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We study the dynamics of single electron in an inhomogeneous cylindrical plasma channel during the direct accel-
eration by linearly polarized chirped laser pulse. By adjusting the parameters of the chirped laser pulse and the plasma
channel, we obtain the energy gain, trajectory, dephasing rate and unstable threshold of electron oscillation in the channel.
The influences of the chirped factor and inhomogeneous plasma density distribution on the electron dynamics are discussed
in depth. We find that the nonlinearly chirped laser pulse and the inhomogeneous plasma channel have strong coupled
influence on the electron dynamics. The electron energy gain can be enhanced, the instability threshold of the electron
oscillation can be lowered, and the acceleration length can be shortened by chirped laser, while the inhomogeneity of the
plasma channel can reduce the amplitude of the chirped laser.
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1. Introduction
Interaction between laser and plasmas can produce many

physical phenomena such as laser self-guidance, harmonic ex-
citation, wakefields generation, and electron acceleration.[1–8]

Using ultra-intense laser pulse and plasma interaction to accel-
erate electrons has more obvious advantages than the conven-
tional accelerators. Particularly, low-density plasmas have a
conspicuous characteristic to obtain relativistic energetic elec-
trons when a high-intensity laser beam is used, this feature
has been demonstrated experimentally. Based on the study of
the interaction between laser and plasma, many acceleration
methods for obtaining high-energy electrons have been pro-
posed. For example, direct laser acceleration (DLA), laser
wake-field acceleration (LWFA) and plasma beat wave ac-
celeration (PBWA).[9–22] These acceleration schemes make it
possible to develop miniature, low-cost and table top particle
accelerators. However, LWFA and PBWA schemes have high
requirements for lasers, which is not conducive to reducing
the cost of accelerators.[23,24] The disadvantage of the LWFA
and PBWA schemes can be supplemented by the direct laser
acceleration mechanism.

Direct laser acceleration is a kind of acceleration by bind-
ing electrons in the laser acceleration electric field under the
combined action of the pondermotive force of the intense laser
field and the strong electromagnetic field generated in the
plasma. In the direct laser acceleration mechanism, the elec-

tron can be accelerated directly by the electric field of the laser,
in which the acceleration gradient is linear with the laser am-
plitude. This linear relationship is the most obvious advantage
of direct laser acceleration, which can effectively improve the
acceleration efficiency. The direct laser acceleration may re-
duce the dependence of laser intensity greatly.[25] Although
electrons can gain higher energy in the direct laser acceleration
process, it is still limited by the Lawson–Woodward theorem
and the final net energy gain of electrons is relatively small.
The inverse Cherenkov acceleration mechanism was proposed
to overcome the limitation of the Lawson–Woodward theorem
and obtain the electrons of MeV energy.[26,27] However, when
the intensity of laser exceeds a certain value, the neutral gas
will be ionized by laser pulse and produce plasma, resulting in
the failure of the inverse Cherenkov acceleration mechanism.
Therefore, laser is one of the most important problems in parti-
cle acceleration. In recent years, chirped laser, which has been
a hot issue, has a very promising application prospect in this
field.

Along with the development of laser technology,[28–32]

the chirped pulse amplification technology was proposed.[24]

Then, the ultra-intense laser with the peak power of TW to
PW was obtained on the experimental platform, and the am-
plification saturation effect and component loss caused by the
rapid increase of laser intensity can be avoided effectively. The
recent research on magnetized plasma shows that the peak
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power of laser can be realized 10 PW directly.[33] In recent
years, great achievements have been made in the direct ac-
celeration of electrons by chirped laser pulses.[7,34–37] It has
been proved that chirped laser pulses can increase the energy
of electrons by several hundreds of MeV on the basis of accel-
erating electrons by non-chirped laser pulses.[38] This is due
to the chirped laser that breaks the distribution of the laser
envelope and changes the acceleration phase of the laser by
modulation of the frequency of the laser pulse. Furthermore, a
method of using an external magnetic field is proposed, which
significantly improves the efficiency of the chirped laser to ac-
celerate the electron.[39] Using the chirped laser pulse in vac-
uum, dozens of GeV energetic electrons can be obtained.[38]

