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Abstract

CrossMark

In this paper, a generalized (3 + 1)-dimensional variable-coefficient nonlinear-wave equation
is studied in liquid with gas bubbles. Based on the Hirota’s bilinear form and symbolic
computation, lump and interaction solutions between lump and solitary wave are obtained,

which include a periodic-shape lump solution, a parabolic-shape lump solution, a cubic-shape
lump solution, interaction solutions between lump and one solitary wave, and between lump and
two solitary waves. The spatial structures called the bright lump wave and the bright-dark lump
wave are discussed. Interaction behaviors of two bright-dark lump waves and a periodic-shape
bright lump wave are also presented. Their interactions are shown in some 3D plots.

Keywords: solitary wave, lump wave, variable-coefficient nonlinear-wave equation, interaction
behaviors

(Some figures may appear in colour only in the online journal)

1. Introduction

In some branches of science and engineering such as fluid
mechanics, quantum mechanics, particle physics, mass
transfer, plasma physics, nano liquids and biological mathe-
matics [1-5], nonlinear partial differential equations (NPDES)
are used to describe many nonlinear phenomena and wave
propagation characteristics. As the lump solutions of the
NPDES are the special, powerful destructive ocean wave in
the real world, it is important to search for the lump solutions
of the NPDES, especially the constant-coefficient NPDES
that have attracted the attention of many scholars [6—-10].
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Recently, a generalized (3 + 1)-dimensional nonlinear-
wave equation has been presented as [11]

[4u; + duuy + e — 4] + 3(uyy + uy) =0, (D)

which describes a liquid with gas bubbles in the three-
dimensional case.

However, the variable-coefficient NPDES provide us
with more real phenomena in the inhomogeneities of media
and non-uniformities of boundaries than corresponding con-
stant-coefficient counterparts in some physical cases [12—15].
In this paper, a generalized (3 + 1)-dimensional variable-
coefficient nonlinear-wave equation is investigated [16, 17]

aOu; + a®) iy + Bt + 7 (@)
+ 60)”)‘)‘ + o(Duy + uy =0, )

where u = u(x, y, z, f) is the wave-amplitude function. The
bilinear form, Bécklund transformation, Lax pair, infinitely-many
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conservation laws, multi-soliton solutions, traveling-wave solu-
tions and one-periodic wave solutions are presented by virtue of
the binary Bell polynomials, the Hirota method, the polynomial
expansion method and the Hirota-Riemann method [18]. How-
ever, lump and interaction solutions between the lump and
solitary wave of equation (2) have not been obtained yet, which
will make the main work of our paper.

This paper will be organized as follows: section 2 obtains
the lump solutions of equation (2) with the aid of the Hirota’s
bilinear form [19-24] and demonstrates their physical struc-
tures by some 3D plots; section 3 presents the interaction
solutions between lump and one solitary wave; section 4
derives the interaction solutions between lump and two soli-
tary waves; and section 5 gives the conclusion.

This is equivalent to
EBWE s + YD + 6D, + 0(OE, + €]
+ 380, — 4B, L — 1(DE
—8(E — o(E — &, =0. “

In order to seek the lump solutions of equation (2), we suppose
¢ =xay + yay + zaz + a4(?),
¢ = xas + yae + za7 + (D),
E=C"4 ¢+ ag(n), (5)

where o, an, as, as, ag and a; are unknown constants. ay(t),
ag(f) and ao(f) are undefined real functions. Substituting
equation (5) into equation (4) through Mathematica software,
we get

D as(®) =, 3
a7 Qs

B f(a% +adlaiy(®) + a36() + a3e®] + afal®)

)

as(®) =1, + [ [Z[al(aw(t) + o) + a38) + ado®]lalns

B f(a% + adlofy(® + a36() + a3e®] + afas ()

