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Abstract
In this work, we study damped ion acoustic solitary wave structures in magnetized dense
plasmas. The collisional effects of ions with electrons and neutrals are considered. The trapping
effects of electrons and Landau quantization are included in the plasma model under
consideration. We assume that magnetic field is quantized such that the condition wk TB ce is
satisfied. We have derived the damped Korteweg–de Vries (dKdV) equation by using small
amplitude reductive perturbation technique. The time-dependent analytical and numerical
solutions of the dKdV equation are presented. For numerical solutions we apply a two level finite
difference scheme with the help of the Runge Kutta method. The effects of variations of different
plasma parameters on the propagation characteristics of damped solitary structures in the
presence of collisions are discussed.
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1. Introduction

Quantum plasma is gaining the attention of many researchers
due to its importance in modern technology [1–13]. Different
characteristics of plasma waves have been investigated in the
quantum plasmas by considering different quantum mechan-
ical effects. Haas et al [14] studied two-species quantum
hydrodynamic model and observed periodic patterns in such
type of plasmas. A quantum parameter was identified in their
work which is proportional to diffraction effects of the waves
in these plasmas. Three species quantum hydrodynamic
model which contains positrons with ions and electrons was
studied by Ali et al [15].

In the presence of magnetic field, plasma waves in
quantum plasmas have also been investigated by many
researchers. Mushtaq et al [16] studied the low frequency
magnetosonic waves by incorporating the spin effects via spin
force and macroscopic spin magnetization current. The
authors discussed the slow and fast dynamics of nonlinear

structures (solitons and shocks)and found that spin quantum
plasmas differ significantly from the non-spin quantum plas-
mas. Low frequency waves propagating in dense astro-
physical plasmas in the presence of exchange-correlation
potential effects of degenerate electrons are studied by
Hussain et al [17].

The electrons rotate in circular orbits in the presence of
magnetic field B B0, 0, 0( ). In the perpendicular direction the
energy is quantized while along the direction of magnetic field

the energy is expressed as =Ez
p

m2
z

e

2

. In the presence of spin the

energy is expressed as e d b= + + +d l B2 1e
l p

m
,

0 2
z

e

2

( ) where

b = e

m c2 e

∣ ∣ is Bohr magnetonand δ describes the spin orientation

d=s 1

2

 
d = 1( ). Here l resents the Landau level havingva-

lues0, 1, 2,L. The lowest energy level is achieved for l=0 and
s=−1 and pair of degenerate level is obtained for s=+1 case.
Thus each value with ¹l 0 occurs twice. In the non relativistic

limit total energy is expressed as e e b= = +d l H2 .e
l

e
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,
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The
quantized energy in the presence of trapping potential is given by
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expression e w f= + -l e ,e
l p

mece 2
z
2

where fe is the electro-
static potential energy of well in which electrons are trapped [18].
In the presence of trapping potential and quantization of magnetic
field plasma waves have also been investigated. The effective
influence of the quantization of orbital motion of electrons and
the spin of electrons on the propagation of plasma waves in
quantum plasmas has been reported [19]. The excitation of
nonlinear structures in the presence of Landau quantization have
been investigated by Shaukat [20] and it is shown that com-
pressive solitary structures are formed under these effects.

Many researchers have studied plasma waves by taking
into account the collisional phenomena between plasma
species and neutrals as well [21–23]. For example, Haas and
Bret [24] investigated Buneman instability in quantum colli-
sional plasmas and showed that due to this instability, density
oscillations are excited. Ion acoustic solitary structures in the
presence of collisions in quantum plasma are governed by
damped Korteweg–de Vries (dKdV) [25]. Using quantum
hydrodynamic model in relativistic quantum plasma, ion
acoustic solitons are studied by Sahu et al [26]. It was shown
that both positive and negative type solitary structures exist in
the presence of collisions.

The objective of this research is to investigate the ion
acoustic solitary structures in dense collisional plasmas in the
presence of trapping effects and Landau quantization. The set of
equations, governing the plasma system are presented in
section 2. Normalization of basic equation is written in section 3.
We have separated the equations in component form in
section 4. The equations governing the dynamics of nonlinear
structure are described in section 5. The results are discussedin
section 6 and work is summarized in section 7 of the manuscript.

2. Set of dynamic equations

We consider two component ion electron magnetized quant-
um plasma. The ions are taken classical, owing the fact that
they have large inertia in comparison to electrons. The col-
lisions, which are responsible for dissipation, of plasma spe-
cies with neutrals are also considered. The continuity equation
representing the ion dynamics is written as follows,

¶
¶

+ =v
n

t
n 0, 1i

i i· ( ) ( )

here ni and vi are representing the density and velocity of ions
respectively.

