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Optical properties of core/shell spherical quantum dots∗
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In this study, the effects of quantum dot size on the binding energy, radiative lifetime, and optical absorption coefficient
of exciton state in both GaN/AlxGa1−xN core/shell and AlxGa1−xN/GaN inverted core/shell quantum dot structures are
studied. For the GaN/AlxGa1−xN core/shell structure, the variation trend of binding energy is the same as that of radiation
lifetime, both of which increase first and then decrease with the increase of core size. For AlxGa1−xN/GaN inverted
core/shell structure, the binding energy decreases first and then increases with core size increasing, and the trends of
radiation lifetime varying with core size under different shell sizes are different. For both structures, when the photon
energy is approximately equal to the binding energy, the peak value of the absorption coefficient appears, and there will be
different peak shifts under different conditions.
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1. Introduction
Since the 1980s, Rossetti et al.[1] have studied the size ef-

fect and other relevant properties of CdS nanocrystals, which
has attracted people’s attention to quantum dots. After that,
Peng et al.[2] found a simple way to synthesize quantum dots
(QDs) on a large scale, enabling many researchers to further
study quantum dots. In many quantum dot researches, the
third-generation nitride semiconductor quantum dot materials,
such as GaN and AlN, have a very broad application prospect
in optoelectronic and optical detection devices (blue, green,
and ultraviolet light), and high frequency and power laser de-
vices due to their special properties such as wide band gap,
high mobility, etc.[3–6] Generally speaking, nitride semicon-
ductor materials are divided into wurtzite and zinc blende.
The wurtzite and zinc blende have hexagonal and cubic struc-
tures respectively, and their properties are different due to
different structures. Therefore, many people are interested
in comparing the two different properties caused by different
structures.[7–10] However, due to the higher crystal symmetry,
smaller band gap and higher electron mobility of zinc blende,
zinc blende structure is studied by many people.[11–14]

Generally speaking, because excitons can show the elec-
trical and optical properties of quantum dots to a certain extent,
many people have done research on excitons in both exper-
iment and theory.[15–17] Chafai et al.[18] used the variational
method to predict that in the spherical GaN/AlN core/shell
quantum dot, the external electric field will reduce the bind-
ing energy of exciton state, and the increase of quantum dot
size will also reduce the binding energy. Pattammal et al.[19]

studied the influence of well width on exciton radiation life-

time in InGaN/GaN quantum wires. The results show that the
radiation lifetime decreases monotonically with the increase
of well width, and the trend becomes more obvious when the
well width is smaller. Traetta et al.[20] studied the effect of
multibody effect on exciton properties in GaN/AlGaN quan-
tum well. The results showed that the built-in electric field
caused by spontaneous and piezoelectric polarizations can re-
duce the exciton state binding energy and optical absorption
coefficient. Xia et al.[21] considered the influence of the com-
bination of laser field and external electric field on the exciton
binding energy of GaN/AlGaN quantum well. It is found that
when the applied electric field is small, the laser field will re-
duce the binding energy and the oscillator strength, however,
when the applied electric field is very strong, the binding en-
ergy and the oscillator strength first increase and then decrease
with the increase of the laser field, and a maximum value ap-
pears. Although one has done a lot of researches if the exci-
ton states in some low-dimensional structures, the exciton in
the core/shell QD especially in the inverted core/shell QD are
lacking, and the comparison of the optical properties between
both structures is rarely reported.

In this study, the exciton binding energy, optical absorp-
tion coefficient and exciton radiation lifetime for each of both
core/shell and inverted core/shell quantum dots are studied by
using the variational method under the effective mass approx-
imation. The influence of core and shell sizes on them are
studied. The rest of this paper is organized as follows. In Sec-
tion 2 we present the theoretical framework. In Section 3, we
discuss the results of the numerical calculations. Finally, We
summarize the main conclusions in Section 4.
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2. Theoretical model
In this paper, the spherical GaN/AlxGa1−xN core/shell

and AlxGa1−xN/GaN inverted core/shell QDs are studied. The
core radius of the QDs is R1, and the shell radius is R2. The
Schrödinger equation for an exciton in such a structure is

Ĥx =
−h̄2

2m∗e
∆e +

−h̄2

2m∗h
∆h +Ue

+Uh−
e2

4πε0ε∗ |𝑟e−𝑟h|
, (1)

where me (mh) is the effective mass of electron (hole), 𝑟e (𝑟h)

is the position vector of electron (hole), e is the absolute value
of electronic charge, ε0 is the dielectric constant of vacuum,
and ε∗ is the dielectric constant in quantum dot material, and
Ue (Uh) is the confining potential of electron (hole).

