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Effects of built-in electric field and donor impurity on linear and
nonlinear optical properties of wurtzite In𝑥Ga1−𝑥N/GaN
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The linear and nonlinear optical absorption coefficients (ACs) and refraction index changes (RICs) of 1s–1p, 1p–1d,
and 1f–1d transitions are investigated in a wurtzite InxGa1−xN/GaN core–shell quantum dot (CSQD) with donor impurity
by using density matrix approach. The effects of built-in electric field (BEF), ternary mixed crystal (TMC), impurity, and
CSQD size are studied in detail. The finite element method is used to calculate the ground and excited energy state energy
and wave function. The results reveal that the BEF has a great influence on the linear, nonlinear, and total ACs and RICs.
The presence of impurity leads the resonant peaks of the ACs and RICs to be blue-shifted for all transitions, especially
for 1s–1p transition. It is also found that the resonant peaks of the ACs and RICs present a red shift with In-composition
decreasing or core radius increasing. Moreover, the amplitudes of the ACs and RICs are strongly affected by the incident
optical intensity. The absorption saturation is more sensitive without the impurity than with the impurity, and the appearance
of absorption saturation requires a larger incident optical intensity when considering the BEF.
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1. Introduction
In the last decade, semiconductor nanostructures have

attracted the considerable attention due to their great po-
tential applications in opto-electronic devices.[1–11] Among
these nanostructures, core–shell quantum dots (CSQDs) with
three-dimensional confinement of electrons exhibit the dras-
tic change of optical absorption spectra and exotic behav-
iors which are different from the bulk materials. Hence, the
nonlinear optical properties of CSQDs have become a sub-
ject of intensive experimental and theoretical studies.[4,12–16]

Moreover, nanostructures-based group-III–nitride, especially
GaN and InGaN materials, is also a matter of interest due to
the wider band-gap characteristic of covering the whole solar
spectral region. This exclusive band-gap range is very crucial
in fabricating nanoscale solar cell and full-color devices.[17–21]

As is well known, the wurtzite InxGa1−xN/GaN structure com-
monly produces the spontaneous polarization (SP) and piezo-
electric (PZ) polarization, which leads to strong built-in elec-
tric field (BEF) on the order of MV/cm.[22,23] Many studies
show that the BEF has great influence on optical properties of
wurtzite InxGa1−xN/GaN nanostructures.[22–25] For instance,
the BEF effects on transition energy and optical absorptions in
wurtzite InxGa1−xN/GaN quantum well (QW) have been dis-
cussed theoretically.[26,27] The exciton states and optical tran-
sitions in wurtzite InxGa1−xN/GaN CSQDs have been investi-
gated including the BEF effects.[22,24,28,29]

On the other hand, the linear and nonlinear optical prop-
erties of nanostructures are sensitive to many effects such as
impurity, material composition, and their size. The impurity
effects on the linear, nonlinear, and total optical absorption
coefficients (ACs) and refraction index changes (RICs) for the
transitions 1s–1p, 1p–1d, and 1d–1f in a GaAs/AlxGa1−xAs
spherical QD have been discussed by some authors.[30,31] Or-
takaya et al.[32] have investigated the linear, nonlinear, and to-
tal ACs and RICs in zinc-blende InGaN/GaN multilayer spher-
ical QD with and without impurity. Very recently, the ef-
fects of ternary mixed crystal (TMC) and impurity on the lin-
ear, nonlinear, and total ACs in GaAs/AlxGa1−xAs multi-shell
QD are investigated by Kavruk et al.[33] Chi and Shi[27] have
reported the influences of TMC and BEF on the linear and
nonlinear intersubband optical ACs in InxGa1−xN/AlyGa1−yN
QW. Ghazi and Peter[25] presented a detail study of BEF, im-
purity, and composition effects on intrasubband transitions be-
tween the lowest energy states (1s–1p) in wurtzite InGaN/GaN
CSQD by using a variational method. However, variation
methods always need appropriately assumed wave functions
which will become hard to predict excited states. In con-
trast, the finite element method (FEM) has proved to be a
simple and effective way to solve the electronic states of low-
dimensional system.[34–37] In this study, the ground and ex-
cited energy state energy values and wave functions are cal-
culated by using the FEM firstly. Then, we investigate the
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effects of BEF, impurity, TMC, and size on linear, nonlinear,
and total ACs and RICs between intersubband 1s–1p, 1p–1d,
and 1d–1f transitions for a shallow donor impurity in wurtzite
InxGa1−xN/GaN spherical CSQD in detail.

