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We investigate high-order harmonic generation from atoms irradiated by bichromatic counter-rotating circularly po-
larized laser pulses by numerically solving the time-dependent Schrödinger equation. It is found that the minimum energy
position of the harmonic spectrum and the non-integer order optical radiation are greatly discrepant for different atomic
potentials. By analyzing the quantum trajectory of the harmonic emission, discrepancies among the harmonic spectra from
different potentials can be attributed to the action of the potential on the ionized electrons. In addition, based on the influ-
ence of the driving light intensity on the overall intensity and ellipticity of higher order harmonics, the physical conditions
for generating a high-intensity circularly polarized harmonic can be obtained.
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1. Introduction

With the rapid development of the femtosecond intense
laser pulse technology, amplitude of laser electric field has
reached the magnitude of the electronic field for an electron
acted by the nucleus. When an atom is irradiated by such an in-
tense ultrashort laser pulse, the ultra-wide-band (from ultravi-
olet to x-ray) coherent high-order harmonic generation (HHG)
can be carried out.[1–18] HHG has been applied in the attosec-
ond science[19–21] and nonlinear optics in the XUV region.[22]

The harmonic spectrum from atoms in the linearly po-
larized laser pulse presents typical characteristics: as the har-
monic order increases, the intensity of the first few order har-
monics drops rapidly, and then a so-called “plateau” appears,
the harmonic intensity which changes little, and there is a
cut-off (beyond this energy the harmonic intensity decreases
rapidly) at the end of the plateau. The cut-off energy posi-
tion satisfies the formula Ec = Ip + 3.17Up, Ip is the ioniza-
tion energy of the atom, and Up is ponderomotive energy. The
physical mechanism of HHG can be explained by a three-step
model: the bound electron first tunnels through a potential bar-
rier formed by the combined action of a laser electric field and
atomic potential, then the ionized electron has the opportunity
to return to the parent ion driven by the laser electric field,
finally radiate high-energy photons.[23,24]

Usually, linearly polarized driving fields have been con-

sidered to produce linearly polarized harmonics. The ap-
plications of the linearly polarized harmonic are limited in
many aspects, such as x-ray magnetic circular dichroism,[25]

discrete molecular symmetry,[26–30] spin dynamics,[31–34] and
recognizing chirality in molecules via photoelectron circu-
lar dichroism at their intrinsic timescales.[35–37] Due to the
larger frequency range of the harmonic spectrum, it is diffi-
cult to directly convert the harmonic polarization from the lin-
ear polarization to the circular one. Therefore, some schemes
are proposed to generate the circularly polarized harmonic
by shaping the driving pulse or controlling the atomic tar-
get. For generating circularly polarized harmonic, Yuan et
al. adopted molecules interacting with the circularly po-
larized laser pulses with multiple frequencies.[38] Kfir et al.
found experimentally that the circularly polarized harmonic
can be obtained from atoms irradiated by counter-rotating
two-color (with frequencies of ω and 2ω) circularly polar-
ized (CRTCCP) laser fields.[39] This method was suggested
firstly by Becker et al.,[40,41] and investigated deeply in exper-
iments and theories.[25,39,42–45] When the atom is irradiated by
the CRTCCP laser pulse, the polarization of the 3n+ 1 and
3n+ 2 order harmonics are the same as those of the funda-
mental and double frequencies, respectively. Furthermore, the
3n order harmonics in the HHG spectra are suppressed.[39,46]

The effect of the laser wavelength on the harmonic efficiency
was discussed.[47–50]
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In order to achieve a higher HHG yield, a higher gas den-
sity is required. Due to the ionization of the atom irradiated
by the driving laser pulse, the system is in the plasma state.
The atomic potential is influenced by the ionized electron, and
sometime the potential felt by the electron is described by the
short-range Debye–Hückel model.[51] The short-range poten-
tial model is also used to understand the role of the excited
states on the generation of high harmonic. Faria et al. demon-
strated the resonance effect of the potential function on atomic
harmonics.[52] Li et al. compared the harmonic and ionization
characteristics of lithium atoms with short-range and long-
range model potentials.[53] Liu et al. analyzed the role of po-
tential functions on the generation of attosecond pulses.[54] In
order to optimize the generation of high-order harmonic of an
atom driven by a CRTCCP laser pulse, we investigate the po-
tential function role on the process of HHG. The structure of
the paper is as follows: In Section 2, the theoretical method of
simulating the harmonic emission is introduced. In Section 3,
the harmonic spectra from different potential functions in the
CRTCCP laser pulse are presented, and the harmonic intensity
changing with the driving laser intensity is analyzed. In Sec-
tion 4 we summarize the results of this study. Atomic units are
used throughout this paper unless stated otherwise.