However, laser can be easily scattered in vacuum. This char-
acteristic of laser can be solved exactly in plasma. Especially,
the self-focusing characteristics of laser in plasma make it pos-
sible for laser to keep the original radius and intensity trans-
mission for a long distance. In order to guide laser more ef-
fectively over long distances, a method of guiding laser in pre-
plasma channel has been proposed. It shows that when the
energy of the electron increases, the electron appears to be un-
stable in the pre-plasma channel.[40,41] This instability exists
a threshold. The threshold can be altered by changing the po-
larization angle of the laser pulse,[42] and it can increase the
maximum energy of electrons.[40,43–48] Therefore, the direct
laser acceleration of electrons in under-dense density plasma
channel has attracted much attention. However, the coupling
characteristics between chirped laser pulse and plasma chan-
nel and its effect on electron acceleration are still unclear.

In this work, the dynamics of single electron in homo-
geneous and inhomogeneous cylindrical plasma channels dur-
ing the direct acceleration of linearly polarized chirped laser
pulse are studied. The instability threshold of electron oscilla-
tion and the variation of electron energy with different types of
chirped lasers and plasma parameters are given. In addition,
the effects of different chirped laser pulse and plasma chan-
nel on the dephasing rate and trajectory of electron are also
studied. The chirped laser and plasma channel have strong
coupling effect on electron dynamics. The development of in-
stability with chirped laser is faster and stronger than that for
the non-chirped case. The accelerating length is shortened and
the instability threshold is lowered by the chirped laser. The
inhomogeneous density of plasma can reduce the threshold of
the chirped laser amplitude significantly. That is, electrons
can obtain higher energy gain from chirped laser pulse with
lower instability threshold and larger instability oscillation re-
gion. We propose a method to further reduce the dependence
of electron acceleration on laser intensity by changing chirped
pulse frequency and inhomogeneous plasma channel.

2. The model and theoretical analysis
In order to examine the mechanism responsible for the

enhancement of electron acceleration, we mainly focus on the
single electron motion. The single electron is directly accel-
erated by a linearly polarized chirped segmented laser pulse
with a phase velocity vp in inhomogeneous cylindrical plasma
channel with plasma density distribution n(r) = n0[1+m(r)],
where n0 is the equivalent charge density at the axis of plasma
channel, m(r) is the inhomogeneous density distribution of
plasma channel. Inhomogeneous density distribution can be
generated by launching laser pulses transversely into gas jets
or by transmitting pre-pulses and a proper delayed main pulses
when using solid targets. In particular, linearly and parabolic
inhomogeneous density distribution have been successfully
and widely used in theoretical research, such as the excita-
tion of THz radiation,[8,49] wake-field generation[50] and non-
linearly phenomena of relativistic and ponderomotive self-
focusing in a plasma channel.[51]

Pulse dispersion occurs when laser beam is propagated
in plasma channel. In general, the laser phase velocity will
exceed the speed of light. The phase velocity of laser in vac-
uum is equal to the speed of light. Two independent disper-
sion sources must be considered when the laser pulse is dis-
persing through the plasma: the dispersion caused by the exis-
tence of plasma itself and the dispersion caused by the plasma
channel under the action of intense laser pulse. The disper-
sion caused by the plasma itself will lead to the broadening
of the laser pulse plasma. The dispersion of plasma channel
under the action of intense laser pulse is limited by laser am-
plitude and channel size. The effect of laser phase velocity on
the acceleration process is mainly reflected in the longitudinal
momentum of the electron. According to the critical ampli-
tude condition a0 ≈

√
2c/(vp− c),[52] the critical amplitude

of laser pulse is a0 = 20. In this work, the maximum ampli-
tude of laser pulse is a0 = 15. Under the critical amplitude
condition, the effect of phase velocity on electronic dynam-
ics is similar to that of vacuum. Therefore, the laser phase
velocity in the preplasma channel is approximately the phase
velocity in vacuum,[53] so we use the phase velocity of laser
pulse in the pre-plasma channel vp approximately equal to the
speed of light c in vacuum. We choose a three-dimensional
Cartesian system of coordinates (x,y,z). The electromagnetic
wave propagates in the positive z direction directed along the
axis of the plasma channel. Here x and y are directed cross the
channel, respectively. There is a transverse electrostatic field
caused by charge separation in the plasma channel, it can be
express as

