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The generation and propagation characteristics of bright spatial bound-soliton pairs (BSPs) are investigated under
the diffusion effect in photovoltaic photorefractive crystals by numerical simulation. The results show that two coherent
solitons, one as the signal light and the other as the control light, can form a BSP when the peak intensity of the control
light is appropriately selected. Moreover, under the diffusion effect, the BSP experiences a self-bending process during
propagating and the center of the BSP moves on a parabolic trajectory. Furthermore, the lateral shift of the BSP at the
output face of the crystal can be manipulated by adjusting the peak intensity of the control light. The research results
provide a method for the design of all-optical switching and routing based on the manipulation of the lateral position of
BSPs.
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1. Introduction

The interactions between optical solitons have always
been attracting attention in the field of nonlinear optics since
the interactions present lots of novel and fascinating phenom-
ena such as soliton fusion, fission, and annihilation, as well as
spiraling.[1–8] Wang et al. investigated numerically the propa-
gation and interactions of Airy–Gaussian beams in a cubic–
quintic nonlinear medium, and found that soliton pairs can
be obtained by adjusting the phase shift and interval between
two Airy–Gaussian beams.[9] Lan et al. proposed a general
propagation lattice Boltzmann model for a variable-coefficient
compound Korteweg–de Vries–Burgers equation by selecting
an equilibrium distribution function and adding a compensa-
tion function, and simulated the two-soliton solution by tak-
ing appropriate free parameters.[10] Lan et al. also investi-
gated a non-autonomous generalized AB system, and found
that the two short waves and mean flow can appear as the soli-
tary waves.[11] These various phenomena undoubtedly illus-
trate that optical solitons are excellent candidates to realize all-
optical switching and routing,[12–15] which are key technolo-
gies for all-optical communication network based on light con-
trolling light. Until now, optical solitons have been studied,
which can exist in many kinds of nonlinear optical materials
such as Kerr medium,[16,17] photorefractive (PR) crystal,[18–21]

and liquid crystal.[22,23] In the recent decade, researches on PR
solitons in PR crystals are of great realistic significance, be-
cause only extremely low light intensities are needed to form
PR solitons, meanwhile, a weak PR soliton beam can be acted

as the control beam to induce an optical waveguide, guiding a
strong non-soliton beam acting as the signal beam.[24,25]

Many studies on PR solitons show that the diffusion ef-
fect in PR crystals introduces an asymmetric tilt in the light-
induced PR waveguide, therefore exhibiting an effect on the
propagation trajectory of the PR solitons.[26,27] Moreover,
when two PR solitons propagate in a PR crystal simultane-
ously, the diffusion effect has a significant effect on both their
propagation trajectories and the interactions between them.[28]

Furthermore, it has been widely reported that the diffusion ef-
fect depends on the width of PR spatial solitons, the narrower
width of a PR spatial soliton results in a stronger diffusion ef-
fect exerting on the PR spatial soliton. At present, the studies
on the diffusion effect are of great practical significance for
the design and fabrication of micro-nano all-optical devices
based on PR crystals, because both the width of optical signals
and the dimension of optical devices are becoming smaller
with the development of the manufacturing technology of in-
tegrated optical components. Some studies have shown that
the diffusion effect is not beneficial for the stable propaga-
tion of PR solitons, which also provide some methods to sup-
press adverse effects arising from the diffusion effect.[26,29–31]

However, in some cases, the diffusion effect may become ad-
vantageous for manipulating the propagation behaviors of PR
solitons. In this paper, our studies show that two coherent soli-
tons, one as the signal light and the other as the control light,
can form a bound-soliton pair (BSP) by appropriately select-
ing the peak intensity of the control light under the diffusion
effect in a photovoltaic (PV) PR crystal, the BSP as a whole
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experiences a self-bending process and the propagation trajec-
tory (the lateral shift) of the BSP in (at the output face of) the
crystal can be manipulated by adjusting the peak intensity of
the control light. Our studies demonstrate that the designed
all-optical switching and routing can be implemented based
on the manipulation of the lateral position of BSPs through
making full use of the advantages of the diffusion effect.