0412045
(65X % a3Qs
Q6 = » Q7 = >
aj Qj

2. Lump solutions of equation (2)

Setting u = 12 [In&(x, y, z, )], and a(f) = ((t), and using
the multi-dimensional Bell polynomials, the bilinear form of
equation (2) can be introduced as (see [18])

[D,D, + B()D} + 7()D? + 6()D3 + o (D¢ - £ = 0. (3)

] —as & as(]]/(as) di, a(r) = B(1) =0,

(6)

with oy = 0, as = 0. Substituting equations (5) and (6) into
the transformation u = 12 [In&(x, y, z, t)]x» We have the
following lump solution of equation (2)

u® = [12{2@% + a%)lnz + [Rlenlary @) + b1+ a36(0) + a3o ]l

B f(a% + odlafy() + 038() + aZe®] + ofak()
2
Qay Qs

0112015

N [m _ flai+ adlair® + o380 + 3o O] + alas() g

as(ax + axy + azz)

]— asag()]]/(ayas) de

+ ]2 + [as(®) + ayx + apy + 032]2] — 4las[n,

Qaq

- f<a% + adlaiy() + a36() + a3o ] + ajal(®)

Oélz()é5

(&3]

2
dr + a5x:|+ ar(as(t) + oy + asz) + alx + W]Zﬂ/[[nz

+ [2lar(ary (1) + a4(0) + a38(0) + 3o Ollailn— [

(@} + adlay (@) + ads) + o] + aial(r) dt]
2
ayas

— asay(O]]/(qas) dt + [71

" as(apx + axy + a3z)

Qaq

]2 + (@) + ux + azy + 0432)2] ]

- f<a% + adlaty () + a36() + ade®] + afay()
1

0112015

(M
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Figure 1. Lump solution u

Dwithoy =1, 00 =2, 03 =—1,a5 = —3,x=—5, 7 =1, =y = 0, when () =6() =o0@)=

cost, ag(t) = sint in (a), y(t) = §(t) = 0(t) = t, au(t) = sint in (b) and y(r) = cosht, o () = exp t and au(f) = 6(f) = ¢t in (c).

where oy(f) is arbitrary function, 7; and 7, are integral
constants.

The physical structures for (u)) are described in
figure 1 by the 3D plots. Figure 1 shows the propagation
of solution (u’) when ~(f), &(f), o(t) and () select
different functions. When ~(¢t) = 6(t) = o (t) = cost and
ay4(t) = sint, a periodic-shape rational solution is listed
in figure 1(a). When v () = 8(f) = () = t and ayu(t) =
sin ¢, a parabolic-shape rational solution is presented in
figure 1(b). When ~(¢) = cosht, o(t) = expt and au(r) =

§(t) =1, a cubic-shape rational solution is shown in
figure 1(c).
3(af + a3)B@)
UD): ag(t) =n; + fas S Sl W et DA A
Q9
azo )
- s— —(0)]dr,
ap
ao(f) = avg, g = — 92, = B
Qs g
51y — _ 305@i + a9 B0
asag ’
2 2
as(t)=mn, — f[alB(O‘I + a3)B(1) + a9y (®)]
Q9
azo)
+ — dz, (8)
Qaj

with ay = 0, a5 =0, ag = 0 and a9 = 0. Substituting
equations (5) and (8) into the transformation
u= 12 [Iné(x, y, z, )], we have the following lump solution

of equation (2)

2, 2
u = [12[2(&% + a%)lag + [fa5[3(al + a5)B()

Q9

2
_ 04392(0 _ ’Y(l‘)] A+ 1y + agx — 192V 0é30ésZ]2

Qaj as Qaj
. [ f[_ w 3] + a%()f(r) + a9y (0]

2
- %ﬁ)] dt + 9y + oux + oy + a3z]?