2. Theory and models
Under the dipole approximation and the length gauge, the

response of an atom irradiated by the strong laser field can be
described by the time-dependent Schrödinger equation:

i
∂

∂ t
𝜙(𝑟, t) =

[
− 1

2
∇

2 +𝐸(t) ·𝑟+V (𝑟)

]
ϕ(𝑟, t), (1)

where 𝜙(𝑟, t) is the time-dependent wave function, V (𝑟) is
atomic potential, and 𝐸(t) is the electric field of the driving
laser. In this paper, counter-rotating two-color circularly po-
larized laser fields are used:

𝐸x(t) =
1
2

E0 f (t)[cos(ωt)+ cos(2ωt)], (2)

𝐸y(t) =
1
2

E0 f (t)[sin(ωt)− sin(2ωt)], (3)

where f (t) is the envelope of the laser electric field (the trape-
zoidal envelope with 8 optical periods is adopted, and the ris-
ing and falling parts are one optical period, respectively), and
ω = 0.057 is the fundamental frequency of the laser pulse. The
splitting operator method is used to solve the time-dependent
Schrödinger Eq. (1). The wave function at instant t0 +∆t can
be obtained from the wave function at instant t0
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where U(𝑟, t) = 𝐸(t) · 𝑟+V (𝑟) and 𝑝2/2 are the potential
energy and the kinetic energy of the system, respectively. By
repeating the above evolution process, the space wave function
𝜙(𝑟, t) at any instant can be calculated. The time-dependent
dipole transition matrix element of the acceleration form at
any instant can be produced from 𝜙(𝑟, t) as

ax(t) = 〈𝜙(𝑟, t)
∣∣∣− ∂V (𝑟)

∂x
−Ex(t)

∣∣∣𝜙(𝑟, t)〉, (5)

ay(t) = 〈𝜙(𝑟, t)
∣∣∣− ∂V (𝑟)

∂y
−Ey(t)

∣∣∣𝜙(𝑟, t)〉. (6)

The corresponding harmonic radiation spectrum is ob-
tained by

Px(ω) =
∣∣∣ 1
ω2(tfin− t0)

∫ tfin

t0
ax(ω)e−iωt dt

∣∣∣2, (7)

Py(ω) =
∣∣∣ 1
ω2(tfin− t0)

∫ tfin

t0
ay(ω)e−iωt dt

∣∣2. (8)

In order to understand the harmonic generation mech-
anism, the time-frequency behavior is calculated from the
wavelet transform of the dipole moment

Ax(t0,ω) =
∫ tfin

ti
ax(t)wt0,ω(t)dt, (9)

Ay(t0,ω) =
∫ tfin

ti
ay(t)wt0,ω(t)dt, (10)

where wt0,ω(t) =
√

ωW [ω(t−t0)] is the kernel of wavelet, and
the Morlet wavelet is chosen as follows:

W (s) =
1√
τ

e−is e−
s2

2τ2 . (11)

3. Results and discussion
The potential functions used in this paper are the long-

range softened Coulomb potential V (𝑟) = −1√
|𝑟|2+a1

and the

short-range potential Vs(𝑟) = (−1)eβ |𝑟|√
|𝑟|2+a2

. Here a1 = 0.07,

a2 = 0.02, β = −0.3 and atomic ground state energies are
−0.9 (the ground state energy of the He atom) for two poten-
tials. When atoms are irradiated by the CRTCCP laser pulse
(E0 = 0.1015), the corresponding HHG are shown in Figs. 1(a)
and 1(b), respectively. The harmonic spectra generated from
two model atoms have the same cut-off energy, and intensities
of 3n harmonics are suppressed. There are some differences
appeared in the spectra, for example, for the long-range model
atom, I20th > I19th (I represents the harmonic intensity). How-
ever, for the short-range model atom, the relative strengths of
these two harmonics present opposite characteristics. Com-
pared with the case of the long-range model atom, I25th, I26th,
I31st, and I32nd are suppressed for the short-range model atom.
The above results demonstrate that the potential has an ap-
parent affect on the harmonic spectra from the CRTCCP laser
pulse.
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Fig. 1. Harmonic emission spectra of long-range (a) and short-range (b)
atoms in the CRTCCP laser pulse.