This paper is organized as follows. In Section 2, we intro-
duce the theory and method. Section 3 presents extraordinary
optical phenomenon and analysis. Finally, Section 4 presents
the summary of this paper.

2. Theory and method
2.1. One-soliton model

To investigate the interactions between two coherent soli-
tons, we first consider the case that a single signal beam
launched into a PV PR crystal propagates along the z-axis,
which is allowed to diffract only along the x-direction. A
uniform background beam, which propagates along the same
direction with the signal beam, is introduced to illuminate
the whole PV PR crystal and promote the signal beam to
form a PV PR soliton. The PV PR crystal in our study
is selected to be copper-doped K0.25Na0.75Sr1.5Ba0.5Nb0.5O15

(Cu:KNSBN) and the crystalline c-axis is oriented along the
x coordinate. Furthermore, we assume that the signal beam
and the uniform background beam are an e ray and an o ray,
respectively. For the case assuming no loss of crystal, the
propagation of the signal beam in a PV PR crystal under the
open-circuit condition is described by the following normal-
ized equation:[32]

i
∂u
∂ζ

=−1
2

∂ 2u
∂ξ 2 −β

1+ r |u|2

1+ |u|2
u− γ

∂ ln
(

1+ |u|2
)

∂ξ
u. (1)

In this equation, u is the normalized slowly varying envelope
of the signal beam and |u|2 = seIe/(soIo), where se and so (Ie

and Io) are the photoionization cross sections (the intensities)
of the e ray and the o ray, respectively. ξ = x/x0 denotes the
normalized transverse coordinate and x0 is an arbitrary spatial
scale. ζ = z/

(
kex2

0
)

is the normalized propagation distance
and the wave number of the e ray is given by ke = 2πne/λe,
where ne is the unperturbed extraordinary index of refraction
and λe is the free-space wavelength of the e ray. r = κe/κo,
where κe and κo are the Glass constants of the e ray and the
o ray, respectively. β = n2

ek2
ex2

0reffEpv/2 is associated with the
drift effect and γ = n2

ek2
ex0reffKBT/(2q) is related to the diffu-

sion effect, where reff, KB, T and q are the effective electro-
optic coefficient, Boltzmann’s constant, the absolute tempera-
ture, and the carrier charge, respectively. Epv = koγRNA/(qµ)

is the PV field, where ko, γR, NA, and µ represent the PV coef-
ficient of the o ray, the carrier recombination rate, the density

of the acceptor, and the mobility of the charge carrier, respec-
tively.

To search for soliton solutions of Eq. (1), the diffusion
term of Eq. (1) can be neglected because soliton beams can be
only induced by the diffusion term to deflect, exhibiting no ef-
fect on the intensity profile of soliton beams. Supposing γ = 0,
equation (1) is simplified to a nonlinear Schrödinger equation
with a higher-order nonlinearity. We search for stationary so-
lutions of Eq. (1) in the following form:

u(ξ ,ζ ) = y(ξ )exp(iΓ ζ ) , (2)

where Γ represents a nonlinear shift of the propagation con-
stant. Substituting Eq. (2) into Eq. (1) (with γ = 0), the PV PR
soliton equation is obtained as follows:

d2y
dξ 2 = 2

[
Γ −β

1+ r |y|2

1+ |y|2

]
y . (3)

We express y in the usual fashion y(ξ ) = A1/2η (ξ ), where
the positive quantity A is the peak intensity of the soliton so-
lutions and η (ξ ) denotes a normalized real function bounded
by 0 6 η (ξ ) 6 1. By substituting this form of y into Eq. (3)
and employing the boundary conditions η (ξ →±∞) = 0,
η(0) = 1 as well as η ′(0) = 0, we find that

Γ = β r−β
r−1

A
ln(1+A) , (4)

η
′′ =

2β (r−1)
A

[
ln
(
1+Aη

2)−η
2 ln(1+A)