The rest of this paper is organized as follows. In Sec-
tion 2, the theoretical model is described. In Section 3, the nu-
merical results and discussion are presented, and a brief sum-
mary is made in Section 4 finally.

2. Theory
We consider a wurtzite InxGa1−xN/GaN spherical CSQD

surrounded by vacuum as shown in Fig. 1.
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Fig. 1. Schematic structure of InxGa1−xN/GaN spherical CSQD.

The ground and excited energy state energy and wave
functions are calculated through solving the Schrödinger equa-
tion by using the FEM. The Schrödinger equation of the elec-
tron with the BEF for an on-center shallow-donor impurity can
be expressed in spherical coordinates. Moreover, we merely
consider the simple situation of m = 0 in this work. Therefore,
the radial Schrödinger equation can be written as follows:

r2 d2ψn,l(r)
dr2 +2r

dψn,l(r)
dr

+

[
2m∗r2

}2

(
En,l−V (r)−qFr+

e2Z
4πε0εr

)
+l (l +1)

]
ψn,l(r) = 0. (1)

Here, m∗ is the effective mass of the electron, E and F are the
energy of the system and the BEF of wurtzite material, respec-
tively, V (r) represents the confinement potential of electrons,
Z is the impurity charge, and Z = 0 and Z = 1 refer to the cases
without and with impurity, respectively. The main and angu-
lar quantum numbers are expressed by subscripts n and l, r is
the electron–impurity distance, ε0 is the dielectric constant of
vacuum, while ε is the relative dielectric constant for the semi-
conductor material, which can be expressed by the following
formula[38]

ε
InGaN = (1− x)ε

GaN + xε
InN. (2)

Here, x denotes the In-composition. While, the expression of
F in Eq. (1) was given by Ref. [22] F InGaN =

∣∣∣∣−PInGaN
SP +PInGaN

PZ −PGaN
SP

ε InGaN
e ε0

∣∣∣∣ , r 6 Rc,

FGaN→ 0, r > Rc,

(3)

where the electronic dielectric constant, the SP and PZ polar-
ization of InGaN (GaN) are denoted as ε InGaN

e , PInGaN
SP (PGaN

SP ),
and PInGaN

PZ in which the expressions in Ref. [39] has been used.
Furthermore, the electrons confinement potential V (r) can be
written as

V (r) =


0, r < Rc,
0.7
[
EInGaN

g (x)−EGaN
g
]
, Rc 6 r 6 Rs,

∞ r > Rs,
(4)

where Rc and Rs are the core radius and the outer radius, re-
spectively. In view of the bending factor b= 1.43 eV,[40,41] the
band gap of InGaN EInGaN

g can be expressed as[41]

EInGaN
g (x) = xEInN

g +(1− x)EGaN
g −bx(1− x) . (5)

The analytical expressions of the linear and nonlinear ACs are
described as follows:[42]

α
(1)(ω)

= ω

√
µ

ε0ε

∣∣M ji
∣∣2 σv}Γ0

(∆E−}ω)2 +(}Γ0)2 , (6)

α
(3)(ω, I)

= −ω

√
µ

ε0ε

(
I

2ε0nrc

)
×

∣∣M ji
∣∣2 σv}Γ0

[(∆E−}ω)2 +(}Γ0)2]2
×
{

4
∣∣M ji

∣∣2
−
∣∣M j j−Mii

∣∣2 [3∆E2−4∆E}ω +}2(ω2−Γ 2
0 )]

∆E2 +(}Γ0)2

}
. (7)

The total optical absorption coefficient is

α
total(ω, I) = α

(1)(ω)+α
(3)(ω, I). (8)

Here, ω is the frequency of an incident photon, nr =
√

ε rep-
resents the refractive index, σv is the electron density in the
present case, Γ0 is the relaxation rate which is the inverse
of relaxation time τ , ∆E = E ji = E j−Ei is the intersubband
transition energy, moreover, the dipole transition density ma-
trix element between two energy levels can be expressed as
M ji =

∣∣〈ψ j
∣∣er |ψi〉

∣∣ The dipole transitions are allowed only
between states satisfying the selection rule ∆l =±1.