1
. Ha%[ f[ ai3(af + a%;f(r) + a9y (0)]
a3o ()

— ———|dt| + asai[n,

(€51

3@ + 2B aje®

+ fOé5 - ao - a% - ’Y(t) dt

+ asx] + a?x

+ af(n, + azz) + azaizl /(@)

(030} 4
/[[a9+[n3+a5x gy | asasz
Qas aj

2 2 2
. fas[_swl +adin _ adow W)] dt]z

Qg aq
+ [, + ax + apy
B f[al[s(a% + a0 + a0 a%g(r)]dt

Qg (€51

+ a3zl ?1?),
C))

where 73 and 7, are integral constants.
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Figure 2. Lump solution Q) witha; = 1, a0 =2, 03 = —l, as = ag = =3, 13 =14 = 0,z = —10, when t = —1 in (a), = 0 in (b) and
t=11n (c).

(b)

Figure 3. Lump solution (9) withay = =1, o =2, a3 = —1, a5 =3, a9 = =3, )3 = 4 = z = 0, when x = —301in (a), x = 0 in (b) and
x = 301n (c).

(b)

Figure 4. Lump solution (9) with oy = -1, o =2, 03 = -1, as =3, a9 = =3, )3 = 4 = 2 = 0, when x = —8 in (a), x = 0 in (b) and
x = 8 in (c).

Then, the physical structures for (uY") are shown structure called the bright-dark lump wave is shown in
in figures 2-5 with some 3D plots. When ~(¢#)= figure 3 at x = —30; 0; 30. When v (t) = —1, o(t) = () = t,
—1, o(t) = B(r) = 1, the spatial structure called the bright interaction behaviors of two bright-dark lump waves are
lump wave is seen in figure 2 at t = —1; 0; 1, the spatial presented in figure 4 at x = —8; 0; 8. As the value of x
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(a) (b)

Figure 5. Lump solution (9) with oy = —1, o =2, a3 = —1, a5 = 3, a9 = =3, )3 = 4 = z = 0, when x = —3 in (a), x = 0 in (b) and
x =3 in (c).

Figure 6. Lump solution (1) withay =y = az =as = —l,as = a7 =15 =3, = —2, 9 = 2,z = 0, whenx = —101in (a), x = O in
(b) and x = 10 in (c).

changes, the two bright-dark lump waves move towards with (azo5 — ajazr)2ag = 0, a12 + a§ =0, 15 and 7 are
each other, and finally merge together. When v(¢) = o(¢t) = integral constants. Substituting equations (5) and (10) into the
B(t) = cost, a periodic-shape bright lump wave is found in transformation u = 12 [In(x, y, z, 1)), We derive another

figure 5 at x = —3; 0; 3.

3(af + 03)3B() + (azas — a1as) a0d(t)
B (zas — aqag) g
as(t) = n5 — [Taala3y(®) + (a3 — a)6(1) + (a3 — a3) o (1)]
+ aj (1) + 205l asd () + azar0 1/ (af + a3) dt,
ag(t) =1 — [laslady (@) + (g — a3)6() + (a7 — a3)e®)]
+asaiy (1) + 201l a6 (1) + azar0(M]11/(0f + a3) dt (10)

, ao(t) = au,

(m): o(1) =
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Figure 7. Lump solution (1) withay = a3 =as=—-1l,ao =1, a6 = -3, 07 =3, =75 =2=0,a9 = 2,z =0, wheny = —3 in (a),

y=01n (b) and y = 3 in (c).

(a)

=10

-20_ 20

=20 5

=10

10

=-20"_ 20

Figure 8. Lump solution (11) withay = ay = a3 =as = -1, as = a7 =15 =3, = =2, 9 = 2,x = 0, whenz = —101in (a),z = O in

(b) and z = 10 in (¢).

lump solution of equation (2)

u?™ =[12[2(cf + ad)lao + [as() + aux + any + asz]?
+ [ag(t) + asx + agy + a7z]%]
— [2aifaa(t) + arx + ay + asz]
+ 2as[ag(r) + asx
+ aey + 721111/ [levo + [ (2)
+ aux + oy + a3z)?