𝐸x
c = 𝑒xω

2
p0me

1
|e|

[
1
2

x+
x
∫

m(r)rdr
x2 + y2

]
, (1)

𝐸y
c = 𝑒yω

2
p0me

1
|e|

[
1
2

y+
y
∫

m(r)rdr
x2 + y2

]
, (2)
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where 𝑒x and 𝑒y are unit vectors, ωp0 =
√

4πn0|e|2/me is the
plasma frequency, me and e are the rest mass and charge of
electron. In addition to the electrostatic field of the plasma
channel, the electron is also affected by the electric field and
magnetic field of the wave. The wave field can be described by
𝐸y

w =−mec
|e|

∂𝑎
∂ t and 𝐵x

w = mec2

|e| ∇×𝑎, where superscripts x and
y indicate the direction of wave field, 𝑎 = a(ξ )𝑒y is the wave
field in terms of a dimensionless vector potential for linearly
polarized chirped light, 𝑎(ξ ) is a sinusoidal function with a
slowly varying envelope.[41]

We use a segmented chirped laser pulse[42]

a(ξ ) =


a0 exp

[
− (ξ −ξ0)

2

2σ2

]
sin[Ω(ξ )ξ ], ξ < ξ0;

a0 sin[Ω(ξ0)ξ ], ξ ≥ ξ0,

(3)

where a0 is the incoming wave amplitude, ξ = ω0(t− z/c) is

a single dimensionless phase variable; σ is the pulse width, ξ0

is the length of the chirped laser pulse half-envelope. We set
σ = 20 and ξ0 = 50. Ω(ξ ) = ω(ξ )/ω0 is the dimensionless
laser frequency which varies with ξ . Here, it represents the
chirped functions.

The segmented laser pulse[42] has the following advan-
tages for electron acceleration. The first section of the laser
pulse accelerates the electron firstly, while the second segment
of the laser keeps the energy of the electron. Secondly, the
electron is accelerated on the rising edge of the laser, but the
most prominent position of the acceleration effect is near the
peak of the laser pulse and extends to the second section of
laser pulse. Finally, the synchronous interaction between the
low frequency part of the laser magnetic field and the electron
is beneficial not only to the acceleration of the electron but
also to the energy holding of the accelerated electron.

0 25 50
0.4

1.0

1.6

-6

0

6

-6

0

6

-6

0

6

-6

0

6

0 25 50

-6

0

6

(b)(a)

Ω
(ξ
)

linear chirp
 exponential chirp
Gaussian chirp
sinusoidal chirp

a0/↪ c/↩. 

un chirp

(c)

(d)

a

(e)

(f)

ξ ξ

Fig. 1. Variation of laser frequency (a) and ramp-up of the laser amplitude against ξ for un-chirped case (b) and four chirped functions
(c)–(f). In (c)–(f), the red curve is with c = −0.2, the black curve is with c = −0.5. The curve for each chirped function is shown in
the figure.

In this study, we choose four chirped frequency
functions, including linearly chirped function (Ω(ξ ) =

1 + cξ/ξ0), Gaussian chirped function (Ω(ξ ) = 1 +

cexp[−(ξ − ξ0)
2/σ2]), sinusoidal chirped function (Ω(ξ ) =

1+ csin(ξ π/σ)) and exponential chirped function (Ω(ξ ) =

1 + cexp(ξ/σ)/exp(ξ0/σ)), where c is the normalized
chirped parameter. Generation of high intensity laser pulses
with a considerable chirp is possible with current technol-
ogy and the chirped laser pulses have been experimentally
implemented.[54–56] A linearly frequency chirp can be gener-
ated using two fiber Bragg gratings and a mode-locked fiber
laser,[57,58] the chirp frequency can be controlled by adjusting
the parameters of the optical system. The chirp frequency of
exponential type is also realized,[59] and the sinusoidal chirp
frequency across a molecular transition can be produced by ap-
plying modulation to the injection current, which use a quan-

tum cascade laser (QCL) or any other semiconductor laser as a
source.[60] It is expected that the Gaussian chirped laser pulse
can be realized with the development of laser technology in
experiment in the near future. In recent years, these types
of chirped pulses have been widely used in the field of laser-
plasma interaction research.

