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The nontrivial topology is investigated in a dodecagonal quasicrystal made of 30◦ twisted bilayer graphene (TBG).
Based on tight-binding model with both exchange field and Rashba spin–orbit coupling, the topological index, chiral edge
states, and quantum conductance are calculated to distinguish its unique topological phase. A high Bott index (B = 4)
quantum anomalous Hall effect (QAHE) is identified in TBG quasicrystal, which is robust to a finite perturbation without
closing the nontrivial gap. Most remarkably, we have found that the multiple Dirac cone replicas in TBG quasicrystal are
only a spectra feature without generating extra chiral edge states. Our results not only propose a possible way to realize the
QAHE in quasicrystal, but also identify the continuity of nontrivial topology in TBG between crystal and quasicrystal.
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1. Introduction
Quantum anomalous Hall effect (QAHE), as a special

class of topological phase, has been intensively studied in re-
cent years.[1–4] Physically, it can be realized in a topological
crystal with both spin–orbit coupling (SOC) and ferromag-
netism. Although various two-dimensional (2D) crystal ma-
terials have been predicted theoretically to host QAHE,[5–14]

only magnetic doped 2D topological insulator[15,16] and
MnBi2Te4

[17,18] are confirmed experimentally. Currently, it
still remains a challenging task to realize the high-temperature
QAHE in real crystal materials. In addition to these
studies, the in-plane magnetization induced QAHE is also
proposed,[19–22] demonstrating another way to search the can-
didate materials. However, all these prior works are limited in
crystal materials, because the nontrivial topology is defined in
the framework of Bloch band theory in periodic system. Re-
cently, people found that the nontrivial topology can also be
defined in non-periodic system, making it possible to study
different kinds of topological phase in amorphous and qua-
sicrystal materials.[23–30] This discovery greatly extends the
scope of conventional topological materials, drawing great re-
search interests.

Graphene, as the first experimentally confirmed 2D ma-
terial, has opened a new research area since its discovery.
Based on its Dirac band, a variety of topological phases have
been predicted in this model system, such as quantum spin
Hall,[31] topological valley Hall,[32] and QAHE.[7] Different
Hamiltonian terms are studied in this system for creating
exotic quantum phenomena, from the single-body to many-

body physics.[33,34] Recently, the correlated state and super-
conductivity in twisted bilayer graphene (TBG)[35,36] become
a hot research topic in condensed matter physics, bringing a
new light to the field of high temperature superconductivity.
TBG is constructed by two monolayers of graphene with a rel-
ative rotation between two layers,[37] exhibiting a new degree
of freedom to manipulate its electronic structures. Most signif-
icantly, if the twist angle is θ = 30◦, TBG will be a quasicrys-
tal with 12-fold rotational symmetry, showing a natural qua-
sicrystal made of single carbon element.[38,39] The low-energy
band of TBG quasicrystal is a little different to its counterpart
with commensurate twist angle, in which Umklapp scattering
induced multiple Dirac cone replicas are found in angle re-
solved photoemission spectra.[38]

In this work, based on tight-binding (TB) model calcula-
tions with both exchange field and Rashba SOC, the QAHE in
TBG quasicrystal is studied. Firstly, a non-vanishing topolog-
ical Bott index (B = 4) is found in our system, indicating four
chiral edge states. Secondly, the bulk gap is extracted from
the local density of state (LDOS) at lattice-site in the cen-
ter region, then, the spatial distribution of chiral edge states
within the bulk gap is investigated, showing the localized fea-
ture at the boundary. Due to the confinement, the continuous
in-gap chiral edge states are discrete, whose number is linearly
proportional to the system size. Thirdly, the quantum trans-
port calculation is performed, and a quantized conductance of
G = 4e2/h is obtained, which is robust to finite on-site and
hopping disorders. These characterized features demonstrate
a high Bott index QAHE in TBG quasicrystal. Physically,
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our results also identify two extra points: (1) the exchange
field and Rashba SOC have the similar effect in both crystal
and quasicrystal, exhibiting a continuous topological phase in
TBG; (2) the multiple Dirac cone replicas in TBG quasicrystal
cannot generate extra chiral edge states, which is dramatically
different to the conventional Dirac cone states. We believe
these results will help people to better understand the nontriv-
ial topology in TBG quasicrystal.