]
. (5)

The functional form η (ξ ) for bright soliton solutions can
be obtained by numerically integrating Eq. (5) when β > 0
and r > 1. In our numerical integration, the arbitrary spatial
scale x0 is selected to be 8 µm and the free-space wavelength
λe is determined to be 488 nm. For Cu:KNSBN crystals,
the following parameters are employed: ne = 2.25, r = 2.5,
reff = 820 pm/V, and Epv = 20 kV/cm.[33,34] The existence
curve of bright soliton solutions of Eq. (5) is shown in Fig. 1. It
can be noted that the full width at half maximum (FWHM) of
the intensity of the soliton beams decreases with the increase
of A when A < 2. The important thing to note here is that the
existence curve is an oblique straight line approximation and
its slope is approximately equal to −1 when 0.1 6 A 6 0.3.
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Fig. 1. Intensity FWHM of bright solitons versus A.
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2.2. Two-soliton model

The coherent superposition state of two soliton beams at
the input face of the crystal in the general form is given as

u(ξ ,0) = A1/2
1 η1

(
ξ +

h0

2

)
+A1/2

2 η2

(
ξ − h0

2

)
exp(iθ) . (6)

In this equation, A1 and A2 are the initial peak intensities of the
first and the second solitons, respectively; η1 (ξ ) and η2 (ξ )

represent the initial normalized intensity profiles of the first
and the second solitons, respectively; h0 and θ are the ini-
tial separation and phase difference between the two solitons,
respectively. In our numerical simulation, the initial separa-
tion h0 is determined to be 0.9, which can make sure that the
two solitons are close enough and their edges overlap, namely,
two solitons can affect each other. Substituting Eq. (6) into
Eq. (1), we can investigate the dynamics evolution process of
two coherent solitons under the diffusion effect by numerically
solving Eq. (1) with the beam propagation method. We select
T = 284 K and find that γ in Eq. (1) is equal to 0.341.

2.3. Variance D of the separation between two solitons

The dynamic stability of two coherent solitons under the
diffusion effect can be investigated by analyzing the variance
of the separation between the two coherent solitons propagat-
ing through the entire length of the crystal. The variance D of
the separation between two solitons is calculated as follows:

D =
1
L

∫ L

0

(
h(ζ )−h

)2
dζ , (7)

where L is the normalized length of the crystal, h(ζ ) denotes
the separation between the two solitons, and the mean value h
of h(ζ ) is given by h =

∫ L
0 h(ζ )dζ/L. In our numerical sim-

ulation, we first use the split-step Fourier transform method
to solve Eq. (1) numerically; then on the base of this, we use
numerical calculation to obtain the numerical value of h(ζ ).
When the variance D is extremely small, the two solitons
bound together and form a BSP. Moreover, the smaller the
variance D is, the more stable the BSP becomes.

To search for BSPs, the variance D is calculated by vary-
ing A2 and fixing A1 at 0.1. The solid curve in Fig. 2 shows
the correspondence relation between D and A2 for two incident
solitons with opposite phase (θ = π). It should be noted that
there are three larger basins with a flat bottom, which are cen-
tered at about A2 = 0.176, 0.231, and 0.258, respectively. The
BSPs composed of two anti-phase solitons exist in the three
basins, because the variance D is approximately equal to 0 in
the three basins (see the solid curve in Fig. 2(b)). The reasons
for this judgment criterion are as follows. When two inter-
acting solitons are stable and form a BSP, the separation h(ζ )
between the two solitons is approximately constant and equal

to the initial separation h0; moreover, the mean value h of h(ζ )
is approximately equal to the initial separation h0. Therefore,
the variance D calculated by Eq. (7) is approximately equal
to 0 for two stable interacting solitons. Furthermore, the BSPs
are robust against the light intensity perturbation due to a large
width of the three basins, which implies that the small fluctu-
ation of A2 is allowed. This is very important for the con-
secutive stability of BSPs upon formation because the output
power of lasers is fluctuating due to time aging in practice. So,
the three basins can be regarded as stable regions of BSPs. In
addition, the dashed curve in Fig. 2 shows the correspondence
relation between D and A2 for two incident solitons with the
same phase (θ = 0). It can be found by comparing the two
curves in Fig. 2 that the varying trend of the dashed curve is
similar to that of the solid curve, meanwhile the dashed curve
also shows three larger basins, namely, three stable regions are
centered at about A2 = 0.139, 0.196, and 0.253, respectively.

