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Computation and analysis of light emission in two-bubble
sonoluminescence∗
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We perform a computational simulation of light emissions from two sonoluminescent bubbles in water. Our simulation
includes the radii of two bubbles, radiation acoustic pressures, and light emission spectra by numerically solving the pulsing
equations of a two-bubble system and the equations of gas dynamics. The simulation results demonstrate that the motion
of each bubble in the two-bubble system is restrained because of the radiation acoustic pressures from the other pulsing
bubble. The restrained oscillation of a bubble with a small ambient radius is stronger than that of a bubble with a large
ambient radius under the same driving acoustic pressure. This effect increases when the distance between the two bubbles
decreases. When compared to single-bubble sonoluminescence, the interaction between two bubbles leads to generation of
different spectral characteristics.
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1. Introduction
Sonoluminescence (SL) is a light emission phenomenon

resulting from extreme temperatures and pressures achieved
during the violent collapse of gas bubbles in liquids irradiated
with high-intensity ultrasound waves.[1–4] SL can occur either
from a single isolated cavitating bubble (i.e., single-bubble SL,
SBSL)[5] or from a cloud of cavitation bubbles (i.e., multi-
bubble SL, MBSL).[6] In experiment, each individual bubble
tends to be dimmer during MBSL than during SBSL, although
the input power for MBSL is much higher than that for SBSL.
It is roughly understood that each of the bubbles shares the in-
put energy during the MBSL so that the energy is distributed
among the individual bubbles, and ultimately may be smaller
than the energy input for SBSL.[7] However, the details of the
dynamic process of energy distribution in a multi-bubble sys-
tem are unclear.

An MBSL system is rather complex. In addition to be-
ing a many-body problem with the interaction between cavita-
tion bubbles and the nonlinear motion of each individual bub-
ble, the life of each individual cavitation bubble is uncertain.
Moreover, a multi-bubble system includes various structures,
such as filaments (streamers),[8] clusters (bubble grapes),[9]

and other such patterns. Therefore, it is virtually impossible
to directly simulate the cavitation process for a multi-bubble
system.

For structures consisting of cavitation bubbles, a two-

bubble system is an important unit in that it is not only simple
but also includes the clues of interaction between two bub-
bles, which helps in detailedly understanding the MBSL phe-
nomenon by investigating the two-bubble system.

Many researchers have investigated the dynamics of a
two-bubble system, both theoretically and experimentally. In
1906, Bjerknes first discovered the acoustic radiation force
acting on bubbles.[10] This force, called the Bjerknes force to-
day, results from a spatial pressure gradient, and is categorized
into primary and secondary Bjerknes forces. The former is
caused by the primary external wave, and the latter is caused
by the vibrating bubbles. The secondary Bjerknes force gener-
ally denotes the mutual force among bubbles. In 1975, Crum
developed a simple model for the secondary Bjerknes force
between two bubbles, assuming that the radii of the bubbles
linearly vibrated with a small amplitude.[11] In 1990, Oguz et
al. conducted numerical simulations of a nonlinear model of
two vibrating and translating bubbles and demonstrated that
increasing the acoustic force can even reverse the direction of
the force.[12] In 1997, Mettin et al. numerically investigated
the mutual interaction between bubbles with smaller oscilla-
tions in a strong acoustic field.[13] In 1999, Doinikov derived
a formula for the secondary Bjerknes force between two bub-
bles in a viscous compressible liquid.[14] Moreover, he dis-
cussed the viscous effect on mutual force and pointed out that
the effects can cause smaller bubbles to be driven well below
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resonance.[15] Barbat et al.[16] experimentally observed that
two bubbles can undergo a stable and periodic translational
motion. More recently, Rasoul et al.[17] numerically studied
the influence of various concentrations of sulfuric acid on the
interaction between two oscillating sonoluminescent bubbles.
Based on Lagrangian mechanics, Eruihara et al.[18] theoreti-
cally investigated the dynamics of two interacting axisymmet-
ric spherical bubbles with small deformed shapes. The authors
of Refs. [19,20] also used the perturbation theory and the po-
tential flow formula to numerically investigate the dynamics
of two interacting bubbles in a non-spherical ultrasound field.