In order to further understand the effect of the potential
function on the harmonic intensity, we systematically investi-
gate the intensity variation of the harmonic generated from the
long-range model (Fig. 2(a)) and short-range model (Fig. 2(b))
atoms. To further clarify the harmonic feature, by using the
strong-field approximation (SFA) scheme, figure 3 exhibits the
HHG spectrum from the hydrogenic atom with the same ion-
ization of the short-range one. It is found that the cut-off ener-
gies of the harmonic spectra of the atom increase with the in-
crease of light intensity. For different models, one can clearly
observe the emission of 3n+1 and 3n+2 order harmonics in
the harmonic spectra.
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Fig. 2. The variation of harmonic spectra with the peak amplitude of
the laser electric field calculated from the long-range model atom (a)
and the short-range model atom (b).

The intuitive distinction of the harmonic spectra from the
three cases is the non-integer order harmonic emission, as pre-
sented in Figs. 2 and 3. For the SFA calculation, one cannot
observe the non-integer order harmonic emission in the pho-
ton spectra. For the harmonic generated from the short-range
model atom, the non-integer order harmonic near the 15th har-
monic can be found. While for the long-range model atom, we
can see the non-integer order harmonics in the spectra range
from 10th to 17th harmonic orders. The non-integer order har-
monic emission can be attributed to the effect of the excited

state.[55] Due to the existence of the excited state, under the
action of the CRTCCP laser electric field, the electrons are
more populated in the excited state. The electrons in the ex-
cited state have the opportunity to jump to the ground state to
emit photons. The photon energy is no longer an integer mul-
tiple of the photon frequency, and the non-integer harmonic
emission can be generated, as exhibited in Fig. 2. Although
there is no excited state in the short-range atom, one can also
observe the non-integer order harmonic emission. For a short-
range model atom in the laser field, the light-induced dressed
state[56,57] appears. The transition between the laser-induced
dressed state and the ground state contributes to the generation
of the non-integer order harmonic of the short-range model
atom. Compared to the long-range potential, the laser-induced
dressed state induced in the short-range potential is at a higher
energy level than the excited state of the long-range potential,
so the non-integer order emission of the short-range potential
appears in a higher energy range.
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Fig. 3. The variation of harmonic spectra with the peak amplitude of
the laser electric field calculated from the SFA.

The other difference among these calculations is the sup-
pression of 3n+ 1 and 3n+ 2 order harmonics. For example,
the 26th harmonic intensity from the short-range atom is ob-
viously suppressed (white box in Fig. 2(b)) when E0 = 0.1015
driven by the same CRTCCP laser pulse, the 26th harmonic
intensity of long-range atom is higher (white box in Fig. 2(a)).

For understanding the physical mechanism of the sup-
pression of 3n+ 1 and 3n+ 2 order harmonics, we study the
transient process of harmonic quantum emission. The quan-
tum trajectories of harmonic emission are obtained by wavelet
transform. The path with the earlier ionization time and the
later emission time is called the long trajectory, and the path
with the later ionization time and the earlier emission time is
called the short trajectory. The positive and negative slope
branches in the red box in Fig. 4(a) correspond to the short and
long quantum trajectories (the illustration shows two trajecto-
ries marked by the red box). Due to the different excitation
states of the long-range and short-range Coulomb potentials,
the ionization position and ionization time of the electrons
in the two cases are different, the initial velocity of the elec-
tron ionization is also different, and the Coulomb potential tail
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has an effect on the electrons moving after ionization, which
will also lead to different electron trajectories of long-range
and short-range Coulomb potential. Figure 4(a) presents the
time-frequency analysis of the short-range model atom with
the laser intensity E0 = 0.1015. It can be seen from this fig-
ure that the harmonic emission almost occurs for every optical
cycle. Thus we can qualitatively understand the supersession
profile for 3n+1 and 3n+2 order harmonics from one optical
cycle. Two typical quantum emission trajectories (circled by
the red box in Fig. 4(a)) are selected. After selecting the main
emission time area of a trajectory, the Fourier transform is per-
formed on the dipole moment in this time period to obtain the
information of the imaginary and real parts of the harmonic,
which can be used to calculate the phase of the harmonic tra-
jectory. According to the phase of the single trajectory, the
phase difference between the two trajectories can be calcu-
lated.
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Fig. 4. (a) Wavelet analysis of the time-dependent dipole moment of the
short-range model atom with laser intensity E0 = 0.1015. (b) The varia-
tion of phase difference of two trajectories with harmonic orders for the
harmonic from the long-range model atom (red circle) and short-range
model atom (black square).