At present, relative chirp of a few percents can be gener-
ated with solid-state laser systems.[61,62] High intensity laser
pulses with a maximum chirp rate of about 10 percent can
be obtained by the low-cycle systems or intense femtosecond
laser pulses pass through the plasma channel.[63] Experimen-
tally, the frequency of chirp generated by a free electron laser
can be adjusted to 10 percent.[64] The larger chirp parame-
ters are selected to verify the threshold conditions between
the laser amplitude, channel density and the chirp parameters
(Eq. (23)), and to explore the relationship between energy gain
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of electron with the increase of the chirp parameters in the pro-
cess of accelerating. The results show that the frequency shift
of ultrashort-short laser pulses occurs when they collide with
the ionization front two opposite directions, and the frequency
shift efficiency can reach up to 75 percent.[55] This provides
theoretical support for the realization of larger chirped laser
pulses in the future, which is expected to be realized in the
near future. In this work, we consider the negative chirped
case, i.e., c < 0. In order to study the role of chirped pulses
in the process of electron acceleration, the evolution of the
amplitude and frequency of different types of chirped laser
pulses against ξ are illustrated in Fig. 1. The effect of four
chirped frequency on ramp-up of the laser amplitude and laser
asymmetry is shown in Figs. 1(c)–1(f). The frequency of the
chirped laser pulse varies with the propagation of laser, which
makes the laser envelope distribution asymmetric, and then
enhances the intensity gradient and the pondermotive force
of the laser. In addition, the low frequency duration of laser
pulse is enhanced, which increases the synchronous interac-
tion between the electron and the laser pulse. The larger the
chirp parameter |c| is, the stronger the asymmetry of the laser
does. The nonlinearly chirped laser pulse has stronger asym-
metry and longer duration of low frequency than that of the
linearly chirped pulse. Therefore we predict that the electron
can obtain more energy from the chirped laser pulse. The elec-
tron can stay in the accelerating phase with laser pulse for a
long time when chirped pulse laser is used, which can result
in higher energy gain of electron. The numerical simulation
confirm this prediction.

Under the action of magnetic fields (Bx
w) and electric field

(Ex
c , Ey

c and Ey
w), the electron dynamics is governed by

d𝑟
dt

=
𝑝

γme
, (4)

d𝑝
dt

=−|e|𝐸− |e|
γmec

[𝑝×𝐵], (5)

where 𝑟 is the electron position, t is the time in the plasma
channel frame of reference, 𝑝 is the electron momentum; γ =√

1+(px/mec)2 +(py/mec)2 +(pz/mec)2 is the relativistic
factor. Using the following normalized parameters

ωp0 ∼
ωp0

ω0
, 𝑟 ∼ 𝑟

cω
−1
0

, t ∼ t
ω
−1
0

, 𝑝∼ 𝑝

mec
,

𝐸 ∼𝐸
e

meω0c
, 𝐵 ∼𝐵

e
meω0c

, 𝑎=
|e|

mec2𝐴. (6)

Equations (4) and (5) can be written as

d px

dτ
=−ω

2
p0γ

[
1
2

x+
x
∫

m(r)rdr
x2 + y2

]
, (7)

d py

dτ
=−ω

2
p0γ

[
1
2

y+
y
∫

m(r)rdr
x2 + y2

]
+

da
dτ

, (8)

d pz

dτ
= py

da
dτ

, (9)

dx
dτ

= px,
dy
dτ

= py,
dz
dτ

= pz, (10)

dξ

dτ
= γ− pz, (11)

γ =
√

1+ px2 + py2 + pz2, (12)

where n0/nc = ω2
p0 (nc is critical density of plasma), τ is di-

mensionless time, which is used to replace the t. The relation
between them is dτ/dt = 1/γ .