The intense pulsing of two bubbles may lead to an ex-
tremely high temperature and pressure, which may lead to the
dissociation and ionization of gas atoms and molecules inside
a bubble, ultimately resulting in light emission (we define this
as two-bubble sonoluminescence (TBSL) in this paper), which
may be similar to SBSL. However, very few reports on the of
TBSL can be seen in literature. The aim of this paper is to
discuss the effect of the mutual force between two bubbles
on light emission by numerically calculating the dynamical
model of coupled vibrations of two bubbles and a light emis-
sion model of SBSL.
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r2r1

D

P

bubble 1

bubble 2

Fig. 1. Geometry of two interacting cavitation bubbles with different
ambient radii.

2. Theoretical model
2.1. Equation of two-bubble dynamics

In the present study, we consider two spherical argon bub-
bles in perfectly incompressible water, as shown in Fig. 1. Af-
ter ignoring the rotation of the liquid, the deformation of bub-
bles, and the spatial movement of the bubbles, the equations
of the two-bubble system are described as follows:[19–21]

R1R̈1 +
3
2

Ṙ2
1 +

1
D
(R2
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1
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Considering the adiabatic approximation for two bubbles, we
can obtain
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where ρl is the density of the liquid, p(∞) denotes the infi-
nite in liquid, p0 is the static pressure in the liquid (we set
p(∞) = p0 in this paper), η is the viscosity, σ is the surface
tension, c is the speed of sound in a liquid, γ is the ratio of
specific heats, and h1 and h2 are the collective hard cores of
van der Waal’s volume, with h1 = R10/8.5 for bubble 1 and
h2 = R20/8.5 for bubble 2. R10 and R20 are the ambient radii
for bubbles 1 and 2, respectively.

During the pulsing of bubble 1, the driving force in-
cludes not only the external driving acoustic pressure pd(t) =
−pa sin(ωt) and the initial ambient pressure p0 = p(∞), but
also the radiation acoustic pressure pint1 from bubble 2. Sim-
ilarly, bubble 2 is also affected by the radiation acoustic pres-
sure pint2 from bubble 1. Assuming each of two bubbles as
the noise source of the monopole, according to the equation of
acoustic pressure[21,22]

∇
2 p− c2 p̈ =−q̇, (7)

the radiation acoustic pressures from bubbles 1 and 2 read

prad1 =
ρl

r1
[2R1(τ1)Ṙ2

1(τ1)+R2
1(τ1)R̈1(τ1)], (8)

prad2 =
ρl

r2
[2R2(τ2)Ṙ2

2(τ2)+R2
2(τ2)R̈2(τ2)]. (9)

Therefore,

pint1 =
ρl

D
[2R2(τ)Ṙ2

2(τ)+R2
2(τ)R̈2(τ)], (10)

pint2 =
ρl

D
[2R1(τ)Ṙ2

1(τ)+R2
1(τ)R̈1(τ)], (11)

where τ = t−D/c.

2.2. Formula of light emission in TBSL

We employed the theoretical model described in
Refs. [23–27] for SBSL to simulate the light emission spec-
tra in TBSL. In this model, the boundary at the moving bubble
wall is still expressed by Eqs. (1) and (2). However, the adi-
abatic approximation is no longer valid, and the pressure for
driving one bubble is not only pd(t), but also the radiation
pressure from the other bubble.

In this paper, we consider only two types of gas com-
ponents: argon gas and water vapor inside the bubble. The
dynamics of the gas component inside each bubble may be de-
scribed by the following partial differential equation (PDE) of
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fluid mechanics:[23]
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(12)

where t is the time, r is the radial coordinate, ρi is the density
of the i-th gas, ρ = ρ1 +ρ2 is the density of the gas mixture,
υ1 is the radial component of the i-th gas velocity, υ is the
average velocity, ρυ = ρ1υ1 +ρ2υ2, p is the gas pressure, q
is the heat flux, J1 is the diffusion mass flux of species 1 (the
vapor) with respect to the average velocity, J1 = ρ1 (υ1−υ),
τrr = (4µ/3)× (∂υ/∂ r−υ/r), E = E1 +E2, the total energy
density, Ei = ρiυ

2
i /2+ρiei, and ei is the internal energy of the

i-th gas.
Once the temperature and pressure are sufficiently high

during bubble collapse, the products after chemical dissocia-
tion such as OH radicals, hydrogen atoms, and oxygen atoms
can be generated as well as in those processes of ionized posi-
tive and negative ions and electrons.[23]