It should be pointed out that there is no stable region for
BSPs when A2 is much larger than A1, due to the weak inter-
ference effect between two solitons under the large amplitude
difference of the two solitons. Moreover, the unstable as well
as stable regions alternate with each other and the widths of
the three stable regions decrease in turn, this results from that
the interference effect between two solitons shows oscillating
attenuation with the increased amplitude difference of the two
solitons.
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Fig. 2. (a) Sum of squares of deviations from mean D as a function of
A2 for the cases of θ = π (solid curve) and θ = 0 (dashed curve). Panel
(b) is enlargement of (a) in the vertical direction.
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3. Extraordinary optical phenomenon and anal-
ysis

3.1. Propagation dynamics of two anti-phase solitons

The propagation dynamics of two coherent interacting
solitons is simulated numerically as follows. When two out of
phase solitons are launched, the trajectories of the two solitons
are shown in Fig. 3 in the ξ –ζ plane by plotting the intensity
contours for A1 = 0.1 and several values of A2. The left soli-

ton and the right soliton are regarded as the signal light and the
control light, respectively.

The magnitude of the diffusion effect received can be
changed by changing the amplitude of the right soliton, be-
cause the diffusion effect depends on the width of PR spatial
solitons, and that the narrower width of a PR spatial soliton
contributes to the stronger diffusion effect exerting on the PR
spatial soliton.
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Fig. 3. Intensity contours showing the propagation dynamics of two out of phase solitons for A1 = 0.1 and A2 = 0.1 (a), 0.163 (b), 0.176 (c),
0.181 (d), 0.214 (e), 0.231 (f), 0.251 (g), 0.258 (h), 0.28 (i).

The results show that they will be repelled and separated
from each other under the same amplitudes of the two soli-
tons, and the distance between the two solitons will increase
with the increased propagation distance (see Fig. 3(a)). When
A2 is in the first stable region, the control light and signal light
show periodic attraction and repulsion with the increased am-
plitudes of the control light, afterwards, the two beams interact
repeatedly. And the positions of the two beam exit surfaces
increase with the increased intensity of the control light (see
Figs. 3(b)–3(d)). Once A2 reaches the unstable region, the two
beams will produce a similar collision effect, leading to no
soliton pair. The control light and signal light show mutual
attraction and collide after propagating for a short distance.
There is a strong energy exchange during this period. The en-
ergy is transferred from the signal light to the control light,
resulting in the separated two beams (see Figs. 3(e), 3(g), and
3(i)). Similarly, when A2 is in the second and the third stable
regions, the distance between the two beams will be slightly
reduced, but the two beams still show periodic attraction and

repulsion for a certain transmission distance, contributing to a
stable pair of solitons.

