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Relative phase-dependent two-electron emission dynamics with
two-color circularly polarized laser fields∗
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With the semiclassical ensemble model, we explore the relative phase-dependent nonsequential double ionization
(NSDI) of Mg by counter-rotating two-color circularly polarized (TCCP) laser pulses. The yield of Mg2+ sensitively
depends on the relative phase ∆ϕ and the intensity of TCCP laser fields. At ∆ϕ = 1.5π , the yield of Mg2+ exhibits a
pronounced peak in the 0.05 PW/cm2 laser field. This behavior results from the increase of the initial transverse velocity
compensating for the drift velocity with the decreasing angle by analyzing the angular distributions of the electron pairs in
four relative phases. By changing the relative phases, we find that the recollision excitation with subsequent ionization and
the recollision-impact ionization mechanisms can be controlled with TCCP laser fields.
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1. Introduction
Nonsequential double ionization (NSDI) of atoms in in-

tense laser fields gains extensive attention, due to the first
observation of the knee structure on the yield of Xe2+ as a
function of the laser intensity.[1] The mechanism of NSDI
has been a hot topic for nearly four decades.[2–4] Despite the
rapid progress on NSDI, many theoretical studies and exper-
imental phenomena still constantly appear and overturn our
current knowledge. Recent cases include timing the release
of the correlated electrons in strong-field NSDI by counter-
rotating two-color circularly polarized (TCCP) laser fields,[5]

the double-triangle structure in the momentum distribution at
high intensity,[6] and the double-ionization probability sen-
sitive depending on the relative intensity in counter-rotating
TCCP laser fields.[7]

In recent years, TCCP laser fields have attracted inter-
ests of the strong-field community due to their widespread ap-
plications, for instance, the generation of circularly polarized
high-order harmonics (HHG),[8] driving high-order above-
threshold ionization (HATI),[9,10] a spiral structure on the
molecular photoelectron momentum distribution (PMD),[11]

the enhancing electron recollision of N2 molecules and Ar
atoms by controlling the helicity and field ratio between the
two colors,[12] and multiple recollision dynamics in NSDI.[13]

In NSDI process, the electron–electron interaction exhibits
highly correlated behavior and many studies have been car-
ried out to present the microscopic dynamics of the electron–
electron correlation in recent several decades.[14–24] Two ion-
ization pathways exist in NSDI. One is the recollision exci-
tation with subsequent ionization (RESI) and the other is the

recollision-impact ionization (RII).[25]

During the study of controlling the electron–electron
emission directions and correlation in the NSDI processes,
most of the experimental observation and theoretical study
have been carried out by changing the form of the lasers fields.
For example, the asymmetry of the correlated momentum dis-
tribution for NSDI strongly depends on the carrier-envelope
phase (CEP) in the near-single-cycle laser field.[26,27] Like-
wise, RESI and RII channels can be controlled by the variation
of the CEPs in few-cycle elliptically polarized laser fields.[28]

Also, for the yield of Ne2+, the directions of electron–electron
emission and the correlation are sensitively dependent on the
relative phase in orthogonally polarized two-color (OTC) laser
fields.[29,30]

Recently, a number of works about NSDI in counter-
rotating TCCP laser fields have been reported.[7,31,32] The
electron dynamics of NSDI in a laser field have been proposed
and demonstrated both experimentally and theoretically.[33–35]

Despite the great progress on dynamics of the correlated elec-
trons in counter-rotating TCCP laser pulses, we note that no
systematic theoretical study has been presented to demonstrate
the dynamics in NSDI with different relative CEPs. There-
fore, in this paper, we systematically study the relative phase-
dependent NSDI of Mg with counter-rotating TCCP laser
pulses. Furthermore, we focus on the yield of Mg2+ with dif-
ferent relative phases and the possibility of controlling over the
RESI and RII. Our results show that the yield of Mg2+ sensi-
tively depends on the relative phases ∆ϕ and the intensity of
TCCP laser fields. By analyzing of the angular distributions
of the emitting electrons with four relative phases, the initial
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transverse velocity compensating for the drift velocity can in-
crease with the decreasing angle. This behavior leads to more
tunneling electrons driven back to the parent ion and the in-
crease of the yields of Mg2+. The recollision time and energy
are also investigated. Our results indicate that RESI and RII
mechanisms can be controlled by the relative phases.