2. Methodology
Based on pz orbital, the TB Hamiltonian of TBG qua-

sicrystal can be written as[40]

H = Hu +Hl +Hint, (1)

Hu/l = t1 ∑
〈i j〉,α

c†
iα c jα + itR ∑

〈i j〉,αβ

(𝜎×𝑑i j)zc
†
iα c jβ

+λ ∑
i,α

c†
iα ciα +h.c., (2)

Hint = t2 ∑
i∈up,α

∑
j∈low,α

c†
iα c jα e−3(ri j−3.35)+h.c., (3)

where c†
iα (ciα) is the creation (annihilation) operator at i-site

with α-spin. Equation (2) is the intralayer Hamiltonian. The
first-term is nearest-neighbor (NN) hopping, the second-term
is Rashba SOC, and the third term is exchange field. t1 is the
NN hopping parameter, tR is the intensity of Rashba SOC, 𝜎
is the Pauli matrix, 𝑑i j is the vector connecting i-site and j-
site, and λ is the intensity of exchange field. Equation (3) is
the interlayer Hamiltonian. t2 is the hopping parameter, ri j is
the distance between i-site on upper-layer and j-site on lower-
layer. To maintain the 12-fold rotational symmetry, all inter-
layer hopping terms are considered.

Different to Penrose tiling quasicrystal with 5-fold rota-
tional symmetry, it is hard to construct an approximate pe-
riodic boundary in TBG quasicrystal with 12-fold rotational
symmetry. Therefore, we cannot directly obtain its bulk gap
by imposing a periodic boundary condition as easy as pre-
vious works.[27,28] Alternatively, we use the local density of
state (LDOS) to extract the bulk gap. To avoid the finite size
effect, the LDOS at the center-lattice site is calculated by using
millions of atoms with Lanczos recursive method.[41]

The Bott index is evaluated by a real-space
method,[23,24,42–44] and the projector operator is defined as

P =
Nocc

∑
i=1
|ψi〉〈ψi|, (4)

where |ψi〉 is the i-th occupied state. The relevant projected
position operators are

V1 = Pe i2πX P,

V2 = Pe i2πY P, (5)

where X and Y are the rescaled coordinates within the interval
[0,1). Then, the Bott index can be calculated as

B =
1

2π
Im{Tr[log(VUV †U†)]}. (6)

The conductance of chiral edge states in TBG quasicrystal is
calculated by Landauer–Büttiker formula[45]

G =
e2

h
Tr[ΓLGr

cΓRGa
c], (7)

where Gr
c and Ga

c are the retarded and advanced Green’s func-
tions of center-scattering region. Γ matrix is defined as

ΓL/R = i(Σ r
L/R−Σ

a
L/R), (8)

where Σ r
L/R and Σ a

L/R are the retarded and advanced self-
energies of the left/right lead.

3. Results and discussion
Firstly, to identify the bulk topology of TBG quasicrystal

with exchange field and Rashba SOC, its Bott index is cal-
culated in a cluster configuration with open boundary condi-
tion, including over twelve-thousand atoms. For a constant
exchange field and different values of Rashba SOC, the eval-
uated Bott index is shown in Fig. 1. One can see that B = 4
for all intensities of Rashba SOC, exhibiting a high Bott index
QAHE. It is well known that the exchange field and Rashba
SOC can induce a QAHE with C = 2 (Chern number) in mono-
layer graphene.[7] Since the Chern number in crystal is equiv-
alent to the Bott index in quasicrystal, our results indicate that
each graphene layer in TBG quasicrystal contributes a Bott in-
dex B = 2, corresponding to two chiral edge states. Therefore,
the exchange field and Rashba SOC will have the same effect
in both TBG crystal and quasicrystal, showing the continu-
ity of QAHE. This conclusion is also supported by our Bott
index calculations in TBG with a commensurate twist angle.
Moreover, our results also indicate that the multiple Dirac cone
replicas in TBG quasicrystal cannot generate extra Bott index
or chiral edge states. Physically, they are induced by Umklapp
scattering,[38] which are inequivalent to the Dirac cone states
in conventional materials.
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Fig. 1. Bott index of TBG quasicrystal with different intensities of tR.
The inset is the atomic structure of TBG quasicrystal. λ = 0.18t1 and
t2 = 0.12t1.
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Fig. 2. (a) Discrete energy levels of TBG quasicrystal. (b) Bulk LDOS
of TBG quasicrystal. The two dashed lines denote the region of bulk
gap. The discrete energy levels in bulk gap are the in-gap chiral edge
states. The spatial distribution of in-gap chiral edge state at the energy
level marked by the blue dot is shown in the inset of (a), which is local-
ized at the boundary of TBG quasicrystal. The circle size denotes the
weight of chiral edge state. λ = 0.18t1, tR = 0.2t1, t2 = 0.12t1.

