0, p—0).

3 Dual field theory
3.1 Running coupling

To start this section, let us examine the dual fiecld the-
ory interpretation of the above supergravity solution in
Section 2.2 by taking into account a probe D4-brane
moving in our D0-D4 background. The action for a non-
supersymmetric D4-brane is given as,

Sp, = -4 f d’xe ?STr /- det(g¢s) + F)

+%,u4TrfC1/\7:/\T, (23)

. 1
where respectively s = ———, g¢5), ¥ =2na’F are the

charge of the D4-brane, induced 5d metric, and gauge
field strength exited on the D4-brane, respectively. We
assume that the non-vanished components of F are
Fy (x)6'/? (x4 - )‘c). Then, considering that the x* direction
is compacted on a circle S! with the period B, the action
Eq. (23) can be expanded in powers of ¥ as a 4d Yang-
Mills theory with a 6 term,

7]
Sp, ~— TrfF/\*F+i—TrfF/\F+O(F3), 24)
812

' 2g %(M

where the delta function is normalized as B4= [ dx*6 (x“—)‘c),

1) Strictly speaking, the black D4-brane solution corresponds to the situation that C| is a constant because the IIA action (3) is invariant under the gauge transforma-
tion C1 — Cj +dA where A is an arbitrary function. Thus we can choose a particular gauge condition so that C; = 0 corresponds to the situation of the black D4-brane

solution.
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and the coupling constant gyy, 6 are defined as,

Gt (U) =[us(2ne P Bae™ vem]

8 2 SlS
T8 cosh[ﬂp(U)],
Ba

2gs

o =1 [ a--1 [
ls Jop=s, ls Ip

B tanh[ﬁp(w], 25)
gSlS 2gS

which are the running couplings. Since the asymptotic re-
gion of the bulk supergravity corresponds to the dual field
theory, at the boundary p —0, U — o, Eq. (25) defines the
value of the Yang-Mills coupling constant and the 6 angle
in dual theory. In the large N, limit, we should define the
limitation @ = 4/N, [1, 2] and the t'Hooft coupling,
2

Mcosh[ﬁp(U)]. (26)

:84 Zg s
According to the AdS/CFT dictionary, we remarkably
find the Yang-Mills and t'Hooft coupling constant
gyM, A4 increase in the IR region (o — oo, U — Ur), while
they become small in the UV region (o — 0, U — o) with
our D0-D4 solution. This behavior is in qualitative agree-
ment with the property of asymptotic freedom in QCD or
Yang-Mills theory.

To summarize this subsection, we evaluate the rela-
tion between gy and 6. In the Dp-brane supergravity solu-
tion, the normalization of the Ramond-Ramond field F,.»
is given as 2k3u,N, = fSH*F »+2, and this normalization
with Eq. (8) would tell us that gy is proportional to the
number of DO-branes. Hence, we have gy~ g;No,
No = g4dp, Vs, where dp, is the number density of DO-
branes, and V4 =~ (27R)? PBr is the worldvolume of the D4-
branes. To include the influence of the D-instantons, we
further assume that dp, depends on x*, because x* = Ry is
periodic. This viewpoint implies that each slice in the D4-
brane with a fixed x* corresponds to a theta vacuum in
the dual field theory if we identify the coordinate 6 to the
theta angle in Eq. (24). Thus, we could interpret that the
4d Yang-Mills action Eq. (24) is defined on a slice of the
D4-brane with x* =%, or namely with a theta angle
0 = X/Ry4, and it might offer a geometric interpretation of
the theta-dependence in the dual field theory. Finally, we
can define the dimensionless density using B4 as
1(0) =dp,B;*, which leads to |gql ~2g,V4I(6)/B;. Note
that in the large N, limit 7(6) may be expected to be a
function of 6/N..

=0—

AU) =

3.2 Thermodynamics

The thermodynamics in holography is based on the

relation between the partition function of the bulk super-
gravity Zsucra and the dual field theory (DFT) Zpgr as
Zsucra = Zprr in the large N limit [17-19]. Hence, the
free energy density of the 4d theta-dependent Yang-Mills
theory f(0) is obtained by

7 = VafO) — e_SZCSc:Xhe"’ (27)
where V, and Sghopste! represent the 4d spacetime

volume and the renormalized onshell action of the bulk
supergravity, respectively. For the duality to the thermal
field theory, V4 = V387 and S ’S%‘Gol‘ngen refer to the Euc-
lidean version. The temperature in the dual field theory is
defined by T = 1/B7. To avoid conical singularities in the
dual ﬁeld theory, the relation with our D0O-D4 solution is

pr0V1ded

3 q U2
0 T 2
2T =~ ( > * Tag ) o +0(q3). (28)