Figure 4(b) presents the variation of the phase difference
with the harmonic order. For the 26th harmonic, the phase
difference is about π for the short-range atom and 2π for
the long-range atom, which means that the interference be-
tween the two quantum trajectories is destructive for the short-
range atom and constructive for the long-range model atom.
Thereby, in the harmonic spectrum from the short-range model
atom, the suppression of the 26th order harmonic emission ap-
pears. The other suppressions of 3n+1 and 3n+2 order har-
monics in Fig. 2 can also be understand by the similar analysis.

In the following, we systematically analyze the change of
the HHG yield with the driving laser intensity. The harmonic
yield can be defined as the energy integral in a fixed photon
energy range.[58] In this work, the harmonic yield is integrated
from 31 eV to 62 eV: ∆Y =

∫ 62 eV
31 eV P(ω)dω . Figure 5 shows

the change of the harmonic yield with the channel-closing
number R (R = (IP +UP)/ω) for the long-range model atom,
the short-range atom and the SFA calculation. Here UP is de-
fined as UP = A2

1/4+A2
2/4, A1 =

√
2

2 E0/ω , A2 =
√

2
2 E0/2ω .

With the increase of R, the HHG yield exhibits the oscillation
profile in three cases. For the short-range atom and the SFA
calculation, the peak of oscillation for the HHG yield appears
near the integer R. There exists an offset for the peak position
of the harmonic yield from the long-range model atom. The
appearance of the oscillation can be explained by the channel
closing effect.[59] The ionization threshold is increased with
the laser intensity due to the AC Stark effect. For the laser
pulse with higher intensity, the electron needs to absorb more
photons. When the R is an integer, an additional photon is re-
quired for the ionization. Thus the ionization is decreased with
the increasing R (beyond an integer R). The reduction of the
atomic ionization leads to the decrease of the harmonic yield.
There are many excited states in the long-range model atom.
Owing to the multi-photon resonance, the switch of the photon
number may not occur at the position of the channel closing,
but occur at the position corresponding to the intensity of the
resonant laser between the ground state and the highly excited
state.[60]
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Fig. 5. Variation of the harmonic yield with R for calculations of the
long-range model atom (black line), the short-range model atom (red
line) and SFA (blue line), the laser intensity E0 ranges from 0.0875 to
0.11.

From the above analysis, it is found that the harmonic in-
tensity is affected by the potential function of the atom. In
order to obtain a circularly polarized harmonic with high in-
tensity, it is necessary to analyze the ellipticity of the har-
monic emission. The ellipticity of the harmonic can be ob-
tained by ε = [(|D+|)− (|D−|)]/[(|D+|)+ (|D−|)],[61] where
D± = 1√

2
(Dx ± iDy), Dx and Dy are x and y components

of dipole accelerations in the frequency domain. Figure 6
presents the variation of the harmonic ellipticity with the peak
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amplitude of the laser pulse. There are some harmonic elliptic-
ity discrepancy between the long-range model and short-range
model atoms, such as 25th harmonic (when E0 = 0.0925 and
E0 = 0.1015), the ellipticity of long-range atom is close to 1
(circular polarization) and the ellipticity of short-range model
atom is far off from 1 (elliptical polarization) (white box in
Fig. 6). Combined with the calculation results in Figs. 2 and 6,
for the long-range Coulomb potential, when the laser parame-
ter E0 is 0.096, the 25th harmonic with high-intensity circular
polarization can be obtained. For the short-range Coulomb po-
tential, when E0 is 0.1035, the 26th harmonic with high inten-
sity circular polarization can be generated. The polarization
and intensity of different harmonics are closely related to the
potential function, and the difference of the potential function
is related to the plasma environment. Thus, it is possible to
measure the state of the system by the analysis of the intensity
and polarization of the harmonic.
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Fig. 6. The variation of the absolute value of ellipticity with the peak
amplitude of the laser pulse calculated from the long-range (a) and
short-range (b) model atoms.

4. Conclusions
In summary, we have theoretically studied the effect of

the potential function on the harmonic emission of atoms
driven by a bichromatic counter-rotating circularly polarized
laser field. It is found that different potential functions result
in an obvious distinction in the intensity minimum position
of the harmonic spectra and the generation of the non-integer
order harmonic emission. Through the analysis of quantum
trajectories in one optical period, the intensity minimum in the
harmonic spectra can attribute to the interference between dif-
ferent quantum trajectories. In addition, the variation of the
harmonic ellipticity with the driving laser intensity is also dis-
cussed. Due to the sensitivity of the harmonic intensity and
polarization on the potential function, one can generate the
circularly polarized harmonic radiation with high intensity by
optimizing atomic and molecular targets.
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