Secondly, to identify the chiral edge states in TBG qua-
sicrystal, the spatial distribution of them is studied. The dis-
crete energy levels of TBG quasicrystal with exchange field
and Rashba SOC are shown in Fig. 2(a). In order to distinguish
the bulk and edge states in TBG quasicrystal, one must obtain
its bulk gap. The bulk LDOS at center-lattice site is calculated,
as shown in Fig. 2(b). Aligning Figs. 2(a) and 2(b) together,
the bulk gap and in-gap chiral edge states of TBG quasicrys-
tal can be seen clearly, as denoted by two dashed lines. Here,

one should not confuse the number of in-gap chiral edge states
with Bott index B = 4. Since the chiral edge state in a crys-
tal material is momentum dependent, it connects the valence
and conduction band continuously. However, in a cluster con-
figuration, due to the confinement, the continuous chiral edge
states will become a set of discrete energy levels. To directly
see the boundary feature of these chiral edge states, the spatial
distribution of one chiral edge state at the energy level marked
by a blue dot is shown in the inset of Fig. 2(a). Obviously, the
in-gap chiral edge state is localized on the edge of the cluster.

Moreover, we have found that the nontrivial bulk gap of
TBG crystal is tunable by Rashba SOC, similar to the case
in monolayer graphene.[7] With the increasing intensity of
Rashba SOC, the bulk LDOS of TBG quasicrystal is shown
in Fig. 3(a). One can see the gradually increased nontrivial
bulk gap, as denoted by two dashed lines. Since the in-gap
chiral edge states are confined by the finite system size, the
number of discrete in-gap chiral edge states will increase as
the size of the system increases, eventually approaching the
bulk limit and forming a continuous edge state without dis-
crete gaps. The system size vs. the number of in-gap edge
state is shown in Fig. 3(b), showing a linear increasing behav-
ior, which is consistent with our expectation.
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Fig. 3. (a) Bulk LDOS with different intensities of tR. The two dashed lines denote the region of bulk gap. λ = 0.18t1, t2 = 0.12t1. (b) The
number of in-gap edge state vs. the system size. The dashed line is a linear fitting of the calculated results. tR = 0.2t1.

Lastly, to identify the robustness of these chiral edge
states against disorder, the quantum transport calculations are
performed. As shown in Fig. 4(a), a TBG quasicrystal ribbon
with over four thousand atoms is constructed as the center-
scattering region, which is connected to the left and right leads
(described by a square lattice). Without disorder, the calcu-
lated conductance is shown in Fig. 4(b). A plateau region
is observed around the Fermi level, which is comparable to
the nontrivial bulk gap extracted from the LDOS. Here, the
plateau is quantized to G = 4e2/h, indicating four conducting

channels on the edge. This is also consistent with the Bott
index (B = 4) calculations. Furthermore, the LDOS distribu-
tion at the energy level inside and outside the plateau region,
marked by the blue dots in Fig. 4(b), is shown in Figs. 4(c) and
4(d), respectively. Clearly, the LDOS in the plateau region is
localized on the edge while the LDOS outside the plateau re-
gion is distributed uniformly in the bulk, showing the edge
and bulk conducting channels, respectively. Since the chiral
edge state in QAHE has a topological origin, which is ro-
bust to disorder induced backscattering if the nontrivial bulk
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gap is not inverted. To check the robustness of QAHE, both
on-site-energy disorder and hopping disorder are considered.
In our calculations, a large number of disorder configurations
have been considered, and the conductance is averaged among
them. For the first type of disorder, a random on-site-energy
with a uniform distribution within [-W, W] is added on the
edge atoms. As shown in Fig. 4(e), a nearly quantized con-
ductance of G ∼ 4e2/h is observed around the Fermi level.
For the second type of disorder, a random interlayer and in-

tralayer bond-length-variation is added between edge atoms.

As shown in Figs. 4(f) and 4(g), similar quantized conduc-

tance can be observed. Therefore, our proposed QAHE in

TBG quasicrystal is very robust. In principle, the exchange

field and Rashba SOC in TBG quasicrystal can be introduced

by magnetic atom adsorption or magnetic substrate induced

proximity effect, which have been intensively studied in pre-

vious works.[8,9,46]
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Fig. 4. (a) Device setup of the TBG quasicrystal ribbon. The square lattice denotes the semi-infinite lead region. (b) Conductance vs. the
energy without disorder. (c) and (d) LDOS distribution in the center-scattering region at the energy level marked by the blue dots in (b). (e)–(g)
Conductance vs. the energy with on-site-energy, interlayer, and intralayer hopping disorder, respectively. The error bar denotes the fluctuation
of conductance among different disorder configurations. λ = 0.18t1, tR = 0.2t1, t2 = 0.12t1.

4. Conclusion and perspectives
In summary, we propose a stable QAHE in TBG qua-

sicrystal with a twist angle of 30◦, which is identified by Bott
index, chiral edge states, and quantized conductance calcula-
tions. Our results not only clarify the continuity of QAHE
in TBG crystal and quasicrystal, but also confirm the multiple
Dirac cone replicas in TBG quasicrystal to be a spectra feature,
without any contribution to the chiral edge states in QAHE.
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