2. Theoretical model
Accurate demonstration of NSDI in strong laser fields

needs full quantum theory. Nevertheless, a numerical solution
of the time-dependent Schrödinger equation for multi-electron
systems requires a huge computational condition.[22,36,37] For
the last decade or more, a considerable amount of theoret-
ical research works on NSDI have adopted the semiclassi-
cal and classical methods. It has been tested and confirmed
that the two methods are very helpful not only in analyzing
the results of the experiments[38–40] but also in forecasting all
kinds of phenomena in single or double ionization.[41] In ad-
dition, the trajectory of every electron can be traced in the
whole NSDI process with semiclassical and classical mod-
els and exhibits an intuitive picture.[24,30,42] Thus, we use
the two-dimensional (2D) semiclassical ensemble model[36,37]

to investigate two-electron emission dynamics of NSDI by
counter-rotating TCCP laser pulses.

In the semiclassical model, an electron is released through
quantum tunneling.[43] The transverse velocity of this electron
satisfies Gaussian distribution and the parallel velocity of the
tunneled electron (parallel to the transient electric field of the
laser pulse) is zero.[44] The weight of each trajectory is evalu-
ated by w(t0,vi

⊥0) = w(t0)w(vi
⊥0), in which

w(t0) =
(

2(2Ip1)
1/2

|𝐸(t0)|

) 2√
2Ip1
−1

exp
(
−2(2Ip1)

3/2

3 |𝐸(t0)|

)
, (1)

w(v⊥0) =
1

|𝐸(t0)|
exp
(
−

(v⊥0)
2(2Ip1)

1/2

|𝐸(t0)|

)
. (2)

Here v⊥0 is the initial transverse momentum, t0 is the tunnel-
ing time and 𝐸(t0) is the instantaneous electric field at t0. The
bound electron satisfies a microcanonical distribution.[45] Af-
ter the electron is ionized through quantum tunneling, the sub-
sequent evolution of the two electrons in the combined laser
and Coulomb fields is governed by the classical Newtonian
equation (atomic units are used throughout unless stated oth-
erwise):

d2𝑟i

dt2 =−∇[Vee(𝑟1,𝑟2)+Vne(𝑟i)]−𝐸(t), (3)

where the subscript i is the labels of the ionized electrons,
and 𝑟1,𝑟2 are the coordinates of two electrons. Vee(𝑟1,𝑟2) =

(𝑟1−𝑟2)
−1 and Vne(𝑟i) = −2(𝑟2

i + a2)−1/2 are the electron–
electron and electron–ion interaction potentials, respectively.

Ip1 = 0.28 a.u. and Ip2 = 0.55 a.u. are the ionization poten-
tials, which match the first and second ionization potentials of
magnesium atoms. We choose the soft parameter a = 3.0 to
avoid autoionization.[46,47]

The counter-rotating TCCP laser field is written as
𝐸(t) =𝐸r(t)+𝐸b(t), where

𝐸r(t) =
E0

(1+ γE)
f (t)[cos(ωrt)x̂+ sin(ωrt)ŷ], (4)

and

𝐸b(t) =
γEE0

(1+ γE)
f (t)[cos(ωbt +∆ϕ)x̂

− sin(ωbt +∆ϕ)ŷ]. (5)

Here ωr= 0.0576 a.u. is the fundamental frequency and ωb =

0.112 a.u. is the second harmonic frequency. E0 is the maxi-
mum combined electric field amplitude, and γE = 2 (the prob-
ability of rescattered electron is maximized)[31] is the electric
field amplitude ratio between the two laser fields. ∆ϕ is the
relative phase and f (t) is the pulse envelope, which can be
given by

f (t) =


1, t ≤ 3T1,

cos2
( (t−3T1)π

1.5T1

)
, 3T1 < t ≤ 5T1,

0, t > 5T1.

(6)

In the above equation, T1 is the optical period of the funda-
mental laser field 𝐸r(t).

In the calculations, 107 weighted classical electron trajec-
tories are calculated from t0 to the end of the laser field. For
each ∆ϕ , more than 105 double ionization events occur. The
event is defined as double ionization when the energies of the
two electrons are positive at the end of the laser pulses. We
will not consider the nonadiabatic transitions and multiphoton
transitions in our calculations. We focus on the correspon-
dence between the relative phases and the angular of the elec-
trons’ final momentum (the ion momentum distribution, the
yield of Mg2+, the recollision energy, and the release time).
The tunneling theory has no effect on qualitative results, thus
we use the semiclassical model.

