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Establishment and evaluation of a co-effect structure with thermal
concentration–rotation function in transient regime∗
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The advanced heat flux manipulating structures inspired by TO-based spatial mapping have aroused wide interests
owing to huge potential in high-efficient thermal energy utilization. However, most researches are limited to the realization
of single function in one specific structure and appropriate evaluation of the energy transfer process is relatively lacking.
In this work, based on time-dependent two-dimensional heat conduction equation, a co-effect structure capable of ac-
complishing concentration and rotation functions simultaneously is established and validated by finite element simulations
compared with the conventional single concentrator and singe rotator. In addition, from the perspective of thermodynamics,
the transformed local entropy production rate and total entropy production are theoretically derived and applied to evaluate
the quality of energy transfer processes. The proposed co-effect structure can help to explore other potential mass/flux
manipulating devices and the evaluation method is valuable for the further manufacturing as well as optimization of these
devices in engineering applications.
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1. Introduction

Effective energy management is much necessary and
valuable for both science and industry, the significant trans-
formation optics (TO) theory raised in 2006[1] is undoubtedly
an essential tool to achieve this goal. The key of this theory
is to connect the original space and the virtual space through
curvilinear coordinate transformation method under the con-
trol of form-invariant equation, the consequent distribution of
properties are fabulous and impossible to find in conventional
materials, which can be utilized to build functional mass/flux
manipulating devices. After the theoretical design[1] and ex-
perimental demonstration[2] of the first electromagnetic meta-
material cloak which is able to hide an arbitrary object without
disturbing the external field, this kind of inconceivable struc-
ture as well as other derivatives including concentrators, rota-
tors, camouflages, lenses, etc., have aroused wide concern in
the fields of electromagnetics,[3–5] optics,[6–8] acoustics,[9–11]

and elastodynamics.[12,13] Since the form-invariant charac-
teristic of heat conduction equation has been verified trans-
formation thermodynamics theory an analogue of TO the-
ory, has been put forward to innovatively manipulating heat
flux using thermal metamaterial.[14] Spherical and spheroidal
thermal cloaks as the most typical heat flow control devices
were designed and apparent negative thermal conductivity
(ANTC) were observed.[15] Thermal cloak under anisotropic
background was studied through mathematical treatments.[16]

Using effective medium theory and multilayered composite

structure, thermal cloak was experimentally verified with reg-
ular materials[17] and different types of cloaking structures
were realized based on them.[18,19] Besides thermal concentra-
tor was also established with transformation thermodynamics
method[15] and a fan-shaped composite counterpart apparently
worked.[20] To improve the flexibility and universality, a new
design method was proposed which is of great value for engi-
neering fabrication.[21] Concentrating effect was also achieved
under thermal convection conditions.[22] What is more, theo-
retical accounts as well as simulated verifications of thermal
rotator were implemented.[20] Research on other peculiar heat
phenomena including illusion,[23,24] thermal printing,[25] and
diodes[26] have made much progress either.

For most of researches, heat flux manipulation structures
usually performed single function. However, the coexistence
of two or more effects in certain device possesses more en-
gineering value since it can better satisfy the potential dif-
ferent needs in actual use.[27] What is more, an appropri-
ate assessment index is required for each physically mean-
ingful energy transfer process and thermodynamic criterions
represented with local entropy production rate and total en-
tropy production are suitable to judge the quality of different
heat transfer processes.[28–31] In this paper, based on time-
dependent two-dimensional heat conduction equation, we pro-
pose a co-effect structure to achieve concentration and rotation
effects simultaneously by implementing coordinate transfor-
mation in different directions. Through finite-element simula-
tion, the thermal response and fundamental mechanism of this
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dual-function structure are theoretically analyzed and com-
pared with the traditional concentrator and rotator with single
effect. Furthermore, considering the thermodynamic proper-
ties of the system, the local entropy production rate and the
total entropy production based on transformed coordinates are
derived and used to investigate the quality and irreversible en-
ergy loss in different processes.

2. Theoretical description
Diagram in Fig. 1 shows the spatial transformation prin-

ciple for the coexistence of concentrating and rotating effects.
The annulus with interval R2 < r < R3 was stretched toward
the origin along the radial direction, forming a smaller core re-
gion with radius R1. Meanwhile, this core region is rotated by
an angle of θ 0 as the red arrow indicates. This change gradu-
ally recovers the new area R1 < r <R3 and eventually vanishes
on the outside boundary with the blue arrow keeps still. As a
result, the desired system in the transformed coordinates can
be mapped onto the original coordinates.

