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The ultra-low thermal conductivity of roughened silicon nanowires (SiNWs) can not be explained by the classical
phonon–surface scattering mechanism. Although there have been several efforts at developing theories of phonon–surface
scattering to interpret it, but the underlying reason is still debatable. We consider that the bond order loss and correlative
bond hardening on the surface of roughened SiNWs will deeply influence the thermal transport because of their ultra-high
surface-to-volume ratio. By combining this mechanism with the phonon Boltzmann transport equation, we explicate that
the suppression of high-frequency phonons results in the obvious reduction of thermal conductivity of roughened SiNWs.
Moreover, we verify that the roughness amplitude has more remarkable influence on thermal conductivity of SiNWs than
the roughness correlation length, and the surface-to-volume ratio is a nearly universal gauge for thermal conductivity of
roughened SiNWs.
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1. Introduction

Understanding and tuning the thermal transport in nanos-
tructures are very important for the development of thermo-
electric devices[1–11] and the thermal management of micro-
and nano-electronics devices.[12–24] Because of the high
surface-to-volume ratio (SVR) of nanostructures, the phonon–
surface scattering results in the prominent size effect limiting
the thermal transport. However the precise effects of surface
on thermal transport have remained unclear because the mech-
anism of phonon–surface scattering is still not well under-
stood. In many literatures, the effect of phonon-boundary scat-
tering has been treated by assuming a constant value p,[25–28]

which is a fitting parameter to simulate the probability of spec-
ular scattering. Ziman’s formula[29] p = exp

(
−16π2δ 2/λ 2

)
is an improvement over the constant p model as it accounts for
wavelength and surface roughness dependent scattering.[30–32]

The thermal conductivities of silicon nanowires (SiNWs) cal-
culated by Ziman’s theory[33,34] agree well with the measure-
ment results of comparatively smooth SiNWs grown by the
vapor-liquid-solid (VLS) method.[35] However, the measured
thermal conductivities of rough SiNWs obtained by electro-
chemical etching (EE) are much lower than the Casimir limit
corresponding to complete momentum randomization at the

surface (p = 0).[36] Ziman’s theory fails to predict it, be-
cause further increase of surface roughness does not lead
to appreciable reduction of thermal conductivity (κ) calcu-
lated by Ziman’s theory. Several efforts have been made to-
ward an accurate understanding of phonon surface scattering.
Moore et al. predicted stronger backscattering of phonons
at periodically rough surfaces by phonon Monte Carlo (MC)
simulations.[37] Based on the Born approximation, Martin et
al. used a perturbative approach to get the roughness scat-
tering mechanism.[38] Sadhu and Sinha, using a wave-like
phonon transport approach, considered coherent scattering of
phonons from a rough surface.[39] Although these theoretical
studies accounted for the surprisingly suppression of SiNWs
by very rough surfaces, they could not well explain the ex-
perimental work by Lim et al., which performed a system-
atic experimental study of the surface condition of intention-
ally roughened VLS-grown SiNWs and provided the first ev-
idence for frequency-dependent phonon scattering from the
rough surfaces.[40] By introducing the Beckmann–Kirchhoff
based surface scattering theory, Malhotra and Maldovan cal-
culated the wavelength heat spectrum and found that in-
creased phonon surface scattering led to the shifts towards
short phonon wavelengths and mean free paths.[41] However,
by combining the Landauer model and spectral scaling model,
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Lee et al. revealed that the experimentally measured ballis-
tic phonon transport in the holey silicon with small neck size
(only 20 nm) stemmed form filtering high-frequency phonons
and increasing contribution of low-frequency phonons by sur-
face scattering.[42] These contradictions imply that the mech-
anism of phonon–surface scattering in nanostructures requires
further exploration.

The traditional phonon–surface scattering mechanism
only takes into account the geometric constraints of the sur-
face resulting in the change of motion of particles or waves,
which is the numerical boundary attribute of the surface. The
surface of a nanostructure terminates the periodicity of the lat-
tice, but it is not simply equal to the mathematical boundary.
The physical attributes of atoms near the surface are differ-
ent from those in the bulk, for example, the atoms in the sur-
face skin are under-coordinated. The loss of bond order makes
the bonds of the under-coordinated atoms become shorter and
stronger.[43,44] The bond shortening and strengthening in the
surface skin provide a perturbation to the Hamiltonian of
the lattice vibration system, and this under-coordination ef-
fect should play an important role in the phonon transport of
nanostructures because of the ultra-high surface-to-volume ra-
tio of the nanostructures. However, in the traditional models of
phonon–surface scattering, this coordination dependent mech-
anism is overlooked. Very recently, base on the bond order
theory and quantum perturbation theory, we presented a novel
phonon–surface scattering mechanism from the perspective of
bond order loss.[45] In this work, we combine this mechanism
with the phonon Boltzmann transport equation (BTE). The
calculation results agree well with the ultra low κ of intention-
ally roughened VLS SiNWs in experiments. It is revealed that
the surface bond order imperfections play the dominant role in
hindering transport of high-frequency phonons, which results
in the obvious reduction of κ . Furthermore, we numerically
generate the random roughness profile of SiNWs according to
the given autocorrelation function, and detailedly analyze the
effect of the geometrical parameters on κ of the roughened
SiNWs.