The momentum equation of ion is given by

n¶
¶

+ = + ´ +
v

v v E v B v
t

e

m c
.

1
, 2i

i i
i

i i i⎜ ⎟⎛
⎝

⎞
⎠( ) ( ( )

here E and B are electric and magnetic fields, ni is the col-
lision frequency of ions with electrons and neutrals such that
n n n= +i ie in [27].

Poisson equation is written as,

p = -E e n n. 4 . 3i e( ) ( )

By introducing trapping and Landau quantization effects the
electron density after integration over the polar coordinates

and change of variables from momentum p to energy ε is
given by [20],
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In the above expression pFe is the electron Fermi momentum,
η is defined as w e ce Fe, where ωce is electron cyclotron
frequency, εFe is Fermi energy and  is the Plankʼs constant
divided by 2π. ef is the electrostatic potential energy of the
well in which electrons are trapped and μ is the chemical
potential. T is system temperature and l is Landau levels
having values l=0, 1, 2, ....

3. Scaling for normalization of model equation
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4. Set of equations in component form

Now linearizing equations (1)–(3) and assuming that wave is
propagating obliquelyin xy plane i.e.  = ¶ ¶, , 0x y( ) and
magnetic field is lying along x-axis. We obtain the basic
equations in component form as follow.

The ion continuity equation is expressed as,
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x, y, z components of ion momentum equation are described
in the following way,
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Poisson equation is written in the following form,

¶
¶

+
¶
¶

F = -
x y

n n . 9e i

2

2

2

2

⎛
⎝⎜

⎞
⎠⎟ ( )

The equilibrium density of plasma species is =
p 

N
p

0 3
Fe
3

2 3 with

Fermi energy given as e p=  N3
mFe 2

2
0

2 3
e

2( )( ) [28, 29]. The

density of electrons by using the procedure given in [30] can
be expressed in the following form,
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5. dKdV equation

To investigate the damping effects due to collisions of ions
with neutrals and electrons in the presence of trapping
potential and Landau quantization we use the reductive per-
turbation scheme [31] as follows

x l t= + - = l x l y t t, ,x y
1 2 3 2( )

where λ is the normalized phase velocity of the wave pro-
pagating obliquely in xy plane and direction cosines along x
and y axes are lx and ly respectively such that + =l l 1x y

2 2 .
The size of perturbed amplitude is determined by small
expansion parameter ò such that <  0 1 .( )

The variables ni, vix, viy, viz, Φ and ν in terms of the
smallness parameter ò, are expanded in the following form,
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Now putting the above perturbation scheme in the
equations (5)–(10) and obtaining the lowest order of ò as
follows:

~ 3 2 of ion continuity equation gives,

l
=n

l v
. 12i

x ix
1

1 ( )

~ 3 2 of x component of ion momentum equation yields the
following relation,

l
F =

v

l
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x
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~ 3 2 of y component of ion momentum equation is
expressed as follows,

x
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∼ò2 of z component of ion momentum equation gives a
relation between viz1 and viy1,
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The phase velocity of the wave propagating obliquely is
obtained in the following form,
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Next higher order i.e. ~ 5 2 of continuity equation gives,
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Similarly next higher order i.e. ~ 5 2 of x component of
momentum equation gives,

t
l

x x x
n

¶
¶

-
¶
¶

+
¶
¶

= -
¶F
¶

+
v v

v l
v

l v . 19ix ix
ix x

ix
x ix

1 2
1

1 2
0 1 ( )

~ 5 2 of y component of momentum equation is written in
the following way,
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~ 5 2 of z component of momentum equation of ions is
expressed as,
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~ 2 of Poissonʼs equation gives the following expression,
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Finally, eliminating ni2, F2, vix2, viy2 and viz2 from
equations (18)–(22), we obtain the dKdV equation in the
following form,
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where the nonlinear, dispersive and dissipative coefficients
are defined as
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where γ is defined as
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For limiting case i.e. n = 0,0 which represents the absence of
collisions we get well known KdVequation, which describes
a completely integrable Hamiltonian system and has a solu-
tion [25] in the following form,

x t
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The maximum amplitude F0 and width Δ of the solitons are
expressed as follows:
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Now in the presence of collisions the energy of the system is
not conserved and time-dependent solution of dKdV is pre-
sented in the following form [32, 33]:
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tV0 ( ) is the velocity of the soliton, and tFm( ) and tD( )
represent the time-dependent peak amplitude and width of
single pulsed soliton respectively,
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The solution given in equation (26) is approximated soliton
solution which exhibits fairly well for systems having dis-
sipation. The above solution indicates that velocity, amplitude
and width of the soliton depend on the dissipation, present in
the plasma system. Velocity and amplitude of the structure
decay exponentially with passage of time whilst width
enhances exponentially.