R2

R3

R1

R2

R3

θ0

Fig. 1. Diagram of spatial transformation process.

Referring to transformation thermodynamics,[15] the
transformed time-dependent two-dimensional heat conduction
equation neglecting inner source can be written as

ρ
′c′

∂T
∂ t

= ∇ · (κ ′∇T ), (1)

where t is time, T is the distribution of temperature field when
t > 0, ρ ′ represents transformed density, and c′ represents
transformed specific thermal capacity. κ ′ is transformed ther-
mal conductivity which cannot be extracted in front of the dif-
ferential operator since spatial derivations are taken to guaran-
tee continuity of heat flux. Considering the coordinate map-
ping from virtual space to original space, that is, from {x′,y′}
to {x,y}, this connection can be established by Jacobin matrix

J =
∂ (x′,y′)
∂ (x,y)

= Jx′r′Jr′rJrx =
∂ (x′,y′)
∂ (r′,θ ′)

∂ (r′,θ ′)
∂ (r,θ)

∂ (r,θ)
∂ (x,y)

, (2)

where Jx′r′ , Jr′r, and Jrx respectively denote the compound Ja-
cobin matrix of co-ordinates. Then we can obtain the expres-
sion of transformed thermal conductivity κ ′ with the Jacobin
matrix involved as

κ
′ =

Jκ0J′

det(J)
, (3)

where κ0 denotes the thermal conductivity in the original
space. Corresponding to the expected spatial expansion, com-
pression, and rotation in Fig. 1, the geometric transformation
in different directions can be expressed as

r′ =
R1

R2
r, (0 < r ≤ R1),

r′ =
R3−R1

R3−R2
r+

R1−R2

R3−R2
R3, (R1 < r ≤ R3),

r′ = r, (r > R3),

(4)


θ ′ = θ+θ0, (0 < r ≤ R1),

θ ′ = θ+θ0
R3− r

R3−R1
, (R1 < r ≤ R3),

θ ′ = θ , (r > R3).

(5)

Thus, the transformed region can go through radial
stretching and gradual azimuthal rotation from inner to outer at
the same time. From Eqs. (2)–(5), we can deduce expressions
of the Jacobin matrix as

J = R(θ ′)diag(1,r′)

 R1

R2
0

0 1

diag(1,1/r)R(θ)T,

(0 < r ≤ R1), (6)

J = R(θ ′)diag(1,r′)


R3−R1

R3−R2
0

−θ0

R3−R1
1

diag(1,1/r)R(θ)T,

(R1 < r ≤ R3), (7)

where R(θ ′) and R(θ) are the rotation (unimodular) matrices
between Cartesian coordinate and cylindrical coordinate. Note
that R(θ ′)T = R(θ ′)−1, the transformed thermal conductivity
in different domains can be obtained finally

κ
′ = R(θ ′)

[
κ ′xx κ ′xy
κ ′yx κ ′yy

]
R(θ ′)−1

= R(θ ′)diag(1,1)R(θ ′)−1
κ0, (0 < r ≤ R1), (8)

κ
′ = R(θ ′)

[
κ ′xx κ ′xy
κ ′yx κ ′yy

]
R(θ ′)−1

= R(θ ′)


T

r′(R2−R3)

θ0T
(R1−R3)2

θ0T
(R1−R3)2

r′θ 2
0 (R3−R2)T
(R1−R3)4 +

r′(R3−R2)

T


×R(θ ′)−1

κ0, (R1 < r ≤ R3), (9)

where T = r′(R3−R2)−R3(R1−R2). From these derivations
we can easily find that more anisotropic thermal conductivity
appears in the region of R1 < r < R3. By substituting Eq. (8)
and Eq. (9) into Eq. (1), we can detail the transformed heat
conduction equation as

ρ
′c′

∂T
∂ t

=
∂

∂x′

(
R(θ ′)

[
κ ′xx κ ′xy

]
R(θ ′)−1 ∂T

∂x′

)
+

∂

∂y′

(
R(θ ′)

[
κ ′yx κ ′yy

]
R(θ ′)−1 ∂T

∂y′

)
, (10)
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where the transformed product of density by specific thermal
capacity can be calculated by ρ ′c′ = det(J)ρc. In order to
better investigate the quality of the energy transfer process in
view of thermodynamics, local entropy production rate[28] for
two-dimensional domain is introduced. For isotropic and ho-
mogenous medium without spatial change, there is

Ṡ′′g =
κ

T 2

[(
∂T
∂x

)2

+

(
∂T
∂y

)2
]
. (11)