2. Methods
On the basis of phonon BTE, the κ of phonons of the λ -

th branch in the direction of ∇T (x) of the nanowire is derived
as[46]

κλ =
V

(2π)3

∫
cphv2

xτd𝑞, (1)

where V is the volume of the nanowire, vx is the x component
of the group-velocity, τ is the relaxation time, 𝑞 is the wave
vector, and cph is the volumetric specific heat of each mode.
The κ of bulk and nanostructured silicon is often successfully
modeled with an assumed isotropic dispersion.[30,47] Using the
isotropic dispersions approximation, we can transform Eq. (1)

from the integral of wave vector q to angular frequency ω , and
get

κλ =
1

6π2

∫
ωm

0

}2ω2

kBT 2
e}ω/kBT(

e}ω/kBT −1
)2 v(ω)τ(ω)q2 (ω)dω, (2)

where ωm is the Brillouin zone-boundary frequency of branch
λ .

Based on phonon BTE, the κ of SiNWs can be calcu-
lated as κ = κLA +2κTA. In order to calculate κLA and κTA by
Eq. (2), the phonon wave vector and group velocity as a func-
tion of angular frequency must be determined by the phonon
dispersions. Both first-principles calculations[48] and exper-
imental measurements[49] indicate that the acoustic phonon
dispersions in silicon are not linear. We adopt the quadratic
approximation dispersion like that in Ref. [48], which is given
by

ω (q) = vsq+ cq2, (3)

therefore q(ω) and v(ω) needed in Eq. (2) are derived as

q(ω) =
−vs +

√
v2

s +4cω

2c
=

v(ω)− vs

2c
, (4)

v(ω) =
dω

dq
= vs +2cq =

√
v2

s +4cω. (5)

According to the Matthiessen’s rule, the total phonon scat-
tering rate in SiNWs is given as τ−1 = τ

−1
U + τ

−1
B + τ

−1
I +

τ
−1
Bond. Slack and Galginaitis suggested the umklapp phonon–

phonon scattering rate as τ
−1
U (ω) = BUω2T e−Θ/3T , where

Θ = }ωm/kB is the Debye temperature, which is calculated by
Brillouin zone-boundary frequency ωm.[50] The traditional dif-
fusive phonon-boundary scattering rate is given by τ

−1
B = v/D,

where D is the diameter of SiNWs. The phonon–impurity scat-
tering rate is given by τ

−1
I (ω) = Aω4, parameter A = 1.32×

10−45 s3 for natural silicon is analytically determined from
the isotope concentration, and it should not be adjusted.[51]

For silicon, derived from the quantum perturbation theory and
the bond order theory in our recent work, the phonon–surface
bond order imperfection scattering rate τ

−1
Bond is given as[45]

τ
−1
Bond = 1.86×10−51 ·SVR ·ω4, (6)

where SVR is the surface-to-volume ratio in units of m−1. All
the parameters mentioned above are listed in Table 1.

Table 1. Parameters in calculation of thermal conductivity of SiNWs.

Branch vs/(m/s) c/(10−7 m2/s) ωm/(Trad/s) Θ/K BU/(10−19 s/K)
LA 9010 −2.0 77.5 592 0.908
TA 5230 −2.26 30.3 231 2.0

The SVR of nanowires in Eq. (6) is related with the geo-
metric size, cross sectional shape, and surface roughness pro-
file. Due to the isotropic nature of the etching process, we con-
sider long SiNWs with circular cross-section and rough sur-
faces characterized by a given autocorrelation function (ACF),
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as shown in Fig. 1. The SVR of SiNWs can be calculated by

SVR =

4
L∫
0

2πy(x)
√

1+ y′(x)2dx

πD2L
. (7)

Here D and L are the diameter and length of the SiNWs, re-
spectively, and y(x) is the random roughness profile.

y↼x↽

x

Fig. 1. Schematic illustration of surface roughness profile of SiNWs,
where x is the longitudinal axis of the nanowires.