For the interaction of the above two beams, we under-
stand that the self-focusing effect will occur when the soliton
is produced in the crystal, which will lead to the change of
its background refractive index discovery, finally the behav-
ior between the two beams is influenced. The two solitons
have destructive interference in the overlapped region under
the equal amplitudes of the two beams due to phase difference,
and the background refractive index of the overlapped region
decreases, resulting in a repulsive effect between the two soli-
tons. When the amplitude of the control light changes, it has
been shown that BSPs will be formed, exhibiting periodic at-
traction and repulsion when the amplitude difference of the
two opposite beams is not too large.[35] A similar ”collision
effect” occurs under the large amplitude difference. There-
fore, the diffusion effect has two functions, one of which is
the balance of two beams to form a stable pair of solitons.
The results also explain the stable region, which is the result
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of the balance between the diffusion effect and the interac-
tion of unequal amplitude solitons. In the stable region, the
interaction between the diffusion effect and the soliton is in
equilibrium, however the two are not in the unstable region.
Due to the existence of stable regions, such as [0.163,0.181],
[0.221,0.247], and [0.255,0.260], BSPs can also be formed
when the amplitude A of the incident light fluctuates in the
above-mentioned stable regions. Another function is to bend
the beam. The narrower the beam is, the stronger the diffu-
sion effect becomes, meanwhile the FWHM of the beam is in-
versely related to the beam amplitude A. Therefore, when the
controlling optical amplitude A2 increases, the diffusion effect
and the self-bending degree of the soliton pair both increase,
which leads to the changed position of the soliton pair on the
exit surface. It should be noted that the exit positions include
but are not limited to these mentioned positions, and the am-
plitudes of the signal light and control light can be changed
to make the exit surface position as satisfying as possible. By
this means, we can construct a one-to-three all-optical switch-
ing device.

3.2. Relation between two anti-phase solitons

In order to investigate the relation between two solitons
more intuitively, three most stable A2 values are selected in
anti-phase relations of solitons to plot the relation graph of the
spacing and propagation distance ξ between two solitons and
the relation graph of the peak intensity and propagation dis-
tance ξ of two solitons (see Fig. 4).

The separation between the two solitons changes periodi-
cally with the increased distance (see Fig. 4(a)). Surprisingly,
it is a strictly periodic relationship for A2 = 0.176. Using the
equivalent field, we can clearly know that the composite accel-
eration of the control light is oriented to the right at the begin-
ning, and the acceleration from the repulsion between solitons
decreases with the increased soliton interval, the final accel-
eration provided by the diffusion effect is greater than that of
the repulsion. In simple terms, the control light is accelerated
and then decelerated until zero of the final speed, then acceler-
ated to the left. It should be emphasized that when the control
light makes the above motion, the signal light is moving to the
left at the same time, so the combined acceleration is still to
the left when the control light returns to the initial position.
Therefore, the peak of the interval will be closer than the peak
when the solitons are close to each other under the separation
from each other. For A2 = 0.231 and 0.258, the equilibrium
between soliton repulsion and diffusion effect fluctuates due
to the significant enhancement of the diffusion effect. But it
can be noted in the graph that the change is still approximately
periodic even though some fluctuations occur, in addition, we
can see from the maximum or the minimum that the soliton

spacing is not getting smaller and smaller but it is jittering in
a small range.

Solitons generally exchange energy during their interac-
tions. The peak intensity of the control light and the peak in-
tensity of the signal light change periodically with the prop-
agation distance, the peak intensity of the control light de-
creases first at the beginning, while the signal light increases
first (see Fig. 4(b)). For A2 = 0.176, the background refractive
index between the two lights is inclined to the control light due
to the greater amplitude of the control light than that of the
signal light, as a result, the beam energy can be qualitatively
understood as the transfer from the signal light to the control
light. At the beginning, soliton pairs are separated due to anti-
phase and repulsion. The larger soliton interval leads to the
smaller inclination of the background refractive index. There-
fore, the peak intensity of the control light decreases while
the peak intensity of the signal light increases. Moreover, the
peak intensity of the control light reaches the minimum value
and the peak intensity of the signal light reaches the maxi-
mum value under the largest soliton interval. When the soli-
ton interval is the smallest, the peak intensity of the control
light reaches the maximum value and the peak intensity of the
signal light reaches the minimum value. For A2 = 0.231 and
0.258, the variation of peak intensity fluctuates and a number
of submaximal values appear due to the significantly enhanced
diffusion effect of the control light.
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Fig. 4. Relation (a) between propagation distance ξ and the spacing,
and (b) between ξ and the peak intensity for two anti-phase solitons.
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3.3. Propagation dynamics of two in-phase solitons