From Eqs. (7)–(12), we obtain the following motion inte-
gral for electron:

I = γ− pz +
1
4

ω
2
p0(x

2 + y2)

+
1
2

ω
2
p0

[∫
x
∫

m(r)rdr
x2 + y2 dx+

∫
y
∫

m(r)rdr
x2 + y2 dy

]
, (13)

where r =
√

x2 + y2, I is a constant and is determined by the
initial conditions of the electron. We can set I = 1 when ini-
tially the electron is stationary and the off-axis displacement
of electron is very small. From Eq. (13), we can reach a rela-
tionship γ− pz = 1− s1(x,y)− s2(x,y)− s3(x,y), where γ− pz

is the dephasing rate, which denotes whether the electron can
stay in a phase with the wave or not. The dephasing rate γ− pz

becomes small when the amplitude of oscillation of electron
reaches the maximum amplitude rmax.[40] Namely, γ− pz→ 0,
then the electron can obtain more energy from laser pulse, i.e.,
the result of γ/γvac > 1. We combine Eqs. (12) and (13), then
the expression of pz is

pz =
1
2
{−[I− s1(x,y)− s2(x,y)− s3(x,y)]}

+
1+ p2

x + p2
y

[I− s1(x,y)− s2(x,y)− s3(x,y)]2
, (14)

where s1, s2, and s3 read

s1(x,y) =
1
4

ω
2
p0(x

2 + y2), (15)

s2(x,y) =
1
2

ω
2
p0

[∫
x
∫

m(r)rdr
x2 + y2 dx

]
, (16)

s3(x,y) =
1
2

ω
2
p0

[∫
y
∫

m(r)rdr
x2 + y2 dy

]
, (17)

substituting Eq. (14) into Eq. (7)

d2x
dξ 2 = −1

2
ω

2
p0

[
x+

x
∫

m(r)rdr
x2 + y2

]
×
[

1
2
+

1+ p2
x + p2

y

2[I− s1(x,y)− s2(x,y)− s3(x,y)]2

]
, (18)

holds under the condition that d/dτ is replaced by d/dξ

(dξ/dτ = γ− pz), which results from the vector-potential de-
scribed by ξ . Electron oscillates under the action of laser and
plasma, the dominant force experienced by the electron is the
force from the electric field of the wave. Even though the en-
ergy from the laser pulse is transferred to the transverse elec-
tron oscillations, the Lorentz force converts most of this en-
ergy into the longitudinal electron motion.[40] In under-dense
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plasma channel ω2
po� 1, the approximate analytical solutions

to Eqs. (4) and (5) is py ≈ a. Applying a(ξ ) = a0 sin[Ω(ξ0)ξ ]

for ξ > ξ0, and setting I = 1 (the initial off-axis displacement
of the electron is small), equation (18) can be modified to the
Mathieu equation

d2x
dϕ2 +[h−qcos(2ϕ)]

[
x+

x
∫

m(r)rdr
x2 + y2

]
= 0, (19)

where ϕ = Ω(ξ0)ξ and

h =

(
4
a2

0
+1
) a2

0ω2
p0

8Ω 2(ξ0)
, q =

a2
0ω2

p0

8Ω 2(ξ0)
. (20)

Equation (19) describes the stability of the electron os-
cillation in the plasma channel. Interestingly, the laser pulse
and the inhomogeneous density of the plasma channel have
coupled influence on the instability. We will discuss this sepa-
rately in the following.

3. Uniform plasma channels
In this section, we consider the case of uniform plasma

channel, i.e., n(r) = n0. Thus equation (19) can be written as

d2x
dϕ2 +[h−qcos(2ϕ)]x = 0. (21)

Equation (21) has a solution that grows exponentially x(ϕ) ∝

exp(µϕ) with µ being the growth rate determined by parame-
ter h and q.[41] The electron dynamics are coupled to the rela-
tivistic factor in the xz plane and yz plane. The unstable oscil-
lation of electron occurs (i.e., µ > 0) when the h and q exceed
a certain value. This instability can result in the electron en-
ergy enhancement and the electron oscillation along the x axis
becomes unstable. We can approximately come to a conclu-
sion of h and q when we consider the larger wave amplitude,

h≈ q. (22)

The Mathieu equation is just related to the condition of

h≈ q, where q =
a2

0ω2
p0

8Ω 2(ξ0)
, then we get a relation

a0ωp0 = 2
√

2hΩ(ξ0). (23)