Similarly, the linear and nonlinear RICs are given by
Ref. [42]

∆n(1)(ω)

nr
=

∣∣M ji
∣∣2 σv

2n2
r ε0

∆E−}ω

(∆E−}ω)2 +(}Γ0)2 , (9)
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∆n(3)(ω, I)
nr

= −
∣∣M ji

∣∣2 σv

4n2
r ε0

µcI
[(∆E−}ω)2 +(}Γ0)2]2

×
{

4(∆E−}ω)
∣∣M ji

∣∣2− ∣∣M j j−Mii
∣∣2

∆E2 +(}Γ0)2

×{(}Γ0)
2(2∆E−}ω)− (∆E−}ω)

× [∆E(∆E−}ω)− (}Γ0)
2]}
}
. (10)

The total refractive index change is

∆ntotal(ω, I)
nr

=
∆n(1)(ω)

nr
+

∆n(3)(ω, I)
nr

. (11)

3. Numerical results and discussion
In this section, the numerical calculations of optical ab-

sorption for a wurtzite InxGa1−xN/GaN spherical CSQD are
carried out. The following parameters are used in our cal-
culations: m∗InN = 0.10m0, m∗GaN = 0.19m0, EInN

g = 0.78 eV,
EGaN

g = 3.42 eV, ε InN = 15, εGaN = 9.6, σv = 3× 1022 m−3,
and τ = 200 fs, and other material parameters are the same as
those in Ref. [36].

Firstly, in order to investigate the impurity effects, we plot
the linear, nonlinear, and total ACs and RICs for 1s–1p, 1p–1d,
and 1d–1f transitions each as a function of the incident photon
energy in a In0.5Ga0.5N/GaN CSQD with Z = 0 and Z = 1 in
Fig. 2, without considering the BEF. In Fig. 2(a), it appears
that the presence of the impurity causes the linear, nonlinear,
and total ACs resonant peaks to be blue-shifted significantly
for all transitions. This is because the attractive Coulomb po-
tential leads the eigenenergy to decrease, and this effect de-
creases as the levels go up, so the transition energy between
the levels in the case with impurity is larger than that in the
case without impurity case. In addition, this shift is more pro-
nounced in transitions between lower levels, i.e., it is about
21 meV for 1s–1p, 7 meV for 1p–1d, and 4 meV for 1d–1f,
respectively. The reason can be explained as follows: the elec-
tron is more strongly localized near the impurity due to the at-
tractive Coulomb potential, and the effect becomes much more
effective on lower level. The RIC is also an important parame-
ter for the investigation of optical properties. As can be seen in
Fig. 2(b), the linear and third-order nonlinear RICs are always
opposite to each other and the nonlinear term is large enough
to affect the total RIC. Further, there exist two distinct regions
in terms of the photon energy. The first region is between two
extreme values of the total RIC where d(∆n)/dω < 0, and the
photon is very strongly absorbed. So this region is defined
as absorption band, also, is called anomalous dispersion re-
gion. The other region is outside the anomalous region, which
is called the normal dispersion region and the total RIC in-
creases as the photon energy increases, that is d(∆n)/dω > 0.
It is also found that the linear, nonlinear, and total RIC curves
intersect to the horizontal axis at the resonance photon energy,

and the frequency of resonance photon energy is the resonance
frequency of the system. It is obviously shown that in all tran-
sitions, the resonant peak values of RIC in the case with impu-
rity shift towards the higher photon energy (blue shift). This
is because the presence of the impurity leads the electron tran-
sition energy to increase. As a result, it can be said that the
impurity affects the ACs and RICs dramatically.
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Fig. 2. (a) Linear, nonlinear, and total ACs and (b) RICs for 1s–1p,
1p–1d, and 1d–1f transitions as a function of incident photon energy in
In0.5Ga0.5N/GaN (5 nm/3 nm) CSQD with and without impurity.