In this paper, we use the Hylleraas polar system, so the
Hamiltonian in Eq. (1) can be written as follows:[22]

Ĥx =
−h̄2
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∂ reh
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+
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2m∗h
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rhreh

× ∂ 2

∂ rh∂ reh
+
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∂ r2
eh

+
2

reh

∂

∂ reh

)
+Ue +Uh−

e2

4πε0ε∗reh
. (2)

The detailed derivation is given in Appendix A. For
core/shell structures of QDs (see Fig. 1), the corresponding
confining potential is

Ue,h =

 0, re,h ≤ R1,
Ve,h, R1 ≤ re,h ≤ R2,
∞, re,h ≥ R2,

(3)

for inverted core/shell structures of QDs (see Fig. 1), the cor-
responding confining potential is

Ue,h =

Ve,h, re,h ≤ R1,
0, R1 ≤ re,h ≤ R2,
∞, re,h ≥ R2.

(4)

In Eqs. (3) and (4), Ve and Vh are the conduction and va-
lence band offsets, respectively (see Fig. 1). The range with
re,h ≥ R2 (the outermost layer of the QD) is regarded as a vac-
uum environment, because the vacuum energy level is much
higher than the energy of electron and hole, resulting in very
weak tunneling, so the outermost layer is regarded as an infi-
nite high barrier.[23]

Here, we choose the ratio of the conduction band to the
valence band to be 6:4, so the barrier height is

Ve = 0.6(Eg(AlxGa1−xN)−Eg(GaN)), (5)

Vh = 0.4(Eg(AlxGa1−xN)−Eg(GaN)), (6)

where the band gap of ternary mixed crystal compound
AlxGa1−xN is

Eg(AlxGa1−xN) = (1− x)Eg(GaN)+ xEg(AlN). (7)

AlxGa↩xN

GaN

GaN

Eg2

Eg2

R2

R1 R1

R2

Eg1
Eg1

Ve

AlxGa↩xN

Vh
Vh

Ve

(a) (b)

Fig. 1. Core/shell (a) and inverted core/shell (b) structures of QDs.

The effective mass of electron and hole in unit of free
electron mass m0 can be given by

m∗i =
{

mi1, ri < R1,

mi2, R1 ≤ ri ≤ R2,
(8)

with i = e,h, where regardless of the effective mass of elec-
tron and hole in either model, the effective mass expres-
sions of electron and hole of ternary mixed crystal compound
AlxGa1−xN are

m∗e(AlxGa1−xN) = (1− x)m∗e(GaN)+ xm∗e(AlN), (9)

m∗h(AlxGa1−xN) = (1− x)m∗h(GaN)+ xm∗h(AlN), (10)

where ε∗ is the dielectric constant in the quantum dot material,
which can take the following form

ε
∗ =


ε1, re ≤ R1 and rh ≤ R1,
ε2, R1 ≤ re ≤ R2 and R1 ≤ rh ≤ R2,
ε1 + ε2

2
, others.

(11)

For core/shell structures of QDs (see Fig. 1), the wave
functions of electron and hole are[24]

φi(r) =


Ai1 sin[ki1ri]

ri
, ri ≤ R1,

Ai2 sinh[ki2(ri−R2)]

ri
, R1 ≤ ri ≤ R2,

(12)

with i = e,h, where ki1 =
√

2mi1Ei/h̄2, and ki2 =√
2mi2 (Vi−Ei)/h̄2.

For the inverted core/shell structure of QDs (see Fig. 1),
the wave functions of electron and hole are[25]

φi(r) =


Ai1 sinh [ki1ri]

ri
, ri ≤ R1,

Ai2 sin [ki2(ri−R2)]

ri
, R1 ≤ ri ≤ R2,

(13)
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with i = e,h, where ki1 =
√

2mi1 (Vi−Ei)/h̄2, and ki2 =√
2mi2Ei/h̄2. In Eqs. (12) and (13), Ai j is the normalization

coefficient, and Ei is the energy of the ground state, and they
can be obtained from the normalization condition and bound-
ary continuity condition.