While for the transformed area, the expression needs to
be modified as

Ṡ′′g =
∂

∂x′

(
q′x
T

)
+

∂

∂y′

(
q′y
T

)
=

∂

∂x′

(
−1
T

R(θ ′)
[

κ ′xx κ ′xy
]

R(θ ′)−1 ∂T
∂x′

)
+

∂

∂y′

(
−1
T

R(θ ′)
[

κ ′yx κ ′yy
]

R(θ ′)−1 ∂T
∂y′

)
=
−1
T 2

[ (
∂T
∂x′

)2 (
∂T
∂y′

)2 ]
·R(θ ′) ·

[
κ ′xx κ ′yx
κ ′xy κ ′yy

]
·R(θ ′)−1

=
[

Ṡ′′gx Ṡ′′gy
]
. (12)

Due to the fact that the apparent anisotropy and hetero-
geneity result from spatial changes in different directions, the
transformed local entropy production rate is a matrix of two
components rather than a single value. Then the expression of
the transformed total entropy production can be written as

Ṡg = ∑

∫∫
A

Ṡ ′′g dA, (13)

where A denotes area of different integration parts which
can be divided randomly to serve the calculation. This ad-
ditive feature allows the transformed total entropy produc-
tion to act as a characteristic parameter of the whole system.
Next, aiming at the proposed co-effect as well as comparison
with the single concentration and single rotation function, the
heat conduction equation inserted with anisotropic heteroge-
neous thermal conductivity is numerically solved by finite el-
ement method using commercial package COMSOL MULTI-
PHYSICS.

3. Results and discussions
From temperature profiles in Fig. 2, we can clearly ob-

serve the functional differences among three structures in each
transient state. For the background area outside the function
region under all conditions, the heat flux uniformly propa-
gates from the high temperature end to the low temperature
end and keeps parallel to the x axis all the time, implying
that the external environment is not affected by the spatial
transformation in the central part. Once the heat flux enters
the transform-based annuls region, the single concentrator in

Fig. 2(a) drives the heat flux toward the origin in the radial
direction and the temperature gradient in the core region is en-
hanced to be 575 K/cm, which is 1.53 times the applied gradi-
ent. Figure 2(b) shows that the single rotator gradually rotated
the heat flux in annuls region and finally the heat flux is con-
verted by the pre-specified angel θ = π/3 in core circle region.
However, for the proposed co-effect structure in Fig. 2(c), the
heat flux is not only concentrated in the core region, resulting
in a higher temperature gradient, but also regulates counter
cloak wise by a weaker rotation effect compared to the single
rotator. This is better displayed in pictures at t = 0.3 s with re-
duced deflection of arrows, but still an apparent rotation effect
can be observed compared to the single concentrator.

(a)

(b)

(c)

t=0.03 s t=0.1 s t=0.3 s

400 K

100 K

Fig. 2. Transient temperature profiles of three structures at different times:
(a) single concentrator, (b) single rotator, (c) co-effect structure, the black
arrows represent heat flux. The dimension of the whole simulation domain
is 0.8 cm×0.8 cm, both upper and lower boundaries are thermally isolated,
left and right boundaries are respectively fixed at temperature T = 400 K
and T = 100 K, leading to an applied temperature gradient of 375 K/cm.
The medium of background area outside the function region is set with
κ0 = 0.16 W/(m·K) and ρc = 1.358×10−3 MJ/(m3·K) and thermal conduc-
tivity of the transformed domain are arranged as theoretical work. The geo-
metric parameters of annuls region are set as R1 = 0.15 cm, R2 = 0.23 cm,
and R3 = 0.25 cm.

In order to make quantitative description, a measured line
x = −0.05 cm is chosen and figure 3(b) shows the tempera-
ture variations of the above structures on this measured line.
The measured line is chosen following the direction of the
isothermal line that is perpendicular to x axis, so the effects of
different embedded structures on the temperature field can be
reflected by the shape of curves. In addition, the spatial defor-
mation degree varied with locations in each structure, changes
in temperature on vertical measured line passing though the
origin is relatively small and insufficient to intuitively perform
the characteristics of devices, especially for the single thermal
concentrator. Thus, x = −0.05 cm is chosen as the measured
line to obtain more clear results for subsequent analysis and
discussion. Compared with the single concentrator, the co-
effect structure apparently rotates the temperature field in the
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core region and the curves varies with the pre-designed rota-
tion angel θ 0. At a fixed θ 0, the changing magnitude of tem-
perature curves in both annuls and core regions of the co-effect
structure is much smaller than that of the single rotator, lead-
ing to reduced heat dissipation and energy randomness. As ap-
proaching the outer boundary of the annuls, temperature drops
or increases rapidly, finally temperature curves of background
area in all schemes keep parallel to the y direction of the simu-
lation domain and overlapped with each other, representing an
unaffected external field.

x=-0.05 cm

0 0.4 cm

(a)

(b)
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Fig. 3. (a) Diagram of measured line, (b) temperature distribution on the
measured line along y direction of three structures.