Only considering A2 is in the stable region when two soli-
tons are in the same phase, the motion trajectory of BSPs is
shown in Fig. 5. The two solitons merge with each other
after propagating for a short distance under the condition of
same amplitudes of the control light and the signal light. With
the strong energy exchange, the energy is transferred from the

signal light to the control light, leading to the separated two
solitons. In the stable region, the bending degree of BSPs
increases with the increased A2 as shown in Figs. 5(b)–5(d).
It can be found that the transmission characteristics of BSPs
formed by two in-phase solitons are similar to those of BSPs
formed by two out of phase solitons, and that the in-phase soli-
tons are more affected by the diffusion effect than the anti-
phase solitons.
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Fig. 5. Intensity contours showing the propagation dynamics of two in-phase solitons for A1 = 0.1 and A2 = 0.1 (a), 0.139 (b), 0.196 (c), and
0.253 (d).

3.4. Relation between two in-phase solitons

Three most stable A2 values in-phase relations of solitons
are selected to plot the relation graph of the spacing and prop-
agation distance ξ between two solitons and the relation graph
of the peak intensity and propagation distance ξ of two soli-
tons (see Fig. 6).

The periodic three cases decrease first as shown in
Fig. 6(a). In particular, it is strictly periodic for A2 = 0.139.
It has been shown that the interactions among solitons with
the same phase and unequal amplitude are still periodic in at-
tracting separation without destroying the solitons themselves.
The diffusion effect results in the increased distance between
the attraction and the separation. Therefore, the control light
is close to the signal light due to the in-phase attraction and
diffusion effect in the initial state, then the two beams become
separated arising from similar ”elastic collision”, thus form-
ing a dynamic equilibrium. For A2 = 0.196 and 0.253, similar
to the anti-phase case, it is also due to the enhanced diffusion
effect that the equilibrium between the repulsion and the dif-
fusion effect fluctuates. In particular, when A2 = 0.253, it can
be noted that the two solitons interval is slowly approaching,
but it can still be regarded as a BSP at a given transmission
distance.

The peak intensities of the control light and signal light

also vary periodically with the propagation distance (see

Fig. 6(b)). The peak intensity of the signal light increases

at the beginning, while the peak intensity of the signal light

decreases first. And the changed principle of the three cases

is similar to that of the anti-phase case. It is interesting to

mention that the peak intensity is inversely proportional to the

width of the soliton, as a result, the slightly changed width of

the two beams periodically is achieved during the propagation

process.

Although the mechanism of interaction between two co-

herent solitons is complicated, the formation process of BSP

can be simply understood as follows. The relative phase dif-

ference between two solitons leads to varied refractive index

in the overlap region, affecting the soliton interaction. Addi-

tionally, the diffusion process introduces an asymmetric tilt in

the light-induced PR waveguide which will also influence the

soliton interaction. Under the appropriate conditions, the co-

effect of the relative phase difference and the diffusion results

in the formation of BSPs. In particular, these two different ef-

fects are both associated with A2, thus the appropriate choice

of A2 contributes to the formation of BSPs.
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Fig. 6. Relation (a) between propagation distance ξ and the spacing,
and (b) between ξ and the peak intensity for two in-phase solitons.

4. Conclusion
The interaction between two bright solitons in PV PR

crystals with diffusion effects is investigated by numerical
simulations. These simulations show that a BSP can be formed
by two solitons including the signal light and the control light
when the peak intensity of the control light is appropriately
selected. BSPs experience a self-bending process along a
parabolic trajectory and the bending angle of BSPs depends
strongly on the peak intensity of the control light. It is also
found that the propagation characteristics of BSPs formed by
two in phase solitons are similar to those of BSPs formed
by two out of phase solitons. In addition, our results clearly
demonstrate that a one-to-three all-optical switching device
can be obtained by using the shift of the BSP positions at the
crystal output face, also, the bending angle of BSPs can be
controlled by adjusting the peak intensity of the control light.
High precision surgical operations can be achieved in the med-
ical field. This device also has potential applications in many

fields including optical signal processing and telecommunica-
tions.
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