The exciton ground state wave function Ψ x and the
corresponding ground state energy Ex can be expressed by
Schrödinger equation as follows:

ĤxΨ(re,rh,reh) = ExΨ(re,rh,reh). (14)

Because there is no analytical solution for Eq. (14), we
determine the wave function by approximate method. Here
the trial wave function we choose is

Ψx(re,rh,reh) = φe(re)φh(rh)e−λ reh , (15)

where λ is a variational parameter, the ground state energy of
exciton can be obtained by minimizing the expectation energy
as follows:

Ex = min
λ

〈Ψx|Hx|Ψx〉
〈Ψx|Ψx〉

. (16)

The binding energy Eb of exciton state is

Eb = Ee +Eh−Ex. (17)

The optical absorption coefficient (OAC) is defined as:[26]

σ =
πe2Ep

6ncε0m0ωV
Iopδ (Eb− h̄ω) , (18)

where c is the velocity of light, n is the refractive index and
its value is

√
ε∗, m0 represents the free electron mass, Iop is

the optical integral part of the radiative transition correspond-
ing to the recombination of electron and hole, and it can be
expressed as[27]

Iop =

∣∣∣∣∫ Ψx(re,rh,reh)δ (re,rh)dV
∣∣∣∣2 . (19)

As is usually done, the δ function in Eq. (18) is replaced
by a narrow Lorentzian by means of[28]

δ (Eb− h̄ω) =
Γ

π

[
(Eb− h̄ω)2 +Γ 2

] , (20)

where Γ is the line-width of the exciton and its value is
6 meV,[26] Ep is the Kane energy, which is 25 eV for GaN.[29]

The oscillator strength of exciton ground state is ex-
pressed as[30]

f =
Ep

2Eph
Iop. (21)

The radiative lifetime is defined as[31,32]

τ =
6πε0m0c3h̄2

e2nβsE2
ph f

, (22)

where f is the oscillator strength and Eph is the interband tran-
sition energy, which can be expressed as

Eph = Eg +Ex, (23)

where Eg is the band gap energy of GaN in this work. βs is
the screening factor, which is shown in Ref. [32] and it can be
expressed as

βs =
3ε

εNQD +2ε
, (24)

where ε and εNQD are the optical dielectric constants of shell
material and core material, respectively.

3. Results and discussion
In the present paper, GaN/AlxGa1−xN core/shell and

AlxGa1−xN/GaN inverted core/shell QDs are studied. The pa-
rameters used are shown in Table 1.

Table 1. Parameters used in calculation.

Eg(0)/meV m∗e m∗h ε∗

GaN 3299a 0.15a 0.27b 10.74b

AlN 4900a 0.25a 0.47b 8.41b

aRef. [33], bRef. [34].

Figure 2 shows the variation of the binding energy of
GaN/AlxGa1−xN core/shell QD with QD size. It can be seen
from the figure that the binding energy of exciton state first
increases and then decreases with the increase of core size R1.
This is because when the core size is too small, the quantum
tunneling effect for electron and hole is large. And then the
average distance between electron and hole becomes large, so
the binding energy is small. But with the increase of the core
size, the tunneling effect is reduced, and then the average dis-
tance between electron and hole decreases, which causes the
binding energy to increase, and therefore a maximum value
appears. However, as the core size continues to increase, the
quantum confinement effect decreases and thus the binding en-
ergy decreases. The results are in agreement with those in
Refs. [35–37]. In addition, we find that since the electrons and
holes are mainly confined to the core region for the core/shell
structure, the change of shell size has little effect on the bind-
ing energy.

Figure 3 shows the variation of the radiative lifetime and
overlap integral IOP of GaN/AlxGa1−xN core/shell QD with
QD size. Like the scenario in Fig. 2, it can be seen that the
radiative lifetime first increases and then decreases with the
increase of the core size R1, and the variation of shell size R2

has little effect on it. We can know from Eqs. (21) and (22) that
the radiative lifetime is inversely proportional to IOP×Eph. It
can be known from the calculation that although the IOP first
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decreases and then increases with the increase of core size as
shown in Fig. 3(b), Eph decreases monotonically. Because the
sensitivity of radiation lifetime to IOP is higher than to Eph, the
radiative lifetime first increases and then decreases with the
increase of core size, and decreases slightly with the increase
of shell size.
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Fig. 2. Plots of binding energy of exciton state in GaN/AlxGa1−xN core/shell
QD versus core radius R1 for different values of shell R2. The Al content x
is chosen to be 0.3.
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Fig. 3. Variation of (a) radiative lifetime and (b) overlap integral of exciton
state in GaN/AlxGa1−xN core/shell QD with core size R1 and shell size R2,
with Al content x chosen to be 0.3.