The effects of BEF on the ACs and RICs for 1s–1p, 1p–
1d, and 1d–1f transitions in In0.5Ga0.5N/GaN CSQD without
impurity are shown in Fig. 3. First, we can clearly find that
the linear, nonlinear, and total ACs and RICs resonant peaks
for all transitions shift towards the higher photon energy when
considering the BEF, and the blue shift more decreases for
the transitions between higher states. The physical origin is
that the BEF tilts electronic potential and raises eigenenergy
to a higher level. The transition energy E ji increases with the
generation of BEF and the BEF effect decreasing as the level
goes up. Second, it can be seen from Fig. 3(a) that the am-
plitudes of the total ACs significantly increase with the BEF
effect strengthening. According to Eqs. (6)–(8), the total op-
tical ACs are proportional to E ji · (

∣∣Mi j
∣∣2− ∣∣Mi j

∣∣4). Here, in
contrast to the increase of the transition energy E ji, the dipole
moment matrix element

∣∣M ji
∣∣ decreases as the overlap integral

of election wave function reduces when considering the BEF.
The competition between the two factors determines the varia-
tion trend of the amplitudes of the total ACs, and the influence
of E ji turns out to be more significant. As far as the linear, non-
linear, and total RICs are concerned, their amplitudes exhibit
an obviously decrease when the BEF is considered. This is in
accordance with Eqs. (9)–(11) and the reason for this variation
is similar to that in Fig. 3(a), but the influence of the dipole
moment matrix element is more dominant. Therefore, to ob-
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tain desired ACs and RICs, the effect of BEF should be taken
into account.
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Fig. 3. (a) Linear, nonlinear, and total ACs and (b) RICs for 1s–1p, 1p–
1d, and 1d–1f transitions each as a function of incident photon energy in
In0.5Ga0.5N/GaN (5 nm/3 nm) CSQD with and without the BEF.
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Fig. 4. (a) Linear, nonlinear, and total ACs and (b) RICs for 1s–1p, 1p–
1d, and 1d–1f transitions each as a function of incident photon energy for
x = 0.2, 0.5, 0.8 in InxGa1−xN/GaN (5 nm/3 nm) CSQD with impurity and
BEF.

To investigate the effects of the TMC on the optical prop-
erties, in Fig. 4 we present the dependence of the linear, non-
linear, and total ACs and RICs on photon energy for x = 0.2,
0.5, 0.8 in a wurtzite InxGa1−xN/GaN CSQD with the impu-
rity and BEF, showing that the increasing of x value leads the
resonant peaks to be blue-shifted for 1s–1p, 1p–1d, and 1d–
1f transitions. These behaviors originate from the effects of
TMC on the confinement potential V (r) and the BEF. As In-

composition x increases, the electron is more strongly local-
ized inside the dot due to the enhancement of the BEF and
V (r), which causes the initial and final energy levels to be
largely separate. So the electron transition energy increases
with the value of x increasing. At the same time, it is also
noted from the figure that the amplitudes of the total ACs in-
crease with the value of x increasing, while for the total RICs
the amplitudes decrease and the slopes change their sign at
E ji = }ω . Furthermore, the dipole moment matrix element
is diminished by increasing the value of x. The competition
between the transition energy and the dipole moment matrix
element leads to the change as described above. These results
reveal that the optical properties of the CSQD can be tuned to
the suitable level by adjusting composition x.
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Fig. 5. (a) Total ACs and (b) RICs versus incident photon energy for 1s–1p,
1p–1d, and 1d–1f transitions for Rc = 2.5, 3, and 5 nm in In0.5Ga0.5N/GaN
(Rc/3 nm) CSQDs with the impurity and the BEF.

Figure 5 shows the total ACs and RICs versus the incident
photon energy of a wurtzite In0.5Ga0.5N/GaN CSQD for core
radius Rc = 2.5 nm, 3 nm, and 5 nm with the impurity and the
BEF, and the shell thickness is fixed at 3 nm. We can clearly
see that the total ACs and RICs for all transitions exhibit an
obvious red shift when the core radius increases. The reason
is attributed to the reduction of transition energy, which is in-
duced by weakening electron confinement. From the figure,
it is observed that the amplitudes of the total ACs decrease
while the total RICs increase as core radius increases. This
result can be explained by the following fact: the increasing
of the core radius weakens the quantum confinement, which
leads the transition energy to decrease and the dipole matrix
element to be enhanced. The competition between the two
factors results in the above result. For the total AC, the tran-
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sition energy is more dominant in the case of large core ra-
dius, whereas the dipole matrix element is more dominant in
the case of small core radius. But the conclusion is contrary to
each other for the total RIC. This tendency has been confirmed
by the result obtained in Refs. [38,42]. We also find that the
quantum size effect is much stronger in the transitions between
higher levels. This is because the excited state is more sensi-
tively dependent on the quantum confinement effect and has
a remarkable influence on the transition energy. Thus, these
results indicate that the optical absorption can be finely tuned
by adjusting the core size.
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Fig. 6. Total ACs versus incident photon energy of 1s–1p, 1p–1d, and
1d–1f transitions for various values of the incident optical intensity I in
In0.5Ga0.5N/GaN (5 nm/3 nm) CSQDs (a) with Z = 0 and BEF = 0, (b)
with Z = 1 and BEF = 0, and (c) with Z = 1 and BEF 6= 0.

