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Far-zone behaviors of scattering-induced statistical properties of
partially polarized spatially and spectrally partially coherent
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Yan Li(Z=#), Ming Gao(#& )", Hong Lv(£ %), Li-Guo Wang(EF|[E), and Shen-He Ren({Lf#7r)
School of Optoelectronic Engineering, Xi’an Technological University, Xi’an 710021, China

(Received 8 March 2020; revised manuscript received 22 April 2020; accepted manuscript online 18 June 2020)

In this study, we explore the far-zero behaviors of a scattered partially polarized spatially and spectrally partially
coherent electromagnetic pulsed beam irradiating on a deterministic medium. The analytical formula for the cross-spectral
density matrix elements of this beam in the spherical coordinate system is derived. Within the framework of the first-order
Born approximation, the effects of the scattering angle 0, the source parameters (i.e., the pulse duration Ty and the temporal
coherence length T,y ), and the scatterer parameter (i.e., the effective width of the medium o) on the spectral density, the
spectral shift, the spectral degree of polarization, and the degree of spectral coherence of the scattered source in the far-zero
field are studied numerically and comparatively. Our work improves the scattering theory of stochastic electromagnetic
beams and it may be useful for the applications involving the interaction between incident light waves and scattering media.
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1. Introduction

The statistical characteristics of a scattering medium are
directly associated with the properties of the incident source
and the scatterer. Thus, the cross-spectral density (CSD) of
the far-zero scattered field is measured in order to acquire
the specific information about the scatterer.!'™! The scatter-
ing of light wave is of great interest due to its wide appli-
cation in optical communication, medical imaging, and re-
mote sensing. ! In the past several decades, the findings about
scattering media have focused on various types of scatter-
ing media, such as a deterministic medium,[1‘3'7'8] a col-
lection of particles,!® and a random medium including a
quasi-homogeneous media,!” a Gaussian Schell-model ran-
dom medium, 1% 3 semisoft boundary medium,['? a non-
Gaussian-correlated medium,!'3] and a quasi-homogeneous
anisotropic medium.!"*! Additionally, the incident sources
have also been extended from monochromatic or polychro-
matic, scalar or vector plane waves to more common beams,

13,161 stochastic electro-

such as partially coherent beams,
magnetic beams,!”-!718] plane-wave pulses,>!°! and vortex
beams.[8! For these incident sources, considerable work has
been done in illustrating the scattering processes based on the

[7-191 However,

theory of the first-order Born approximation.
most of the existing studies were restricted to the situation in
which the incident source was statistically stationary, at least
in the wide sense.[*!7! To date, only a few studies have fo-

cused on a non-stationary source. 231819
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A typical non-stationary stochastic source called spatially
and spectrally partially coherent pulses was introduced by La-
junen er al.?”! By extending the notion of the CSD matrix
from stochastic electromagnetic stationary beams to stochastic
electromagnetic pulsed beams, we explored the propagation
properties of a partially polarized spatially and spectrally par-
tially coherent electromagnetic Gaussian Schell-model pulsed
(EGSMP) beam in a turbulent atmosphere.[21‘23] To the best
of our knowledge, an investigation of the statistics of a par-
tially polarized spatially and spectrally partially coherent elec-
tromagnetic pulse irradiating on a deterministic scattering
medium has not been presented thus far. For this reason, based
on the theory of the first-order Born approximation, we ex-
plore the case of a partially polarized spatially and spectrally
partially coherent EGSMP beam interacting with a determin-
istic scattering medium. The statistical properties such as the
spectral intensity, the spectral shift, the spectral degree of po-
larization, and the degree of spectral coherence of this scat-
tered beam in the far-zero field are discussed in detail in this
paper. Some interesting results are obtained.

2. Theoretical formulation

We begin our discussion by considering a planar, stochas-
tic electromagnetic, statistically non-stationary source that is
incident on a deterministic scattering medium. In the space—
time domain, the statistics of this source can be defined by a
2 x 2 mutual coherence function (MCF) matrix. This matrix
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can be expressed in the following form
r%py,pa.11.1)
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for o, B = x,y, with the asterisk being the complex conjugate,
and the angular bracket being the ensemble average. For a
partially polarized spatially and spectrally partially coherent
EGSMP beam,
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that is, F<O)(p1,p2,t1,t2) is composed of separable space-

af
dependent part and time-dependent part.!*”) A, and Ag are

the average amplitudes of the o and f electric field compo-
nents, respectively, Byg represents the correlation coefficient
between o and f electric field components. These compo-
nents have the following characteristics:!*!#31 Byg = 1 for
a =P, [Bug| < 1 for o # B, and By, = B}, = [Byy|exp(iy),
Vv is the phase difference, v £k (k=1, 2, 3, ...). wp and
Oqp are the beam width and the spatial coherence width, re-

spectively. @y is the central frequency of the pulse, 7j is the
pulse duration, and T,.,p is the temporal coherence width of
the pulse.