Figure 4(a) shows the variations of the OAC of
GaN/AlxGa1−xN core/shell QD with photon energy under dif-
ferent core sizes. Equation (20) shows that the peak posi-
tion of PCS appears at h̄ω ≈ Eb, and its intensity is related

to IOP/Eb. It can be seen from the figure that the peak in-
tensity of the OAC first decreases and then increases with the
increase of core size, and meanwhile the peak position shows
a blue-to-red shift. This can be explained as follows. As seen
from Figs. 2 and 4(b), although IOP first decreases and then
increases with the increase of core size, the binding energy Eb

first increases and then decreases, which results in the peak
shifting from blue to red. As mentioned above, because the in-
tensity of OAC is related to IOP/Eb, it first decreases and then
increases.

R1/nm

0 20 40 60 80 100
0

2

4

6

α
/
1
0

-
5
 m

-
1

hω/meV

(a)

0 2 4 6 8 10

0.02

0.04

0.06

(b)

O
v
e
rl
a
p
 i
n
te

g
ra

l

R1=8 nm

R1=6 nm

R1=1.5 nm

R1=4 nm

R1=10 nm

Fig. 4. (a) Variations of OAC of exciton state in GaN/AlxGa1−xN core/shell
QD with photon energy under different values of core size R1 at shell
size R2 = 10 nm, and (b) variation of overlap integral of exciton state in
GaN/AlxGa1−xN core/shell QD with core size R1 at R2 = 10 nm, with Al
content x chosen to be 0.3.

Figure 5 shows the variations of the binding energy of
AlxGa1−xN/GaN inverted core/shell QD with QD size. It can
be seen from the figure that the binding energy of exciton
state first decreases and then increases with the increase of
core size R1. This is because for the inverted core/shell struc-
ture, electron and hole are mainly confined in the shell region.
As the core size increases, the distance between electron and
hole increases under the repulsion of the barrier V0, which
leads the binding energy to decrease. However, as the core
size continues to increase, the quantum tunneling effect be-
comes important, which leads the electron and hole to tunnel
into the core region, resulting in the decrease of the distance
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between electron and hole, therefore the binding energy in-
creases. In addition, it is clearly shown that the change of
shell size R2 in the AlxGa1−xN/GaN inverted core/shell struc-
ture has more obvious effect on the binding energy than that in
the GaN/AlxGa1−xN core/shell structure (see Fig. 2), and for a
fixed core size, the binding energy decreases with the increase
of the shell size due to the quantum confinement effect de-
creasing. The results are in agreement with those in Ref. [38].
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Fig. 5. Variations of binding energy of exciton state in AlxGa1−xN/GaN in-
verted core/shell QD with core size R1 for different values of shell size R2,
with Al content x chosen to be 0.3.
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Fig. 6. Variations of (a) radiative lifetime and (b) overlap integral of exci-
ton state in AlxGa1−xN/GaN inverted core/shell QD with core size R1 for
different values of shell size R2, with Al content x chosen to be 0.3.

Figure 6(a) shows the variations of the radiative lifetime
of AlxGa1−xN/GaN inverted core/shell QD with QD size. It
can be seen from the figure that the variation trend of radi-
ation lifetime with the core size is obviously different under

different shell sizes. When R2 = 10 nm and 12 nm, the ra-
diation lifetimes each show a nonmonotonic variation trend.
However, when R2 = 14 nm, the radiation lifetime increases
monotonically with the increase of the core size. As for IOP,
its variation trend is opposite to that of the radiation lifetime
as explained before.

Figure 7(a) shows the variations of the OAC with pho-
ton energy under different core sizes. It can be seen from the
figure that the peak intensity of the OAC first decreases, then
increases, and again decreases with the increase of core size.
This behavior is the same as that of Iop. As explained before,
because the OAC is more sensitive to Iop than Eb, leading to
this result. Moreover, the Eb first decreases and then increases,
which results in the peak position of OAC shifting from red to
blue as shown in the figure.
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Fig. 7. (a) Variations of OAC of exciton state in AlxGa1−xN/GaN inverted
core/shell QD with photon energy for different values of core size R1 at
R2 = 10 nm (a), and (b) variastion of overlap integral of exciton state in
AlxGa1−xN/GaN inverted core/shell QD with the core size R1 at R2 = 10 nm
(b), with Al content x chosen to be 0.3.