To illustrate the effect of the incident optical intensity,
we plot the total ACs of In0.5Ga0.5N/GaN CSQD versus in-
cident photon energy for various values of the incident op-
tical intensity I (I = 0.1× 1010 W/m2, 0.3× 1010 W/m2,
0.5× 1010 W/m2, 1.0× 1010 W/m2, and 2.0× 1010 W/m2) in
Fig. 6. It can be seen from the figure that with the increase
of I, the amplitudes of total ACs decrease significantly for 1s–
1p, 1p–1d, and 1d–1f transitions no matter whether the impu-
rity and BEF are considered. This is because the third-order

nonlinear ACs have a noticeable contribution to the total ACs
since the linear ACs are independent of incident optical inten-
sity and the nonlinear ACs have a negative increase as inten-
sity increases. The higher the incident optical intensity I, the
larger the contribution of the nonlinear term will be. When I
exceeds a threshold value It, the splitting of the total AC peak
is observed, i.e., the absorption saturation occurs. With the
value of I increasing, the newly formed minimum of AC be-
comes negative value. This important characteristic is related
to the design of CSQD as a laser amplifier. Moreover, fig-
ures 6(a) and 6(b) reveal that the threshold value It increases
in the case with impurity, which indicates the saturation of to-
tal AC is more sensitive in the case without the impurity. For
example, the saturation for 1s–1p transition begins to occur
around 0.31×1010 W/m2 in the case without impurity and at
0.38× 1010 W/m2 in the case with impurity. So we are more
interested in this property, which may be applied to the design
of optoelectronic devices. In addition, figure 6(c) shows that
the threshold value It is very strongly dependent on the pres-
ence of BEF. The saturation occurs at a larger incident optical
intensity, i.e., it is about 1.75× 1010 W/m2 for 1s–1p transi-
tion. It is also noticed that the threshold value It is smaller
for the transitions between higher levels. In combination with
the plot of Figs. 4 and 5, we can also conclude that the satu-
ration of ACs becomes more susceptible with the value of x
decreasing or the core radius increasing.

4. Conclusions

In this work, we investigated the linear, nonlinear, and
total optical ACs and RICs of 1s–1p, 1p–1d, and 1f–1d transi-
tions in wurtzite InxGa1−xN/GaN spherical CSQD with a shal-
low donor impurity by using density matrix approach, the BEF
effect is included. The finite element method is used to calcu-
late the energy and corresponding wave functions. The results
reveal that the BEF has a great influence on the linear, nonlin-
ear, and total ACs and RICs. The presence of impurity leads to
the resonant peaks of the ACs and RICs to be blue-shifted for
all transitions, especially for 1s–1p transition. It is also found
that the resonant peaks of the ACs and RICs present obviously
a blue shift with the increase of the In-composition. Moreover,
the ACs and RICs are strongly affected by the CSQD size and
the resonant peaks experience a red shift as the core radius
increases. In addition, the saturation of total ACs is more sen-
sitive in the case without the impurity than in the case with the
impurity, and the occurrence of saturation requires a larger in-
cident optical intensity when considering the BEF. We expect
the present work will be able to conduce to theoretical and ex-
perimental research on the optical properties of the spherical
CSQDs.
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[31] Çakır B, Yakar Y and Özmen A 2012 J. Lumin. 132 2659
[32] Ortakaya S, Kirak M and Guldeste A 2017 J. Nonlinear Opt. Phys.

Mater. 26 1750035
[33] Kavruk A E, Sahin M and Koc F 2013 J. Appl. Phys. 114 183704
[34] Zhang L, Yu Z, Yao W, Liu Y and Ye H 2010 Superlattices Microstruct.