To obtain the influence of chirped laser on the threshold of
electron instability, we obtain the ranges of h and q from the
intensity of laser and density of plasma and work out the un-
stable starting point with h = 0.48 from the numerical solution
of the Mathieu equation and the relation between parameters a
and q.[41] Then, the unstable oscillation threshold of the elec-
tron can be obtained from Eq. (23) and the results are shown in
Fig. 2. In Fig. 2, different curves represent the unstable thresh-
old for different laser frequencies. As the laser frequency de-
creases, the corresponding parameters (a0, ωp0) for occurring
unstable oscillation of electron decreases, i.e., the threshold
is reduced significantly. This indicates that the chirped laser

pulse, i.e., the variation of the laser frequency should have
significant modification of the electron dynamics. In partic-
ular, when the chirp parameter is negative, the interaction time
between the electron and the low frequency part of the laser
magnetic field is enhanced, which provides favorable condi-
tions for the electron to obtain energy in the laser. In addition,
the intensity of the chirped laser pulse, the density of plasma
channel, and the chirped function of the laser will play im-
portant roles on unstable oscillation of electrons. The chirped
parameter modulation can greatly lower the threshold of the
laser and plasma. We can select the corresponding chirped
laser and chirp parameter to obtain higher energy electron on
the basis of reducing the threshold of electron instability.
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Fig. 2. The stability phase diagram of electron oscillation in (a0, ωp0)
plane for different laser frequencies Ω(ξ0).

To confirm the prediction shown in Fig. 2, we present in
Fig. 3 the numerical results of electron dynamics based on nu-
merical solution of Eqs. (7)–(12) with different intensity of
laser pulse, density of plasma channel and chirped laser fre-
quency function. In all numerical solutions, the initial condi-
tions set as x(0) = y(0) = 0.05 and px(0) = py(0) = pz(0) = 0.
Figure 3 shows γmax as functions of intensity of chirped laser
pulse a0, density of plasma channel ωp0 and chirped laser fre-
quency function Ω(ξ ). The linearly (the first row of Fig. 3),
exponential (the second row of Fig. 3), Gaussian (the third
row of Fig. 3) and sinusoidal (the fourth row of Fig. 3) chirped
lasers are used. For the un-chirped laser case, the maximum
value of γmax/γvac is only 9.62. However, the maximum value
of electron energy can reach up to 33.8 for linearly chirped
laser (see Fig. 3(a3)), to 78.4 for exponential chirped laser (see
Fig. 3(b3)), to 66.2 for Gaussian chirped laser (see Fig. 3(c3)),
to 40.8 for sinusoidal chirped laser (see Fig. 3(d3)), respec-
tively. Furthermore, we can easily see that the threshold of
electron oscillation instability is reduced significantly with
chirped laser, especially for exponential and Gaussian chirped
lasers. This agrees with the results shown in Fig. 2. However,
the difference in the threshold of electron instability is obvi-
ous for different chirped lasers with the same chirp parame-
ter, which is caused by the different asymmetry of the chirped
laser. This is consistent with the results shown in Fig. 1.
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the electron is at rest, but it is slightly displaced from the x and y axes of the plasma channel.

Compared to the results of the un-chirped laser pulse, the
instability threshold can be lowered and the electron energy
gain can be enhanced significantly with chirped laser pulse.
The main physical mechanism can be understood as follows.
The asymmetry of the laser can be changed by regulating the
chirped factor (see Figs. 1(b)–1(f)). Moreover, the asymmetry
of the laser enhances the laser intensity gradient and distorts
the laser pondermotive force. Furthermore, the chirped laser
field has a longer accelerating phase, which can be used to
transform the electron injection position in the plasma chan-
nel. Meanwhile, it can increase the velocity of electron in-
jection (due to the characteristics of segment laser, electron is
accelerated at ξ > ξ0). For ξ > ξ0, the laser frequency is also
modulated by the chirped parameter. That is, the electron can
get higher energy with shorter accelerating length under lower
density of plasma channel. In general, on the one hand, the
asymmetry of the chirped laser pulse improves the accelera-
tion gradient of laser. On the other hand, the chirped frequency
modulation enhances the synchronous interaction between the
low frequency part of the laser magnetic field and electrons.