3. Results and discussion
Figure 1(a) shows the yields of Mg2+ as a function of

the relative phase ∆ϕ at different intensities. The yield of
Mg2+ sensitively depends on ∆ϕ and presents a outstanding
peak at certain values of ∆ϕ . For example, the yield of Mg2+

reaches a maximum around ∆ϕ = 1.5π for the laser inten-
sity of 0.05 PW/cm2. The peaks of yields are around ∆ϕ =

1.42π and ∆ϕ = 1.34π for the intensities of 0.07 PW/cm2

and 0.09 PW/cm2, respectively. The previous NSDI of Ne
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atoms in OTC laser fields illustrated in Ref. [30] shows that
the yields of Ne2+ depends on ∆ϕ and the maximal yield is
around ∆ϕ = (n+0.5)π , n ∈ N. Moreover, the yield of Mg2+

increases with larger field strength. These are similar to the re-
sults reported in Ref. [30]. The behavior is coined as trajectory
concentration effect in OTC laser fields, while for TCCP laser
fields, the yield of Mg2+ is relative to the angular distribution
of the photoelectrons, as will be shown in the following.

To understand the relative phase dependence of the yield
of Mg2+ mentioned above, we make statistics on the number
of the trajectories that result in double ionization (DI). For the
three intensities, the number of DI trajectories sensitively de-

pends on the ∆ϕ , as shown in Fig. 11(b). The yield of Mg2+ is
relative to the corresponding weights given by tunnel ioniza-
tion rate and their number of DI trajectories. The dependence
of Mg2+ yield on ∆ϕ exhibits an similar trend as that for the
number of DI trajectories, as shown in Fig. 1(a). Figure 1(c)
shows the tunnel ionization rate versus the relative phase ∆ϕ

at three intensities. The tunnel ionization rate varies with ∆ϕ

and the peak of the distribution shifts to left slightly as the laser
intensity increases. In addition, for the 0.09 PW/cm2, the tun-
nel ionization rate varies relatively slowly as ∆ϕ changes, as
shown in Fig. 1(c). This phenomenon indicates that the laser
intensity is near the saturation regime.[29,30]
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Fig. 1. (a) Yield of Mg2+, (b) number of DI trajectories and (c) ionization rate of the tunneling electrons calculated with the ADK theory[43] versus the
relative phase at intensities of 0.05 PW/cm2 (black line with squares), 0.07 PW/cm2 (red line with dots), and 0.09 PW/cm2 (blue line with triangles).

To obtain more details about the transition behavior men-
tioned above and the two-electron correlated dynamics, the
angular distribution of the photoelectrons is investigated. We
take the case of 0.05 PW/cm2 laser intensity as an example and
analyze the angular distribution of the correlated two-electron.
The angular distributions of electrons from the singly ionized
(SI) events (black squares) and electrons from the NSDI events
(red dots) are shown on the left of Fig. 2. For ∆ϕ = 0.6π , the
angles from the SI events are mainly distributed about 125◦, as
shown in Fig. 2(a). While the angular distributions of electrons
from the SI events slightly change with the increase of the rela-
tive phases ∆ϕ , i.e., the relative phase ∆ϕ = 0.8π , ∆ϕ = 1.0π ,
and ∆ϕ = 1.2π , the angular distributions of the SI events are
mainly distributed about 115◦, 100◦, and 85◦, respectively [as
shown in Figs. 2(b)–2(d)]. These distributions indicate the rel-
ative phase-dependence of the angular distributions from the
SI events.

In circularly polarized (CP) laser fields, the classical
method[48] reveals that the drift velocity of electron emis-
sion along the negative direction results in the electron leaving
away from its parent ion without coming back. If the initial
transverse velocity can compensate for the drift velocity, the
recollision will occur.[40,49,50] For ∆ϕ = 0.6π , the angle from
the SI events is mainly distributed about 125◦ [black squares
in Fig. 2(a)], the drift velocity can be compensated less by the
initial transverse velocity than that for ∆ϕ = 0.8π , ∆ϕ = 1.0π ,
and ∆ϕ = 1.2π [as shown in Figs. 2(b)–2(c)], where the initial

transverse velocity is the velocity component of the vertical
direction at the time of ionization of the first electron. As the
angles decrease (115◦, 100◦, and 85◦), the initial transverse ve-
locity compensating for the drift velocity will increase, which
leads to more tunneling electrons driven back to the parent ion.
Thus, the yield of the Mg2+ increases as the relative phase in-
creases (∆ϕ ∈ [0.6π, 1.5π]), as shown in Fig. 1(a).