4. Conclusions
In the present work, the effects of QD size on the bind-

ing energy, the radiative lifetime, and the OAC of exciton
state in both GaN/AlxGa1−xN core/shell and AlxGa1−xN/GaN
inverted core/shell QD structures are studied. For the
GaN/AlxGa1−xN core/shell structure, the binding energy and
radiative lifetime first increase and then decrease with the in-
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crease of core size, but only when the core size is very big,
will the variation of shell size have a distinguishable effect
on the binding energy and the radiative lifetime of exciton
state in this structure. In contrast, for the AlxGa1−xN/GaN in-
verted core/shell structure, the binding energy first decreases
and then increases with the increase of core size, but the vari-
ation trends of radiation lifetime are obviously different un-
der different shell sizes, and both of the binding energy and
the radiative lifetime decrease with the increase of shell size.
Moreover, in both of the different structures, the peak posi-
tion of the OAC occurs at h̄ω ≈ Eb, and not only red shift but
also blue shift occurs The peak intensity of the OAC first de-
creases and then increases with the increase of core size for
GaN/AlxGa1−xN core/shell QD structure, however, it first de-
creases , then increases, and again decreases with the increase
of core size for AlxGa1−xN/GaN inverted core/shell QD struc-
ture. We hope that the present work will provide some useful
references for the research of QD optoelectronic devices, such
as how to choose the size and structure of devices to improve
the OAC and radiative lifetime of exciton.

Appendix A: The derivation of Hamiltonian (2)

The following expressions are the derivation of Hamilto-

nian (2) in the Hylleraas coordinate system.

r2
1 = x2

1 + y2
1 + z2

1, (A1)

r2
2 = x2

2 + y2
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2, (A2)

r2
12 = (x1− x2)

2 +(y1− y2)
2 +(z1− z2)

2. (A3)
∂Ψ
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According to Eq. (A5), a similar equation can be obtained

as follows:
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x1(x1− x2)+ y1(y1− y2)+ z1(z1− z2)

r1r12
, (A8)

where

2
∂ 2Ψ

∂ r1∂ r12

x1(x1− x2)+ y1(y1− y2)+ z1(z1− z2)

r1r12
=

∂ 2Ψ

∂ r1∂ r12

2x2
1 +2y2

1 +2z2
1−2x1x2−2y1y2−2z1z2

r1r12

=
∂ 2Ψ

∂ r1∂ r12

2x2
1 +2y2

1 +2z2
1−2x1x2−2y1y2−2z1z2 +(x2

2 + y2
2 + z2

2)− (x2
1 + y2

1 + z2
1)

r1r12

=
∂ 2Ψ

∂ r1∂ r12

x2
1 + y2

1 + z2
1 +(x1− x2)

2 +(y1− y2)
2 +(z1− z2)

2− (x2
1 + y2

1 + z2
1)

r1r12

=
∂ 2Ψ

∂ r1∂ r12

r2
1− r2

2 + r2
12

r1r12
. (A9)

Therefore,

∂ 2Ψ

∂x2
1
+

∂ 2Ψ

∂y2
1
+

∂ 2Ψ

∂ z2
1
=

∂ 2Ψ

∂ r2
1

r2
1

r2
1
+

∂Ψ

∂ r1

(
3
r1
− r2

1

r3
1

)
+

∂ 2Ψ

∂ r2
12

r2
12

r2
12

+
∂Ψ

∂ r12

(
3

r12
− r2

12

r3
12

)
+2

∂ 2Ψ

∂ r1∂ r12

r2
1− r2

2 + r2
12

r1r12
. (A10)

It can also be written as

∆1 =
∂ 2Ψ

∂ r2
1
+

2
r1

∂Ψ

∂ r1
+

r2
1− r2

2 + r2
12

r1r12

∂ 2Ψ

∂ r1∂ r12
+

∂ 2Ψ

∂ r2
12

+
2

r12

∂Ψ

∂ r12
. (A11)
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