According  to
theorem, 3! we have

the extended Wiener—Khintchine

0
Wy (p1, 92, 01, )

1
= (27[)2 //F()C(g)(plaPZutlat27)

that is, the MCF and the CSD form a Fourier-transform pair.
When equation (2) is substituted into Eq. (3), the following
formula is obtained
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with
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describing the spectral width and the spectral coherent width
of the pulse, respectively.??!

Based on the CSD matrix of an electromagnetic pulsed
beam, there are three important fundamental statistical prop-
erties of the incident field that could be defined as the average

spectral intensity, (23]

Sollp.@) = Tr [W(p,p,0,0)]
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the spectral degree of polarization (DOP),[??!
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where
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and the spectral degree of coherence (DOC)>*!
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In Egs. (7)-(12), Det and Tr are the determinant and

the trace of the CSD matrix, respectively. It can be found

in Egs. (7)-(12) that Ay, Ay, Bgg, To, and T.4p are the key

parameters that determine the statistical properties of the inci-
dent field.

. (12)

WO (1,19, 801, 02, 01, @) = [

(i)
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ing form:
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incident electromagnetic
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scattered domain D

Fig. 1. Tllustration of symbols relating to incident partially polarized spa-
tially and spectrally partially coherent electromagnetic pulsed source irradi-
ating on deterministic scattering medium in spherical coordinate system.

Figure 1 shows that the partially polarized spatially and
spectrally partially coherent EGSMP source is incident along
the direction of a real unit vector so(p, ¢, /1 — p*> —g*) on a
linear, isotropic, statistically stationary non-magnetic medium
occupying a finite domain D in free space. The physical prop-
erties of the incident field at any two vectors r; and 7 can be
described by the CSD matrix. This matrix is expressed as!*!

Wiy (71,72, So1, 802, 01, @) (13)
Wiy (1,72, S01, 802, 01, @) |’

(71,801,001 ) Eg) (12, 802, a)z)>] , (o, B = x,y), which can be expressed in the follow-

Wo% (r1,72, 801,802, 01, @) = // // dZSOILdZSOZLAaﬁ (S011,802.,01, @) exp[—i(kiso1 - 71 —kasop - 72)], (14)

|so11 <1 [s02. [2<1

where so;; = (pj,q;) (j = 1, 2) is the projection of the unit
vector sy onto the source plane, and k; = w;/c (j =1, 2)
is the wave number with ¢ being the speed of light in vac-
uum. It should be noted that in Eq. (13), the interval is cho-
sen as |s; 1> <1, indicating that the evanescent waves are
omitted!”! and only the superposition of the electromagnetic
pulsed waves in the electric field of the incident source is taken
into consideration, and Agp (8011, 8021, @1, G1) is an angular
correlation function of an incident source, that is, the four-
dimensional Fourier transform of the CSD matrix of the elec-
tric field components in the incident plane z = 0, and given
byl

Agp (801158021, 01,@n)
kika \* [ 0
= <47r2) //,m dzpldzpzWo(,ﬁ)(Pl,szwl,ab)
x exp[—i(kasoa1 - p2 — k18011 - p1)]- (15)

When equation (5) is substituted into Eq. (15), one ob-
tains

Aup(S01L:8021,01,@)
A(XAﬁBaﬁTO kiky 2 2 o
= 2nhp \ 2m ) 0% Pl Tap(@1 1)

wi (k15011 —kasop1)*
2

X exp [—
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- 2 ; (16)

where
1 1 1
% = m + % 17)
In this research, we assume that the interaction between
the incident source and the scatterer is extremely weak. Thus
the first-order Born approximation is used to describe the scat-
tering process.!!! Then the scattered wave E*)(rs, ) in the
far-zone can be expressed as!?!