6. Numerical plots and discussion

In this section we investigate the excitation of damped soli-
tary structures in the presence of trapping potential and
Landau quantization. We solved equation (26) numerically by
using two level finite difference scheme with the help of
Runge Kutta method. For this purpose we use the solution
(24) of KdV equation as initial Guess. For time-dependent
numerical solution, normalized values of different plasma
parameters are taken and have observed the damped solitary

structures at different times. It is seen in the presence of
dissipation in the plasma system, with the passage of time as
structure propagates, the amplitude of the soliton decreases
and width increases which demonstrate the process of
damping as shown in figures 1(a) and (b) respectively. Now
we have studied the variations in the obliqueness angle and
observed that by increasing the value of ly the amplitude of
the wave does not alter and width of the nonlinear structure
decreases as depicted in figure 2. Now we have increased the
value of quantizing parameter η which is defined as w e ce Fe,
and it depends on Fermi energy and cyclotron frequency and
have observed that width of solitary structures increases at
certain fixed value of time as shown in figure 3. Physically
this result indicates that for fixed values of plasma density the
increment in magnetic field strength, the width of the structure
flourishes. This was obvious, η is directly proportional to
the ωce which depends on the magnetic field strength. In the
presence of stronger magnetic field the solitary structure with
larger width would be retrieved. The variations in the colli-
sions frequency ν0 of ions with electrons and neutrals have
revealed the fact that at high values of collision frequency the
nonlinear structures are damped and by lowering the value of
collision frequency we get the nonlinear structure without
damping as displayed in figure 4. It can be seen that with
gradual decrease in dissipation the stable structure are
appearing. The damping is decreased with decreasing values

Figure 1. (a) Time evolution of solitary structures in the presence of
collisions at different times (b) propagation of nonlinear structure in
time-space plane for the same condition with plasma parameters
T=0.4, η=0.5, ν0=0.15, ly=0.3 respectively.
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of damping frequency. The figure 5 is showing same result in
time-space plane indicating that in the presence of collisions
the width is enhancing or the structure is damping as shown in
figure 5(a). The figures 5(b) and (c) are showing that at lower
values of collisions smooth curves in the space-time plane are
obtained.

7. Summary

In summary we have investigated damped ion acoustic soli-
tary waves in degenerate collisional plasmas in the presence
of trapping potential and Landau quantization. For this pur-
pose, we have derived the dKdVequation by employing
reductive perturbation technique. A time-dependent solution
of dKdV is discussed by applying two level finite difference
scheme with the help of the Runge Kutta method. We have
observed the damped solitary wave structures at different
times, which indicate that with passage of time the amplitude
of nonlinear structures is diminished and width is enhanced.

The comparison between the solitary structures for different
values of collision is also discussed. Our findings are helpful
in laser plasmas where Landau quantization plays an impor-
tant role in finding the equation of state (EOS) and astro-
physical plasmas, where strong magnetic field exists. For
example strong magnetic fields upto 0.7GG have been
reported in high power pulsed laser interaction with matter.

In such high magnetic fields Landau quantization is an
important factor in determining the transport coefficients and
EOS data, which describes the fundamental relation between

Figure 2. Variations in the width of the solitary structures are shown
for different values of obliqueness parameter i.e. ly=0.3 (bold
curve), 0.9 (dashed curve) with other plasma parameters η=0.3,
ν0=0.3, T=0.1 respectively.

Figure 3. Increment in the width of the solitary structures are shown
for different values of quantizing parameter i.e. η=0.3 (bold
curve), 0.9 (dashed curve) with other plasma parameters ly=0.3,
ν0=0.3, T=0.1 respectively.

Figure 4. Time evolution of solitary structures with different values
of collision frequency i.e. (a) ν0=0.15 (b) ν0=0.015 and
(c) ν0=0.0015 with other plasma parameters T=0.4, η=0.35,
ly=0.3 respectively.
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the macroscopically quantities of a physical system in equi-
librium. On the other hand, a magnetic field in the MG range
with high dense plasmas is responsible for weak Landau
quantization. In the presence of 100–500MG magnetic field
with high density exists in white dwarfs. In such situations
electrons occupy several high energy Landau levels and

quantities determined by thermal electrons near the Fermi
level of plasmas are affected [34, 35].
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