The dynamics of the electron shown in Fig. 3 can be fur-
ther understood by the dephasing rate of the electron. As an
example, we choose the case with Gaussian chirped laser pulse
to analyze the effects of the chirped parameters on electron en-
ergy and electron dephasing rate, respectively. In Fig. 4, we
consider the effects of chirped parameters on electron energy,
dephasing rate and electron displacement in the direction of
laser oscillation. With un-chirped laser (c = 0 in Fig. 4), the
electron is not accelerated (γ/γvac = 1), while the dephasing
rate is maximum (γ− pz = 1) and the electron keeps staying at
x = 0. However, for chirped laser cases, the maximum value
of electron energy can reach up to 3.575 GeV for Gaussian

chirped laser (see Fig. 4 with ωp0 = 0.05 and c =−0.4), while
the dephasing rate of electron (Fig. 4(b)) can stay near 0 for
a longer time and the oscillating displacement of the electron
in the y direction also tends to the maximum value, the max-
imum displacement of electron in the y direction reaches to
6.3 (see Fig. 4). Furthermore, for the Gaussian chirped laser
pulse, the large the |c| is, the more slowly the dephasing rate
γ− pz changes, then the electron gains higher energy from the
chirped laser pulse. Especially, the energy gain of the electron
is the largest near the threshold of the instability oscillation.
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Fig. 4. Variation of γ/γvac (a), dephasing rate (b) and oscillation dis-
placement in y direction (c) of electron against z/λ for different in-
tensity of Gauss chirped laser under same plasma density (ωp0 = 0.05,
a0 = 6).

Figure 5 shows the trajectories of the electron motion ef-
fected by the chirped pulse parameter. The electron can be ac-
celerated to higher energy by the Gaussian chirped laser pulse
and the oscillating displacement of the electron increases with
the enhancement of the electron energy. Finally, it maintains
a maximum oscillation displacement, the electron oscillates
within this range. The electron will have a three-dimensional
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motion, see Figs. 5(b)–5(d). We also find that the effective
acceleration length of the electron is also shortened with the
chirped laser pulse. Near the unstable threshold, the acceler-
ation length is significantly shorter than that of other cases.
This owes to the higher acceleration gradient of the chirped
laser with stronger asymmetry.
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Fig. 5. The effect of Gaussian chirped laser pulse on the trajectory of
single electron with different chirped pulse parameters, the amplitude
of laser a0 = 6 and the density of plasma channel ωp0 = 0.15.

In conclusion, the chirped factor has vital roles on unsta-
ble condition, maximum electron energy enhancement and the
accelerating distance of electron. Especially in the aspect of
electron energy gain, the chirped factor determines the asym-
metry of the laser, and further determines the acceleration gra-
dient of the laser. On the other hand, it enhances the low fre-
quency duration of laser magnetic field. Compared with the
un-chirped case, the electron energy gain increases approxi-
mately by one order of magnitude.

4. Inhomogeneous plasma channels
When a laser beam propagates in the plasma channel, an

equivalent charge separation field is generated when the pon-
dermotive force of laser expels out some electrons from the
plasma along the transverse direction (the relative mass of the
ions are relatively large and fixed). There are still a small
number of electrons in the charge separation field, because
the electrons in the channel are not completely emptied. Un-
neutralized ion charges produce a reaction force that prevents
the channel from being completely emptied. Thereby, it results
in inhomogeneous plasma density distribution of the channel.
Therefore, in the following analysis, the effect of inhomoge-
neous plasma density distribution in the channel on electron
acceleration is considered.

We use two types of inhomogeneous plasma channel, i.e.,
linearly inhomogeneous plasma channel and parabolic inho-
mogeneous plasma channel, i.e., m(r) = br and m(r) = br2,
where b is the inhomogeneous density parameter. We mainly

discuss the coupled influence of inhomogeneous plasma chan-
nel and chirped laser pulse on single electron dynamics.