EY(rs,0)

= —sX [s></F(r’,w)E<i>(r',SU,a))G(rs,r',a))d3r' ,
D

(18)

where r is the position vector of any point in the inside or
outside space of the scatterer, s = (s, sy, ;) is the unit vector
along a specified scattering path, and D denotes the scattered
domain. F(r',®) is the scattering potential of the medium,
and G(rs,r’, ) is Green’s function in free space, which can
be given by!?!

exp|—iks-r']. (19)

ik
G(rs,r', @) = exp(ikr)
r

Based on Eq. (18), the three Cartesian coordinate compo-
nents of the far-zero scattered field are written as
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EY(rs,0) = / F(r',®)G(rs,7’", ) [(1 —s3) EV (50, 0) fsxsyE}(,i)(r',so,a))} d’r/,
D

EY (rs,0) = / F(r',0)G(rs,r",0) [~ss,EL (180, 0) = (1= 2) B (1,0, 0) | a7,
D

EZ('Y>(r3, )= / F(r',0)G(rs,7’, 0) [—sxsZE,gi)(r',so, o) —sysZEy(,i)(r',so, w)} d3r,
D

where sy, sy, s, are the three Cartesian coordinate components
of the scattering direction s. In addition, from Eq. (18), it is
easy to find s- E®)(rs,®) = 0. In other words, the electric
field direction and the scattered wave vector direction are per-
pendicular to each other in the far-zero field. Thus, it is conve-
nient to describe the scattered field in the spherical coordinate
system. Hence, the radial component disappears, and only the
remaining two non-zero components need considering. More-
over, the two non-zero components of the far-zero scattered

field in the spherical coordinate system can be expressed as

Ey)(rs,0) = cosBcos 9" (rs, 0) +cos Osin gE,” (rs, )
(21a)
(21b)

—sin GEZ(S) (rs,m),

E((ps) (rs,0) = —sin@E") (rs, ) +cos pEY (rs, w),

where 0 is the scattering angle and @ is the observation az-
imuth. When equation (20) is substituted into Eq. (21), one

obtains
EV (rs,0) = /D SrE (', 0)G(rs,r', o)

X [cosB cos (pEJSi) (', 50, )

~+cos6 sin (pEy(i) (r', s0, co)] , (22a)
Eé,s)(rs, 0) = /DF(T'/, 0)G(rs,r’, )
x [—sin (pE)@ (r', 80, ®)
+cos@EY) (r', 59, @)] ', (22b)
where s, = sin 6 cos @, s, = sin0Osin @, and 5, = cos 0.

Similarly, the CSD matrix of the scattered beam in the
far-zero field is given by
W(S>(r81,l"82,0)1,0)2)
= [WO(CYB) (rsl,rSQ, 1, (Dz)}
— [ E((xs rSl,(Dl Eés)(rSQ,(})z)>:| ,
(a,=10,0). (23)

By substituting Eq. (22) into Eq. (23),
Egs. (14), (16), and (19), we can obtain the elements of the

and using

CSD matrix in the spherical coordinate system of a scattered
partially polarized spatially and spectrally partially coherent

EGSMP beam in the far-zero field, irradiating on a determin-

(20a)
. (20b)

(20c¢)

istic scattering medium, which are expressed as

We(g(rslar827w17a)2)
el—i(ki—k)r]
= — 7 [cos B cos @) cos 6, cos Qr F (181,782, @1, @)
+ cos 61 cos @y cos 0 sin Qr Fy, (181,782, 01, @)
+cos 0 sin @) cos 6> cos Q2 Fy (rs1,rs2, 01, @)

+c0s 6, sin @) cos 6> sin P2 Fyy (rs1,rs2, 01, )], (24a)

We(fp)(rsl,rsbwl,wz)

ol-ilki—ko)r] .
=32 [—cos ) cos @ sin P2 Fy (781,782, 01, )

+c0s 0] coS Q| COS P2 Fyy (81,782, W, @)

—cos 01 sin @y Sin @2y (rsy, 782, 01, @)

+c0s 0, sin @) cos P2 Fy, (181,782, 01, @), (24b)
Wq()e)(rSI,rSZ,wl,(l)z)
el—ilki—ko)r]

= ——— [~ sin@; cos 0, cos Q2 Fri (11,782, 01, %)

,

—sin @y cos 6> sin Q2 Fy, (rs1,782, 01, @)
+cos @ cos 0, cos QrF(rs1,rs2, 01, 0)
+cos @) cos 6, sin 2 F (181,782, 01, @), (24¢)

Wéig(rsl,i’sz, o1, 0,)
el-itki=k)r] )
= T[sm Q1 sinQyF (181,782, 01, @)

—sin @ cos (PzF;cy(rslyr'527 (VB 602)
—cos @y sin @ Fy (s, rsz, 01, 0)

+cos @1 cos Q2 Fyy (rsy,rsy, 01, )] (24d)

Here,

Otﬁ rS]7r82,(!)1,(Lh)
// / F*(Ky,0)F (K>, )
lso11 <1 [sg1 L [><1
XAaﬁ(Sou,Sonawl,wz)d350ud380u,
(a,B=x.y), (25)

where Agg(So1L, So21, @1, @) is shown in Eq. (16), and

K;=kj(sjsoj) (j=1,2)1is a vector. Here,
F(K,w):/ F(r',@)exp[—i K -] (26)
D

is the three-dimensional Fourier transform of the scattering

potential F(r',®). Let n(r’,®) be the refractive index dis-
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tribution throughout the scatterer, then the scattering potential
F(r', @) will be given by the following formula: 226!
Ko,
/
F(T‘l,a)): E[I’l (7‘,(1))*1},
0, otherwise.