48 434
[35] Jbara A S, Othaman Z and Saeed M A 2016 Chin. Phys. B 25 057801
[36] Liu W H, Qu Y and Ban S L 2017 Superlattices Microstruct. 102 373
[37] Cao X M, Liu W H, Yang X C, Qu Y and Xing Y 2019 Mod. Phys.

Lett. B 33 1950367
[38] Ghazi H E, Jorio A and Zorkani I 2014 J. Optoelectron. Adv. Mater. 16

1242
[39] Ambacher O, Majewski J, Miskys C, Link A, Hermann M, Eickhoff M,

Stutzmann M, Bernardini F, Fiorentini V, Tilak V, Schaff B and East-
man L F 2002 J. Phys.: Condens. Matter 14 3399

[40] Wu J, Walukiewicz W, Yu K M, Ager J W, Haller E E, Lu H and Schaff
W J 2002 Appl. Phys. Lett. 80 4741

[41] Wu J Q 2009 J. Appl. Phys. 106 011101
[42] Rezaei G, Vahdani M R K and Vaseghi B 2011 Physica B 406 1488

087802-6

https://doi.org/10.1016/S0038-1101(03)00159-X
https://doi.org/10.1063/1.1574404
https://doi.org/10.1063/1.1574404
https://doi.org/10.1063/1.1650543
https://doi.org/10.1016/j.jcrysgro.2008.01.028
https://doi.org/10.1016/j.jcrysgro.2008.01.028
https://doi.org/10.1364/OE.18.014604
https://doi.org/10.1021/cm302793k
https://doi.org/10.1021/cm302793k
https://doi.org/10.1063/1.4896304
https://doi.org/10.1063/1.4896304
https://doi.org/10.1016/j.jlumin.2016.01.033
https://doi.org/10.1063/1.4945984
https://doi.org/10.1063/1.4945984
https://doi.org/10.1016/j.chemphys.2016.11.002
https://doi.org/10.1016/j.chemphys.2016.11.002
https://doi.org/10.1088/1674-1056/ab4cdb
https://doi.org/10.1088/1674-1056/ab4cdb
https://doi.org/10.1063/1.125444
https://doi.org/10.1063/1.125444
https://doi.org/10.1063/1.3560541
https://doi.org/10.1016/j.optcom.2009.12.027
https://doi.org/10.1016/j.jlumin.2013.06.022
https://doi.org/10.1088/1674-1056/25/1/014202
https://doi.org/10.1088/1674-1056/25/1/014202
https://doi.org/10.1063/1.2793180
https://doi.org/10.1063/1.2793180
https://doi.org/10.1016/j.physe.2010.05.014
https://doi.org/10.1364/OE.21.007118
https://doi.org/10.1016/j.ijleo.2016.01.156
https://doi.org/10.1016/j.physb.2018.01.005
https://doi.org/10.1016/j.physb.2018.01.005
https://doi.org/10.1063/1.1576490
https://doi.org/10.1063/1.1875736
https://doi.org/10.1016/j.spmi.2011.08.015
https://doi.org/10.1016/j.physb.2015.04.028
https://doi.org/10.1016/j.jcrysgro.2006.11.078
https://doi.org/10.1016/j.jcrysgro.2006.11.078
https://doi.org/10.1016/j.jlumin.2008.05.006
https://doi.org/10.1016/j.physleta.2005.07.078
https://doi.org/10.1016/j.physleta.2006.06.019
https://doi.org/10.1016/j.optcom.2009.06.043
https://doi.org/10.1016/j.jlumin.2012.03.065
https://doi.org/10.1142/S0218863517500357
https://doi.org/10.1142/S0218863517500357
https://doi.org/10.1063/1.4829703
https://doi.org/10.1016/j.spmi.2010.08.001
https://doi.org/10.1016/j.spmi.2010.08.001
https://doi.org/10.1088/1674-1056/25/5/057801
https://doi.org/10.1016/j.spmi.2016.08.002
https://doi.org/10.1142/S0217984919503676
https://doi.org/10.1142/S0217984919503676
https://doi.org/10.1088/0953-8984/14/13/302
https://doi.org/10.1063/1.1489481
https://doi.org/10.1063/1.3155798
https://doi.org/10.1016/j.physb.2011.01.053

	1. Introduction
	2. Theory
	3. Numerical results and discussion
	4. Conclusions
	References