+ [ag(t) + asx + agy + ayz]4,
11)

where ay (1), ay(t) and o(r) satisfy constraint (10).

The physical structures for (/D) are shown in figures 6—
8 with some 3d plots. When ~(r) = —1, 6(t) = (@) = 1,
the spatial structure called the bright lump wave is seen in
figure 6 at x = —10; 0; 10. When ~(r) = —t, 6(¢) =
B(t) = t, interaction behaviors of two bright lump waves are
presented in figure 7 at y = —3; 0; 3. As the value of y
changes, the two bright lump waves move towards each other,

and finally merge together. When ~(¢) = 6(t) = (1) =
cost, a periodic-shape bright lump wave is found in figure 8
at z = —10; 0; 10 and x = 0.

3. Interaction solutions between lump and one
solitary wave

In order to find the interaction solutions between lump and
one solitary wave, we add an exponential function in
equation (5) as follows

¢ =xap + yay + zaz + aq(?),
¢ = xas + yas + zag + as(t),
E=C"+ 2+ aolt) + ars(texplaus(?)

+ ajox + any + a2z, (12)

where oo, oy and «y, are unknown constants. a;3(f) and
a14(t) are unknown real functions. Substituting equation (12)
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Figure 9. Interaction solution (14) with oy =g =n9 =m0 =) =1, a3 =) = -1, a0 = ajp = 2, s = =3,z = 0, whent = —1 in

(a), t=01in (b) and r = 1 in (c).

into equation (4) through Mathematica software, we have

Qo apas
a5 = — s =———,
Qs Qs
2 2
oy + Qg
an=oap =0, ay(®) = >
S3TH)
2 2 2
~ 3a5a5,8@) + az0(1)
,

5@) =
0 o

ag(t) =15 — as [[BafyB@) + y(0)] dt,
as(t)=mny — o [[BafpB() + v dt,

ai(t) =1y — aig [TafeB@®) + O dt — Inau@,  (13)

with a; = 0, a5 = 0 and g = 0. Substituting equations (5)
and (13) into the transformation u = 12 [In&(x, y, z, )]
we get

where 7g, 19 and 7o are integral constants. Interaction
phenomena between lump and one solitary wave in
equation (14) is shown in figures 9 and 10. Obviously, we
can see a solitary wave and a lump wave in figure 9(a). In
figure 9(b), the solitary and lump wave are slowly approach-
ing at t = 0. In figure 9(c), the solitary and lump waves merge
together to propagate forward at r = 1. Figure 10 displays the
effect of variable coefficient y(f) on the interaction phenom-
ena between lump and one solitary wave.

4. Interaction solutions between lump and two
solitary waves

In order to derive the interaction solutions between lump
and two solitary waves, we add two exponential functions in

uV) — [12[ 2003 + a2) + alyexp [7710 + alo[x — [TafoB@) + v ()] dt]]]
2 2
* [LC:; B fexp [1710 + Ozm[ — [TafoB® + @) dt]]
10

[arcazy + as0) = as[ns + as[x = [Babso) + v o1a] ]|
o3

+ [779 + O‘I[x - f[304%05(f) + ()] df] + azy + CY3Z]2]

+

- [Zalng -+ aypexp [7710 + 0410[ - f[@%oﬂ(t) + (@] dt]]

+ 205 g + as[x = [BahB0) + v ar] |

+ Zaf[x — [BadoB®) + v(®)] dt]]ﬂ]/”ﬂzaé

aqo

+ exp[mo + o[ = [10}B® + 71 dr] | + llar@ay + a32)
= as[ny + as[x = [BadyB0) + vo1a] ] 2] /o3

+ [+ e = [Baks@ + 1@ ] + aay + ase ] (14)
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(a)

Figure 10. Interaction solution (14) with a; =g =19 = 110 = a0 = B) = 1, a3 = as = —1, an, = 2,y = 7 = 0, when () = 1 in (a),