In order to calculate the SVR of the roughened SiNWs by
Eq. (7) and investigate the effect of correlated surface rough-
ness on thermal conductivity of SiNWs, we need to numeri-
cally generate the roughness profile y(x) on the basis of ACF.
It is generally assumed that the ACF of rough surface obeys
the exponential curve or Gaussian curve,[52] which is given by

C (x) =

{
δ 2e−x/ξ , exponential,
δ 2e−x2/ξ 2

, Gaussian,
(8)

where ξ is the correlation length of roughness, and δ is the
root-mean-square (rms) of roughness.

By the convolution theorem, the power spectrum density
S(q) is the Fourier transform of the ACF given by

S (q) = F [C (x)] =


2δ 2ξ

1+q2ξ
2 , exponential,

√
πδ 2ξ

eq2ξ
2
/4
, Gaussian,

(9)

where F stands for the Fourier transform. By the Wiener–
Khinchin theorem,

|Y (q)|2 = F [LC (x)] = LS (q) , (10)

where L is the length of the nanowire, and Y (q) = F [y(x)]
is the Fourier transform of surface roughness profile y(x).
Therefore we can generate the surface roughness profile y(x)
by one-dimensional inverse Fourier transform, which is given
as[53]

y(x) = F−1
[
|y(q)|eiϕq

]
= F−1

[√
LS(q)eiϕq

]
, (11)

where F−1 stands for the inverse Fourier transform, and eiϕq is
an odd random phase for the spatial frequency of roughness q.

3. Results and discussion
Figure 2 compares the thermal conductivities computed

from our above model vs. the experimental data from
Ref. [40]. Herein the surface roughness profiles are obtained
according to the exponential ACF, because the roughness pa-
rameters δ and ξ of the intentionally roughened SiNWs are
extracted from exponential fits to the experimentally obtained
ACFs in Ref. [40]. The parameters D, δ , and ξ are kept the
same as those in Ref. [40]. Our model not only agrees well
with the κ of smooth SiNW grown by VLS mechanism, but
also reproduces the drastic decrease in the κ of the intention-
ally roughened SiNWs. In Fig. 2, the smooth SiNW (black
line) and roughened SiNW (blue line) have nearly the same
diameter, but the κ of the roughened SiNW is 70% lower than
that of the smooth SiNW at room temperature. τ

−1
U , τ

−1
B , and

τ
−1
I of phonons in these two SiNWs almost have no differ-

ence, but τ
−1
Bond of the roughened SiNW is much higher than

that of the smooth SiNW duo to the larger SVR of the rough-
ened SiNW. Therefore this remarkable suppression of thermal
conductivity definitely results from the mechanism of phonon–
surface bond order imperfection scattering.
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Fig. 2. Thermal conductivity of smooth and roughened SiNWs at differ-
ent temperature. The solid lines present our calculations. The symbols
represent experimental measurements from Ref. [40].

From Eq. (6), due to ω4 one can expect that there is a fre-
quency range over which phonons experience much stronger
scattering from the bond order imperfections. At room tem-
perature, τ

−1
U , τ

−1
B , τ

−1
I , and τ

−1
Bond of TA phonons in smooth

SiNW and roughened SiNW as a function of ω are displayed
in Figs. 3(a) and 3(b), respectively. For the smooth SiNW,
the phonon surface scattering due to the bond order imperfec-
tions dominates over Umklapp scattering and classical bound-
ary scattering when ω is larger than 24 Trad/s. This threshold
value ωc shifts to 17 Trad/s for the roughened SiNW. Accord-
ing to the quadratic approximation dispersion and the Bose–
Einstein distribution, there are about 72% (90%) TA phonons
whose angular frequency is larger than 24 Trad/s (17 Trad/s)
at room temperature. Obviously, in the roughened SiNW there
are more phonons suffering severe scattering by the surface
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bond order imperfections, therefore the thermal conductiv-
ity of the roughened SiNW is much lower than that of the
smooth SiNW. The strongly frequency-dependent phonon–
surface bond order imperfection scattering mechanism indi-
cates that it is possible to filter high-frequency phonons and
increase the contribution of low-frequency phonons, provide
new pathways for manipulating phonons and controlling heat
flows by surface engineering, which has been verified by the
experimentally measured ballistic phonon transport at room
temperature in holey silicon.[42] At low temperature, the low-
frequency phonons are the majority according to the Bose–
Einstein distribution. Since the phonon–surface bond or-
der imperfection scattering has little impact on low energy
phonons, low temperature discrepancy in Fig. 2 might origi-
nate from the isotropic dispersions rather than the full ones.
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Fig. 3. Phonon scattering rates in smooth SiNW (a) and roughened
SiNW (b) as functions of phonon angular frequency.