According to our theoretical work, different components
of the transformed local entropy production rate at t = 0.3 s
of three structures are pictured individually in Fig. 4. In the
background area, analogue to a uniform temperature field and
undisturbed heat flux, both components respectively show the
same characteristics in different structures where Ṡ′′gx increases
from left to right because temperature varies conversely and
Ṡ′′gy keeps constant since the temperature gradient along y axis
is zero, indicating that embedded distorted spaces have no in-
fluence on the surrounding background. In the annuls part,
Ṡ′′gx of the single concentrator mainly distributes on diagonal
region especially near the low temperature end, implying the
radial enter or leave of heat flux caused most heat dissipation
and energy loss. Chaos of thermal energy and disturbance of

thermal field are much more severe in the single rotator and
most Ṡ′′gx appeared at the pre-designed rotation angle where
huge temperature difference exists. The distribution of Ṡ′′gx in
co-effect structure is similar to that of the single concentrator
except the position azimuthally varied corresponding to but
smaller than the pre-designed rotation angle, and the overall
value increases but still far lower than single rotator. Besides,
Ṡ′′gx in the core region performs uniformly in all structures, the
numerical value of the single rotator is slightly lower because
of less spatial transformation. For Ṡ′′gy in three structures, the
configuration is basically identical with Ṡ′′gx, numerical differ-
ences in local positions are the result of different anisotropy
thermal conductivity and temperature gradients. Judging from
temperature profiles and distributions of the transformed local
entropy production rate in different structures, it is reasonable
to speculate that the concentration of heat flux can noticeably
reduce the disorder of thermal energy caused by the rotation
effect, leading to a more even thermal field and less thermal
energy loss.

5

0

104 W/(m2SK)

(a1) (b1) (c1)

(a2) (b2) (c2)

Sgx

.
″

Sgy

.
″

Fig. 4. Profiles of components of the transformed local entropy production
rate at t = 0.3 s in three structures: (a1) and (a2) single concentrator; (b1)
and (b2) single rotator; (c1) and (c2) co-effect structure.

As a key factor to manipulate heat flux, variations of each
constitute of anisotropic thermal conductivity in transformed
domain from inner boundary to outer boundary with different
pre-designed parameter are displayed in Fig. 5 to explore the
potential mechanism behind the above thermal phenomena.
Based on our theoretical derivations and previous work,[27] the
three structures own the same deformation in the core region,
for simplicity we only show the constitutes of anisotropic ther-
mal conductivity in annuls part. In Fig. 5(a), κ ′xx is indepen-
dent of the pre-designed rotation angle in all structures and
equal to 1 at every position in the single rotator. For the sin-
gle concentrator and the co-effect structure, κ ′xx possesses the
same changing regulation that decreases in exponential form
with the increase of the radial distance. The diagonal terms
κ ′xy (κ ′yx) of different structures in Fig. 5(b) are distinct from
each other, which remains zero all the time in the single con-
centrator but linearly decreases as the radial distance increases
in other two structures with more obvious gradient in the sin-
gle rotator. Large pre-designed angle contributes to enhanced
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component of thermal conductivity with a minus sign, and the
co-effect structure always shows a larger absolute value than
the single rotator at a fixed angle although this difference grad-
ually reduces and vanishes at the outer boundary of the annuls.
In Fig. 5(c), κ ′yy is directly proportional to the increasing radial
change. The pre-design rotation angle lifts not only the values
but also the changing gradient of κ ′yy, both of which are the
highest in the single rotator. Under the same conditions, κ ′yy

of the co-effect structure is much lower than the single rotator
while higher than the single concentrator.
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Fig. 5. Variations of different constitutes of anisotropic thermal conductivity
in annuls from inner boundary to outer boundary of three structures: (a) κ ′xx,
(b) κ ′xy (κ

′
yx), (c) κ ′yy.