Subsequently, the renormahzed Euclidean onshell action
of the supergravity is given as,

ren onshell E
Ssucra =SpatScutScrs (29)

where ST, refers to the Euclidean version of IIA super-
gravity action Eq. (3) and Sgp, Scr refers to the associ-
ated Gibbons-Hawking and the bulk counter-term, which
are respectively given as [29, 53],

1 1
Stia = T f dxvg [ 0 (R+4(09)°) - |F2|2—§|F4|2],

Sau =—k—2 f & x Vhe K,

1 1/ _
Ser = kZ( )fp \/' 7913,
(30)

here 4 is the determinant of the boundary metric, i.e., the
slice of the bulk metric Eq. (4) at fixed p = ¢ with £ — 0.
K is the trace of the extrinsic curvature at the boundary,
which is defined as

1
Ve V8pp | Ip=
Then, the actions in Eq. (30) can be evaluated using the

DO0-D4 solution discussed in Section 2.2. After some
straightforward albeit complex calculations, we finally

obtain
39 g
E — —_—— — —
Stia —(V[zg 4a+2g5]’

19 7961

€3]

—36agsqo + 4q9

ScH —"V[

6ags +4gsq

Scr =‘V (32)

3_8,

1) It is not very obvious to find a relation as Eq. (28) just by requiring no singularities outside the horizon with our gravitational solution in Section 2.2. So we as-
sume that our solution could return to Eq. (17) continuously if gg — O then we find the relation Eq. (28) is at least valid at order O(q(lq).
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and the free energy density f(6) is therefore obtained us-
ing Eqgs. (27), (32) with the relation of gy and 6, which is
calculated as,

128N274T0 4
2
2187M%

M3 A
KK 60),  (33)

ACER 37T

where we have defined the Kaluza-Klein (KK) mass
Mxk =2n/Bs and rescaled 1(6) — (2nl,)* M3, 1(6). The
function /(6) is found to be a periodic and even function
of O ie., 1(0)=1(-0), 1(0)=1(0+2kn), ke Z, and the en-
ergy of the true vacuum F (6) is obtained by minimizing
the expression in Eq. (33) over &,

F(6,T)=mincf (6, T). (34)

While at finite temperature, the exact theta-dependence of
the ground-state free energy in Yang-Mills theory is less
clear, especially in the large N, limit, the computation for
one-loop contribution of instantons to the functional in-
tegral at sufficiently high temperature suggests that
f(@—f(0)oc1—cosd [1]. Although this theta-depend-
ence is consistent with the gravitational constraints dis-
cussed in Section 2, i.e., gy — 0 if 6 — 0, this does not
have a definite limitation at N, — oo. Nonetheless, if we
assume the function /() has a limit at N, — oo, the topo-
logical susceptibility can be computed by expanding Eq.
(33) in powers of 8 as,

_ M3 Ay & b a"f(é,T)
0)—f(0)= KK L%, b= ——| .
1(#)-1© 3m2T ;2;1! " 80" lg=o
(33)
Thus, the topological susceptibility reads”,
Pre.7), oM A
T)= = —*—p,. 36
x(T) 9 oo~ 3NIT 2 (36)

where b, should be a positive numerical number”. As ex-
pected, the topological susceptibility (36) depends on
temperature and vanishes in the large N, limit. Our holo-
graphic approach implies the behavior of the topological
susceptibility in deconfined phase is different from its be-
havior in the confined phase, as in Ref. [45]. We notice
this large N. behavior agrees remarkably with the simula-
tion results reviewed in Ref. [1], which indicates that the
topological susceptibility has a vanishing large N. above

1) Here the reader should notice the relation of @ and 6 as 6 = 6/N, in the formulas.

the deconfinement temperature.
4 Summary and discussion

In this letter, we holographically combine the IIA su-
pergravity with the theta-dependent Yang-Mills theory at
finite temperature. The bulk geometry is sourced by a
stack of N, black D4-branes and Ny DO-branes as D-in-
stantons. In the pure black D4-brane solution, the dual
field theory indicates deconfinement at finite temperature,
and adding D-instantons to the D4 background could de-
scribe the dynamics of the theta angle in the bulk. To
keep this duality image and include the dynamics of the
D-instantons, we therefore consider a sufficiently small
backreaction from the D-instantons to the bulk geometry.
Then, a particular solution is found by solving the IIA su-
pergravity action. After using our supergravity solution,
we investigate the coupling constant and the ground-state
energy as two most fundamental properties in the dual
field theory. The behavior of the coupling constant exhib-
its the asymptotic freedom as in QCD or Yang-Mills the-
ory, and the theta contribution to the free energy density
is suppressed at high temperature. The topological sus-
ceptibility is vanished in the large N, limit. Remarkably,
all these results are in qualitative agreement with various
simulation results of the theta-dependent Yang-Mills the-
ory at finite temperature discussed in Ref. [1]. Further-
more, we propose a geometric interpretation of the theta-
dependence in this system.