For the NSDI events, the angular momentum distribu-
tions of the electrons are also shown on the left of Fig. 2. In
the SI events, the tunneling electron emits around the maxi-
mal laser field, thus we can perform the statistical analysis of
the electron angular distribution of the SI events to mark the
time. There is a shift between the distribution of the NSDI
and SI with different relative phases as shown on the left of
Fig. 2. There is the same phenomenon in the experimental
observations,[7] the shift results from the increasing influence
of the Coulomb potential for the distribution of NSDI events
as compared to the SI events.

Using the semiclassical ensemble model, we can distin-
guish the two electrons in NSDI processes. In order to know
details of correlated electron dynamics, the angular distribu-
tions of the bound and the recollision electrons are shown on
the right of Fig. 2, where more details of the ionization dy-
namics could be inferred. For the case of ∆ϕ = 0.6π , 0.8π ,
1.0π , and 1.2π , there exists a slight angular change between
the distribution for the SI (the black square) and recollision
electrons (the red dot). For the recollision electron, the posi-
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tions of the peak in the distribution slightly change from those
of the SI events. For the bound electron (the blue triangle),
however, the positions of these peeks are very near those of
the SI events. The recollision electron is ionized through tun-
neling. Without recollision in NSDI events, the angular dis-
tributions of recollision and SI electrons should be the same.
Thus, the change in the angular distributions of SI events and
the recollision electron is caused by the recollision. However,
the angular change is not too big. This indicates that collision

is not too strong. Because of the soft recollision, the reollision
electron transfers too little energy to collide out the other elec-
tron. If the bound electron is released by the RESI mechanism,
it will be ionized around the maximum of the electric field. In
consequence, the angular distribution of the bound electron is
similar to that of the SI events. By analyzing the angular dis-
tribution, we can provide that the RESI path is prevalent in the
γE = 2 laser fields for the case of ∆ϕ = 0.6π , 0.8π , 1.0π , and
1.2π at the intensity of 0.05 PW/cm2.
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Fig. 2. The releasing angle distributions of the electrons for the SI (black squares) and the NSDI events (red dots) for the case of ∆ϕ = 0.6π

(a), 0.8π (b), 1.0π (c), and 1.2π (d) in counter-rotating TCCP fields, respectively. The releasing angle distribution of the electrons for the SI
events (black squares), the recolliding (red dots) and the bound electrons (blue triangles) in NSDI for the case of ∆ϕ = 0.6π (e), 0.8π (f), 1.0π

(g), and 1.2π (h). The combined intensity of the laser field is 0.05 PW/cm2.
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show the Lissajous curves of the counter-rotating TCCP laser fields. The intensity of the laser field is 0.05 PW/cm2.

To understand the electron correlation in NSDI, we
present the ion momentum distribution for ∆ϕ = 0.6π (a),
0.8π (b), 1.0π (c), and 1.2π (d) in Fig. 3. The white line with
arrow acts as guide to the eyes regarding the rotation of the
ion momentum distribution. The electric fields of the counter-
rotating TCCP (Lissajous curves) for the case of ∆ϕ = 0.6π

(a), 0.8π (b), 1.0π (c), and 1.2π (d) are shown in the in-
set of Figs. 3(a)–3(d). We can clearly see that the Lissajous
curves are rotated and present the special symmetries. There-
fore, the ion momentum distribution presents a counterclock-
wise rotation and threefold structure symmetrically as shown
in Figs. 3(a)–3(d). Furthermore, the ion momentum distribu-
tion can indicate the electron–electron correlation. The area of
ion momentum distribution will be smaller if the two electrons
are released to opposite directions than that if the two electrons
are released in the same direction.[13,51] These ion momen-
tums are mainly distributed near the origin, which indicates
that anticorrelated behavior between the two electrons (RESI
path) is prevalent at four different relative phases ∆ϕ . This
phenomenon demonstrated in Fig. 3 is in accordance with that
illustrated on the left of Fig. 2. The releasing angle distribu-
tions of the electrons for the NSDI events (red dots) [as shown
on the left of Fig. 2] mainly distribute about 150◦, 135◦, 130◦,
and 110◦. This is similar to the results reported in Ref. [7].