Only slight change occurs to the single concentrator since
the curve is almost straight. Although all components essen-
tially influence the heat propagation process, κ ′yy offers the

largest contribution, the varying regulation corresponds to the
thermal performance of the co-effect structure, which has ad-
ditional rotation effect compared to the single rotator and owns
more uniform energy distribution compared to the single rota-
tor.
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Fig. 6. Variations of the transformed total entropy generation Ṡg with
different variables in three structures, the applied temperature gradient is
375 K/cm and R3 = 0.25 cm: (a) R2 = 0.23 cm, θ0 = π/3, (b) R1 = 0.09 cm,
θ0 = π/3, (c) R1 = 0.15 cm, R2 = 0.23 cm.

Taking engineering application value into account, the to-
tal entropy production is a more comprehensive and system-
atic index to investigate the irreversible energy loss and eval-
uate the quality of energy transfer processes. Applying the
same temperature gradient along x axis and keeping R3 as a
constant, three geometric variables R1, R2, θ 0 are chosen and
figure 6 shows the variations of the transformed total entropy
generation Ṡg with different variables in three structures. It
can be seen from Fig. 6(a) that Ṡg in the single concentra-
tor exponentially decreases with the increase of R1, indicat-
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ing that smaller annuls region leads to less thermal energy loss
of the single concentrator. Ṡg in the single rotator rapidly in-
creases as R1 increases, which is lower when R1 < 0.12 cm
but immensely higher than the value of the single concentrator
thereafter, implying a more severe field perturbation. Varia-
tion of Ṡg in the co-effect structure is similar to the situation of
single concentrator but the trend conversely changes when R1

exceedes 0.17 cm. This change can be attributed to the rota-
tion effect and the overall value of Ṡg in the co-effect structure
is between the other two structures, which can be seen as a
reflection of the compound action. In Fig. 6(b), Ṡg in the sin-
gle concentrator increases monotonously with the increase of
R1. In the co-effect structure, Ṡg first drop a little, then in-
creases with the same trend as the single concentrator and the
lowest value appears at R2 = 0.15 cm. With the increasing θ 0

in Fig. 6(c), Ṡg decreases first in both single rotator and the
co-effect structure where the downtrend of the single rotator is
more significant, then the changing gradient becomes smaller
and two curves gradually approach straight lines, which al-
most overlap when θ 0 is smaller than π/5. Taken together,
under fixed ambient conditions and R3, the system consisting
of the co-effect structure and outside environment possesses
the minimum thermal energy loss and higher quality when
R1 = 0.17 cm and R2 = 0.15 cm with smaller θ 0. The results
are valuable for the further engineering applications of these
flux-manipulating structures.

What is more, one thing needs to note about the co-
effect structure proposed here, it can be a problem to fab-
ricate the corresponding device due to the introduction of
the off-diagonal components in the thermal conductivity ten-
sors. By comparison, the single concentrator with only di-
agonal thermal conductivity components and the single ro-
tator in traditional one are easier to realize.[15,20,21] It has
been demonstrated that the transformation of heat conduc-
tion process can be generalized by using nonlinear materials
with temperature-dependent thermal conductivities, materials
whose shape vary with the change of ambient conditions (i.e.,
shape memory alloys) are further used to implement intelli-
gent thermal metamaterials.[32] Hence, considering existing
devices with single function, it is possible to manufacture the
co-effect device by combining the form as well as composition
of the traditional concentrator with specific shape memory al-
loys. As ambient temperature changes, certain parts of alloys
might deform, then possess the same shape as components in
traditional rotator device. Through the cooperation of differ-
ent parts of alloy with different functions, the co-effect device
is potentially achieved, which can be explored as the in-depth
expansion of the present work.

4. Conclusions
By applying coordinate distortions in different directions,

a co-effect structure unifying concentration and rotation func-
tions is proposed. From temperature profiles of the co-effect
structure as well as the single concentrator and the single ro-
tator, the structure with compound function not only enhanced
the thermal energy density in the core region but also exhibited
a more uniform thermal response with rotation effect. Con-
sidering the practical engineering value, distributions of the
transformed local entropy production rate of three structures
are compared. Results indicate that the concentration of heat
flux can reduce the irreversible energy loss caused by rota-
tion effect. The potential mechanism is explored by analyzing
the characteristics of thermal conductivity constitutes in trans-
formed domain. Finally, to better investigate the quality of the
whole energy transfer process, variations of the transformed
total energy production with chosen geometric parameters in
different structures are studied and the system consisting of the
co-effect structure and outside environment owns higher qual-
ity when R1 = 0.17 cm and R2 = 0.15 cm with smaller θ 0.
The proposed co-effect structure can help to explore other po-
tential mass/flux manipulating devices, the evaluation method
from the view of thermodynamics has guiding significance for
the further manufacturing and optimization of these devices in
engineering applications.
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