In our D0O-D4 background, the dual theory should de-
confine at the temperature T > T., where T refers to the
critical temperature of the deconfinement transition. Be-
low T, the current supergravity solution would be inval-
id, and the confinement in the dual theory should be de-
scribed by the bubble D0-D4 background, as discussed in
Refs. [42-50]. The thermodynamical variables have dif-
ferent large N, limits in these two D0-D4 backgrounds.
The T. could be obtained by comparing the free energy of
our black Eq. (33) and the bubble D0-D4 system [42-45].
However, T. remains substantially unchanged, as de-
scribed in Ref. [45] in the large N, limit”. Another note-
worthy point is that Eq. (36) implies that the instantons
would be more unstable in the dual theory at high temper-
atures due to the definition of the topological susceptibil-

2) If we phenomenologically choose /(6) =1-cos6é at finite N. and l(@):l—cos?) in the large N limit, the topological susceptibility would be

5
MY A4
372N2T

x(T)= by with by = 1/2.

3) T, can be obtained by solving f (6, T)' = f. (0) where f(0,T) refers to the deconfined free energy as given in Eq. (33). And f; (@) refers to the confined free
T=T,

4
_2N22 Mgy
3772 (

energy of this system as f; (6) =
)
1674 N2

not considered in the deconfined phase.

5. In this sense, T remains to be T, = -~

Mgk 1

~ 5 in the large N limit while the dynamics of the DO-branes are
1+-4.4
167
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ity in QFT y = —i [ d*x(O(x) 0(0)), where O(x) = TrF AF
is the glueball condensate operator. Hence, at extremely
high temperatures 7 > T, the quantum fluctuations would
destroy the glueball condensate in the dual theory in a
very short time, and the theta vacuum in the dual field
theory decays quickly to the true vacuum. This conclu-
sion is basically consistent with e.g., Refs. [7-9] and the
D3-D(-1) approach in Ref. [52].

To summarize this study, we provide the final com-
ments. Despite our holographic interpretation of the
theta-dependence, the exact thermodynamics involving
the theta angle is still challenging both in gauge-gravity
duality and QFT, especially at finite temperature. In our
theory, this is reflected in the fact that the specific rela-

Appendix: D0-D4 solution in the U coordinate

We summarize the D0-D4 solution discussed in Section 2.2 in
terms of the U coordinate. The components of the metric are writ-
ten as,

2
ds” = gudxdx” + gas (dx*) + guudU? + gandQs, (A1)

where

9-. 4Q2

3/2 U)9+40?
200 __( 2 ) fr( ) ¢ SO ) gy,

g1 =— ( )gl(UWzgz(U)‘”zéf,-,

120
) \szT(U)‘MQZ a1 (g )],

~ 9+4Q2)2/3(£)3/2 g1 (W) g2 (]2
Ur V2frU)

2/3 32
) (U%) %[gl W@ (A2

tion of gg and 6 could not be determined naturally
through holographic duality. Thus, we have to further re-
quire that the density of the DO-branes exactly controls
the ground-state energy, through the role of the theta
parameter in dual field theory. While this could consist-
ently resolve the problem as done in this study, the phys-
ical understanding of this constraint is not clear. Further-
more, unfortunately, the analysis in QFT has not implied
any constructive results to date, hence we have to treat it
as a particular constraint in this system and leave it to a
future study.

1 would like to thank Wenhe Cai and Chao Wu for
valuable comments and discussions.

and the dilaton is

26220) oy (U)* g (U)'V*

Uy \ 34
¢ _ 2
¢y ) frapee BT (A3)

The parameter Q and functions g, are defined as

2063+20)
s () =1+ fr (U) 94> |

9+60

g (U) =1 fr(U)*e*

laol

0="1".
ags

(A4)

Note that Q is a positive number, and if sufficiently small, we

120
obtainfr (U)9+40* ~ 1, g; (U) ~2 in the region U € (Ur +&,), where
& — 0. The metric Eq. (A2) and the dilaton Eq. (A3) consistently re-
turn to the zero-th order solution in Eq. (17) if we set go, 0 =0.
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