~(#) = t in (b) and (¢) = cos? in (c).

equation (5) as follows

¢ =xa; + ya + zaz + au(t),

¢ =xas + yag + za7 + ag(f),

=2+ 2+ ag(r) + aua(r)explais(r)
+ apox + any + anz]

+ ags(t)exp[—au3(t) — aox — aqy — appz],  (15)

where «5(f) are unknown real functions. Substituting
equation (15) into equation (4) through Mathematica soft-
ware, we obtain

o [e5Ye%) . [e5Fe %)
g = — , 7 = — s
Qs Qs
4 4 ) 4
ao(t) = Qjonp + o + 2a50aq + as
(af + ad)ag,
2 )
_ —a36(t) — 3asaqB()
g(t) - 2 )

as
as(t) =15 — as [[BagB@) + (0] dr,
as(t) =1, — a1 [BaieB@) + 7] dt, any = aip = 0,
aia(t) =5 — ono [[afoB(0) + v(D] dt

Uip)

— 1 p—
noy(t), ars(t) )’

(16)

with a3 = 0, a5 = 0, ag4(¢) = 0, a12 + ag = 0 and oy = 0.
Substituting equations (5) and (16) into the transformation
=12 [n€®, y, z, D] We get

u") =12[[2a} 4 2a% + adyais(t)explans(r) + aiox]
+ alzoaw(t)exp[—alox
— a3/ [ao(®) + cua(t)explans(t) + aiox]
+ ags(t)exp[—aox

— an3()] + [ou () + aux + oy + a3z)?

+ (ag(r) + asx + agy + a72)?]

— [[arpaua(®)explaiz(#) + arox]

— ajpaqs()exp[—apx — a3(f)] + 2a4

* [ag(t) + aux + apy + asz]

+ 2as(ag(t) + asx + asy + @72)1%1/[[as(t)
+ ara(P)explauz(?) + aiox]

+ ags(H)exp[—ajox — aiz()] + [aa(?)

+ agx + apy + a3z]?

+ [ag(®) + asx + aey + a7z]*1%], 17

where 712, 713, 14 and 75 are integral constants. Interaction
phenomena between lump and two solitary waves in
equation (16) is shown in figure 11. Two solitary waves can
be found in figure 11(a). A lump wave appears in one of two
solitary waves in figure 11(b). In figures 11(c) and 11(d), the
lump wave slowly shifts to another solitary wave, until it
vanishes in figure 11(e).

5. Conclusion

In this paper, based on the Hirota’s bilinear form and Mathe-
matica software [25-35], the lump and interaction solutions
between lump and solitary wave of a generalized (3 + 1)-
dimensional variable-coefficient nonlinear-wave equation in
liquid with gas bubbles are studied. Their physical structures
are described in some 3D plots. A periodic-shape rational solu-
tion is listed in figure 1(a). A parabolic-shape rational solution is
presented in figure 1(b). A cubic-shape rational solution is shown
in figure 1(c). In lump solutions (u( ”)), the spatial structure called
the bright lump wave is seen in figure 2; the spatial structure
called the bright-dark lump wave is shown in figure 3. Interaction
behaviors of two bright-dark lump waves are presented in
figure 4. A periodic-shape bright lump wave is found in figure 5.
In lump solutions (1), the spatial structure called the bright
lump wave is seen in figure 6. Interaction behaviors of two bright
lump waves are presented in figure 7. A periodic-shape bright
lump wave is found in figure 8. Figures 9 and 10 display the
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(a)

(d)

(c)

Figure 11. Interaction solution (16) with az = y(t) = —1, ap = a9 = 2, as = =3, ¢y = 12 = M3 = Na = M5 = P(E) = 1, z = 0, when
t=—1in(a),t=—-03in(b),t =01in (c), t = 0.3 in (d), r = 1 in (e).

interaction phenomena between lump and one solitary wave.
Figure 11 shows the interaction phenomena between lump and
two solitary waves.
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