We consider electron-ion bremsstrahlung, electron-atom
bremsstrahlung, recombination radiation, and radiative attach-
ment of electrons to some products of chemical reactions, such
as O and H atoms and O2 or OH molecules. Moreover, the line
emission from the transition A2Σ+→ X2Πi of OH radicals is
also considered.[28] The formula of radiation power from each
of the two bubbles is taken from[25]

Pλ (t) = 8π
2
∫ R

0

∫ 1

−1
kλ (r)P

pI
λ
(r)

× exp
(
−
∫ √R2−r2(1−x2)

rx

kλ ds
)

r2 drdx, (13)

which describes the total power emitted from each bubble of
the two-bubble system for each acoustic cycle at wavelength
λ . In this equation, r is the radial distance from the center
of the bubble. PPI

λ
is the Plank radiation intensity, and kλ the

absorption coefficient.
The total radiation power is the integral over the relevant

wavelengths λ .

P(t) =
∫ 900 nm

200 nm
P(λ , t)dλ . (14)

The cumulative radiation energy emitted from each of the
TBSL bubbles from time 0 to t within each acoustic period is

Eλ (t) =
∫ t

0
P(λ , t ′)dt ′, 0≤ t ≤ 2π

ω
. (15)

3. Numerically calculated results
3.1. Motion and radiation acoustic pressures of two bub-

bles

The effects of the interaction between two bubbles are
embodied in Eqs. (1) and (2). As a numerical trial, the
present study arbitrarily sets D = 0.3, 0.5, 1.0, and 2.0 mm,
and the ambient radii of the two bubbles R10 = 4.5 µm and
R20 = 6.0 µm, respectively. Based on the numerical calcula-
tion, we studied how the distance between bubbles affects their
motion, and the characteristics of TBSL. All calculations as-
sumed argon (Ar) bubbles in water at 20 ◦C, driven by acoustic
waves with a frequency of 25 kHz.
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Fig. 2. (a) and (c) Radii of two argon bubbles as a function of time. The amplitude of the driving acoustic pressure is pa = 1.30 atm, and the
cases of 0.3, 0.5, 1.0, and 2.0 mm denote the distance between two bubbles, D. The cases of SBSL denote single isolated bubbles without any
effect from the other bubble. (b) and (d) Maximum radii of the two bubbles, and the ratios of the maximum and ambient radii as a function of
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Before calculating the light emission of a TBSL, we stud-
ied how the interaction between two bubbles affects their mo-
tions, and the radiation acoustic pressure of the two bubbles.
Assuming that the pressure inside each bubble is an adiabatic
approximation, we numerically solved Eqs. (1)–(6) and ob-
tained the evolutions of radii of two bubbles with time, as
shown in Figs. 2(a) and 2(c). Further, we found that the maxi-
mum radii (Rimax, i = 1 or 2) of each bubble decrease as D de-
creases, and the ratios Rimax/Ri0 of each bubble show a similar
trend, as shown in Figs. 2(b) and 2(d). In general, the higher
the value of Rimax/Ri0, the stronger the intensity of light emis-
sion from a bubble.
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Fig. 3. Acoustic radiation pressures from other bubbles as a function of
time: (a) bubble 1 with initial radius of 4.5 µm, (b) bubble 2 with initial
radius of 6.0 µm. Here pa = 1.30 atm, and the cases of 0.3, 0.5, 1.0 and
2.0 mm denote different values of D, respectively.

Comparing Figs. 2(a) and 2(c) with Figs. 3(a) and 3(b),

respectively, we can see that the acoustic radiation pressure
from each bubble in a two-bubble system is positive when the
bubble expands, and negative when it collapses. Consequently,
the pressure prevents bubble expansion as it expands and pre-
vents bubble compression as it is compressed. This effect is
stronger when the value of D decreases (see Fig. 3).

In addition, the motion of each bubble in the two-bubble
construction tends to restrain the motion of the other bubble.
The oscillation of bubble 1 with a small ambient radius is more
strongly restrained than that of bubble 2 with a large ambient
radius under the same driving acoustic pressure. The interac-
tion between two bubbles may generate different results for
bubbles with different ambient radii, although the time scale
of sharp peaks in the radiation pressure curve appears to be
too short to have any visible effects on the bubble motion.