Figure 4 shows the contour plots of thermal conductivi-
ties of 70-nm-diameter SiNWs as a function of ξ and δ for the
exponential and Gaussian correlations, respectively. Meeting
the expectations, κ decreases with decreasing ξ and increas-
ing δ . The effect of parameter δ on the thermal conductiv-
ity is much stronger than that of ξ . These results are consis-
tent with phonon Monte Carlo simulations[54] and experimen-
tal measurements.[40]

Additionally, as demonstrated in Fig. 4, in the case of
the same parameters D, δ , and ξ , κ of SiNWs with exponen-
tial surface is lower than that with Gaussian surface. Because
the roughness surface profiles are generated from the inverse

Fourier transform of power spectrum density S(q) in Eq. (11),
we compare S(q) of exponential surface and Gaussian surface
in Fig. 5(a). It is evident that for large spatial frequency of
roughness, S(q) of exponential surface is much higher than
that of Gaussian surface. From the inverse Fourier trans-
form in Eq. (11), it is expected that the high-frequency rough-
ness is generated from the S(q) with large spatial frequency
of roughness q, therefore the exponential surface has more
high-frequency roughness than the Gaussian surface, which
is clearly shown in Fig. 5(b). The high-frequency and small-
scale roughness results in larger SVR of exponential surface
than that of Gaussian surface, which indicates that phonons are
scattered more frequently by exponential surface than Gaus-
sian surface according to Eq. (6). Therefore with the same
parameters D, δ , and ξ , the suppression of exponential rough
surface on thermal conductivity is stronger than that of Gaus-
sian surface. Our phonon surface scattering mechanism is a
good interpret of the experimental work in Ref. [40], which
first provided the evidence for frequency-dependent phonon
scattering from roughened surfaces.
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Fig. 4. Contour plots of thermal conductivity as a function of δ and ξ

for exponential (a) and Gaussian (b) correlation surfaces.

In order to further understand the sensitivity of the in-
dividual parameter on the κ of the roughened SiNWs with
exponential or Gaussian surface, we get 50 samples accord-
ing to the uniform distribution of parameters, D: 50–100 nm,
δ : 1.0n–5.0n, ξ : 5.0–15.0 nm, calculate κ of the roughened
SiNWs with these parameters, and plot the scatter diagram in
Figs. 6(a)–6(c). It is demonstrated that the sensitivity of pa-
rameters on κ of SiNWs is quite different. D of SiNWs with
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Gaussian surface is more sensitive than that with exponential
surface, while δ of SiNWs with exponential rough surface is
more sensitive than that with Gaussian surface. The same as
the experimental measurements,[40] the sensitivity of the cor-
relation length ξ is very poor, which indicates that ξ by itself
does not capture the surface roughness accurately for both ex-
ponential surface and Gaussian surface. Although the param-
eters D, δ , and ξ are relevant for phonon scattering, the rela-
tionship between them and thermal conductivity is not very
strong and shows scatter, as shown in Figs. 6(a)–6(c). We
plot κ vs. SVR in Fig. 6(d) and find that the SVR is nearly
an universal gauge for thermal conductivity of the roughened
SiNWs, regardless of exponential or Gaussian surface.
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In our previous work, we found that the introduction of
dense hole obviously increased the surface-to-volume ratio

of two-dimensional phononic crystals and remarkably sup-
pressed the thermal conductivity due to the mechanism of
phonon–surface bond order imperfection scattering.[45] Com-
bined with this work, we make clear the underlying physi-
cal mechanism why increasing the surface-to-volume ratio of
nanostructures is an effective strategy of surface engineering
for blocking heat conduction.

4. Conclusion
In summary, by combining the phonon–surface bond or-

der imperfection scattering mechanism with phonon BTE,
our investigation reproduced the ultra-low κ of intentionally
roughened SiNWs, and revealed that the surface bond order
imperfections played the dominant role in hindering trans-
port of high-frequency phonons, therefore resulted in the re-
markable reduction of κ . Additionally, the quantitative effects
of parameters D, δ , ξ , and ACF of surface on thermal con-
ductivity of roughened SiNWs have been detailedly studied.
In particular, we found that the surface-to-volume ratio was
nearly an universal gauge for thermal conductivity of rough-
ened SiNWs. This work is helpful not only to understand the
blocking of surface on thermal transport in nanostructures, but
also to modulate the phonon transport by surface engineering.
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