The energy of electron is modulated by chirped laser and
inhomogeneous plasma channel. As Fig. 6 shows, the maxi-
mum energy of electron is effected by the chirped parameter
and inhomogeneous parameter. Because we assume that the
plasma density increases outward from the axis of the cylin-
drical plasma channel, we set the initial density at the axis of
the channel to be 0.05. The linearly (the first row in Fig. 6) and
parabolic (the second row in Fig. 6) inhomogeneous plasma
channel with the linearly (the first column in Fig. 6), expo-
nential (the second column in Fig. 6), Gaussian (the third col-
umn in Fig. 6) and sinusoidal (the fourth column in Fig. 6)
chirped laser pulses are used. Clearly, the electron dynamics is
strongly modulated by the coupled effects of inhomogeneous
plasma channel and the chirped laser pulse. The threshold of
chirped amplitude for occurring the unstable electron oscilla-
tion is lowered significantly by the inhomogeneous plasma, es-
pecially for parabolic inhomogeneous plasma channel. Inter-
estingly, the unstable region in (b,c) plane is highly modulated
near the threshold line, the unstable oscillation of electron can
take place only in some special region. This is particularly ob-
vious with sinusoidal chirped laser pulse (Figs. 6(d) and 6(h)).

The underlying physics shown in Fig. 6 can be understood
as follows. Equation (8) shows that the electron motion is a
harmonic oscillation when the channel is uniform (m(r) = 0),
the oscillation frequency is ωp0

√
γ/2. The effect of laser on

electron as an internal driving force, and the effect of plasma
channel on electron as an external driving force.[53] The elec-
tron is accelerated under the synergistic effect of two driving
forces.

For the inhomogeneous plasma, the inhomogeneous den-
sity distribution changes the magnitude of the external driv-
ing force, the external driving force of inhomogeneous plasma
channel is greater than that of the homogeneous plasma chan-
nel. For linearly inhomogeneous plasma channel (m(r) = br),
if electron always moves along the axis of the channel, the
acceleration effect will be consistent with the uniform chan-
nel case. Because of the existence of laser field, it is neces-
sary for electrons to have a similar harmonic oscillation in the
laser field. The farther the electron is from the axis of the
channel, the greater the external driving force is, which also
ensures that electrons do not escape the plasma channel dur-
ing the acceleration process. For parabolic inhomogeneous
plasma channel (m(r) = br2), the growth rate of the density
gradient in the channel is greater than that in the linearly in-
homogeneity case, i.e., parabolic inhomogeneous channel can
provide stronger external driving force. The resonance effect
occurs when the frequency of the internal driving force of the
system is close to the frequency of the external driving force
or the frequency doubling of the external driving force, and
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the electron gets higher energy from the laser. Inhomogeneous
density distribution increases the frequency of external driving
force. However, with the increase of external driving force, the
electron is limited in obtaining energy from laser. This is the

reason why the electron unstable oscillation is easy to occur in
the parabolic inhomogeneous plasma channel whereas the en-
ergy gain is smaller than the linearly inhomogeneous plasma
channel case.
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Fig. 6. The single electron is placed in linearly inhomogeneous plasma channel (the first row) and parabolic inhomogeneous plasma channel
(the second row) respectively. It is irradiated by four types of chirped laser pulse (linearly chirped laser pulse in (a) and (e), Gaussian chirped
laser pulse in (b) and (f), exponential chirped laser pulse in (c) and (g) and sinusoidal chirped laser pulse in (d) and (h)). The intensity of the
laser pulse a0 = 6, the plasma density at the axis of the channel is ωp0 = 0.05, the density distribution for linearly inhomogeneous and parabolic
inhomogeneous case are n(r) = 1+ br and n(r) = 1+ br2 (the r is radial direction). The maximum energy of electron is normalized by the
maximum energy of electron in vacuum γvac = 1+a2

0/2.

5. Summary
We have analyzed the dynamics of the direct accelera-

tion of electrons by chirped laser pulses in homogeneous and
inhomogeneous cylindrical plasma channels. It is found that
the occurrence of electron oscillation instability (i.e., electron
acceleration) with chirped laser pulse is faster and stronger
than that with un-chirped laser. Particularly, there is a strong
coupled effect of the inhomogeneous plasma channel and the
chirped laser pulse. The instability threshold, the accelera-
tion length and the energy gain of electron acceleration in
plasma channel can be controlled by adjusting the parame-
ters of chirped laser pulse and distribution of inhomogeneous
plasma density. We hope that our research will facilitate fur-
ther experiments in this direction.
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