Figure 4 shows the trajectory probability and the yield
of RII and RESI as a function of the relative phases. Here
we define RII (RESI) as the ionization mechanism, in which

the interval between recollision time and double ioniza-
tion time is less than 0.25 optical cycle (o.c.) (more than
0.25 o.c.). Figure 4(a) shows the trajectory probabilities
of RII and RESI as a function of the relative phases ∆ϕ .
It is clearly seen that controlling the RII and RESI can be
possible by changing relative phases. For ∆ϕ = 0.75π and
∆ϕ = 1.5π , the paths of RII (RESI) could be turned on
(off) and turned off (on), respectively. Figure 4(b) shows
the yields of RII and RESI versus the relative phases ∆ϕ .
The yield is relative to the corresponding weights given by
tunnel ionization rate and their number of RII and RESI
trajectories, respectively. The paths of RII (RESI) could
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Fig. 4. (a) The trajectory probability, and (b) the yield of RII and RESI
versus the relative phases ∆ϕ for the intensity of 0.5 PW/cm2.
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be turned on (off) and turned off (on) at ∆ϕ = 0.32π and
∆ϕ = 0.8π , respectively. The positions of turning on (off) the
RII and RESI paths between the trajectory probability and the
yields are different. Thus, the weights given by tunnel ioniza-
tion rate is significant effect on controlling the RII and RESI
paths in the NSDI processes.

To gain insight into the relative phase-dependent of RII
and RESI mechanisms, we trace the trajectories of recollision
electron and show the probability distribution of the recolli-
sion energy (Er(tr−∆t)). It is defined as the energy of the rec-
ollision electron at the moment ∆t = 3 a.u. before recollision
tr.[23] The probability distributions of the reocollision energy
are mainly distributed around the small returning energy, as
shown in Fig. 5. It also indicates that RESI paths are preva-
lent for four relative phases. However, the other peak of the
recollision energy for ∆ϕ = 0.6π [the black line with squares
in Fig. 5] is significantly higher than that for ∆ϕ = 0.8π [the
red line with dots in Fig. 5]. Furthermore, the peaks of recol-
lision energy shift to left as the relative phases increase. Thus,
the events of soft recollision increase as the relative phases in-
crease, i.e., the paths of the RESI increase with the increase
of the relative phases (∆ϕ ∈ [0.75π, 1.2π]), which is in agree-
ment with the trajectory probability illustrated in Fig. 4(a).

Finally, we trace the NSDI trajectories and show the prob-
ability of the recollision time for ∆ϕ = 0.6π , 0.8π , 1.0π , and
1.2π in Fig. 6. The distribution of the recollision time spans
over a wide range for the four relative phases ∆ϕ = 0.6π , 0.8π ,

1.0π , and 1.2π , as shown in Figs. 6(a)–6(d). The peak moves
from the falling edge to the peak of the 800-nm laser pulse
(blue solid curves). For ionization by OTC laser fields,[30] the
peak of the probability moves near the peak of the electric field
as the relative phases increase from ∆ϕ = 0.0π to ∆ϕ = 0.5π .
This phenomenon is the same in our counter-rotating TCCP
laser fields. The recollision time for four relative phases are
significantly different in Fig. 6. The peak of the recollision
time in distribution moves to the maximal laser filed as the rel-
ative phase increases. This indicates that controlling the recol-
lision time can be performed by changing the relative phases.
The results mentioned above shows that the recollision energy
and time are strongly dependent on the relative phases.
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Fig. 6. Probability distribution of the recollision time for ∆ϕ = 0.6π (a), 0.8π (b), 1.0π (c), and 1.2π (d). The red and blue solid curves
represent the 400-nm and 800-nm laser fields, respectively.

4. Conclusions

In summary, we have theoretically investigated the rel-
ative phase-dependent two-electron emission dynamics with
counter-rotating TCCP laser fields. It is shown that the yield

of Mg2+ sensitively depends on ∆ϕ and an outstanding peak

appears at particular values of ∆ϕ . The dynamical informa-

tion about single, recollision and bound electrons could be

obtained by analyzing the relative releasing angle of the two
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electrons. Furthermore, the yield of Mg2+ increases with the
decreasing angle. The ion momentum distributions for four
relative phases are investigated. The counterclockwise rota-
tion in distributions is caused by the relative phases. The RII
and RESI could be controlled by the relative phases of the laser
fields by analysis of the distribution of recollision energy. Our
predictions can be helpful for the stimulating further experi-
mental study along this direction.
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