3.2. Spectral characteristics of TBSL

To understand the light emission characteristic of a TBSL,
we employed the model developed in Refs. [23–26] for the
case in which the bubble equation of motion is replaced by
Eqs. (1) and (2). In this case, the adiabatic approximation is
no longer valid. The gas dynamics inside the bubbles are de-
termined by Eq. (12). Since the interactions between bubbles
restrain motion of each bubble, the spectra from each bubble
may appear to have different characteristics.

When comparing TBSL with D = 0.3, 0.5, 0.8, 1.0, 1.5,
and 2.0 mm to SBSL (D = ∞), it is clear that each bubble in
TBSL is dimmer than that of SBSL under the same driving
acoustic pressure (see Figs. 4(a) and 5(a)). However, when
D≥ 1.5 mm, the intensity of the spectra from TBSL is nearly
equal to that from SBSL, which shows that TBSL is similar to
two SBSLs when D≥ 1.5 mm.
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2.0 mm denote different values of D, respectively. SBSL1 denotes the cases of single isolated bubbles with ambient radius of 4.5 µm without any effect
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To further understand the process behind the appearance
of the spectra, we simulated the light emission pulses and the
radiation energy spectra from bubbles 1 and 2. The distribu-
tions of the temperatures and pressures inside bubbles 1 and 2

were also simulated.

Figure 6(a) illustrates the total radiation power per flash
of bubble 1, and we selected eight moments (points A–H) on
the curve to evaluate the radiation energy spectrum (Fig. 6(b))
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and the corresponding temperature and pressure (Figs. 6(c)
and 6(d)) for moments. The total intensity increases over each
moment because of the accumulation of radiation energy over
time. As the radiation power increases from A to H, the inten-
sity of the continuum background increases, and the OH spec-
tral peaks in the 0.30–0.40 µm region and gradually disappear.

The central wavelength for OH emission (A2Σ+→ X2Πi) are
approximately 0.31 µm (0–0) and 0.34 µm (0–1), respectively
(Fig. 6(b)). At the moment marked by H, the bubble ceases to
luminesce, and the corresponding energy spectrum equals the
accumulated spectrum during a single flash over one acoustic
period.
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The intensity of light emission is closer to the temperature
inside the bubble. Figure 6(b) shows that under the same driv-
ing acoustic pressure amplitude pa = 1.30 atm, the distribution
of temperatures inside bubble 1 is at its minimum for differ-
ent values of D. The maximum temperature increases with
an increase in D between the two bubbles. With increasing
temperature, the line emission peaks of OH disappear in the
background continuum, which is similar to that of SBSL.[23,24]

The results show that there is no essential difference between
TBSL and SBSL, as both are related to hot and dense gas light

emission.
To illustrate the ionization in each bubble in two-bubble

system, we used the method reported in Refs. [29,30] to calcu-
late the degree of ionization (α). Figures 8(a) and 8(b) illus-
trate the temporal profiles of the degree of ionization in bub-
bles 1 and 2, respectively. In Figs. 8(a) and 8(b), α decreases
when (D) decreases, showing that the interaction between two
bubbles decreases the α in each bubble in the two-bubble sys-
tem. The reason for this may be that the temperatures in the
two bubbles decrease when D decreases.
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4. Conclusion
In summary, we have numerically computed the motions

of two Ar bubbles in water by an intense ultrasound wave,
the radiation acoustic pressure, and the light emission spec-
tra from two bubbles. The results demonstrate that the in-
teraction between two bubbles originating from the radiation
acoustic pressure suppresses bubble expansion and the extent
of the bubble violent collapse. When the distance between two
bubbles remains constant and the bubbles are under the same
driving acoustic pressure, the smaller bubble 1 is suppressed
more strongly than the larger bubble 2. The characteristics of

the two-bubble luminescent spectrum depend only on the ex-
treme conditions inside the bubbles, which is similar to SBSL.
The extreme conditions inside each TBSL bubble depend on
the distance between two bubbles, the ambient radius, and the
intensity of the driving acoustic pressure. However, TBSL is
difficult to obtain experimentally. For TBSL, many parame-
ters such as the distance between two bubbles, sound pressure,
gas concentration of liquid, environmental temperature, etc.,
are more sensitive than those for SBSL because of the interac-
tion between two bubbles. Therefore, TBSL requires further
experimental investigation.
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