/
r c D, (27)

In this research we assume that there is a deterministic

medium with a three-dimensional Gaussian distribution scat-

(71
) }
2 b
203
where Fy is a positive constant, o is the effective width

tering potential, i.e.

F(r',®) = Fyexp [— (28)

Faﬁ(r31a7327w170)2)
 KK3AGARBagTHF; Opwiogg

exp|—
-QOaﬁ [

NS

PHE<1 piga<i

Top(@1,an)]

(slx_pl)2 + (sly -

of the medium,®! and the beam condition is satisfied, i.e.,
Or > Ao/m\/2.2%0 In this case, by substituting Eq. (28) into
Eq. (26), one obtains

F* (K, 0)F (K, @)

*//F* 1, 01)F (ry, )

xexp[ (K1 ri—K;- 1'2)] rid3r)
= F}(2m) oS exp {—ZR (K12+K22)} . (29)

when equations (16) and (29) are substituted into Eq. (25), one

obtains

2
+(s11—\/1—p%—cﬁ) }

o3k} 2 2 :
X exp 2 (s2c—p2)" + (soy—q2)" + <Szz— 1—1’%—61%)

2
2
X exp {20 (k5 (pT +4q1) — 2kika(p1p2 + q192) + K3 (p3 + 43| }

o
X exp {_gﬁ (k5 (pT+4a}) + 2kika(p1p2 + q142) + K3 (P3 + 03)] } dpidgidp2dgs, (o,B =x,y),

where 81 = (S1x,51y,512), 82 = (524, 52y, 522).

To derive the integral in Eq. (30), we have used an ap-
proach similar to that shown in Ref. [8]. It is clearly seen that
in Eq. (16), the value of the Ag(S01.1,8021,®1,®) declines
exponentially with the increase of py, q1, and p2, ¢2. Thus, it
is assumed that

i) only the values within the interval of p% —+ q% < 1 and
p% + q% < 1 have a significant influence on the integral,

ii) the value of the angular correlation function is zero un-
less p% + q% < 1 and p% +q§ < 1, so the integral range can be
extended to oo.

Furthermore, under the circumstance, /1 — p? —¢? and
A/ 1= p% - q% may be given in the first-order approximation of

the Taylor expansion as 1 — (p? +¢3)/2 and 1 — (p3 +4¢3)/2,
respectively. (¥
After extensive integral calculations, Fyg(rs1,rs2, 01, @)

in Eq. (30) can be written as

Fop(rsi,rsz, @1, )
ktk3AaApBap ToFg ORwi04p

= exp|—
QOaB [

Top(@1,@)]

(30)
\
% n? ex k%Gé(S%X—f—S%}) é xaf + yzotﬁ
mzaﬁnaﬁ 4m2a3 4naB
X exXp {*GI% [k%(l *Slz) +k§(1 752z)] } )
(a,B=x,y), (€29)]
where
o2 o2
aaﬁzio Lﬁ’ baﬁ_@_ﬂ’
2 8 2 8
ok
Mmjop —kjaocﬁ +k./7sjz (j=12),
ktksbyg
Ngg = Migp — Myap )
kik3c3b
éxaﬁ = k%GRslx }312;3 “ $2x;
kik3opb
o = I2a2s), + 2Ok 32
é)aﬁ 10RS1y + mMyop > 2

Therefore, the statistical properties of far-zone scattered

field can be given by the average spectral intensity

S(rs,o) = We(g(rs,rs,a),a)) +W(£s(g(rs,rs,a),a)), (33)
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the spectral degree of polarization (DOP) is

(s)
Prs. o) = (/1— 4DzetW (rs,rs,w,m)
T* W) (rs,rs, 0, )

Sy S 2 S N
(w83 - awiawey

= : , ;o (34
W+ Wi
and the spectral DOC is
p(rsy,rsy, @, @)
\/tr (W) (rsi,rsy, 01, 0)W ) (rsy,rsy, o1, m))
= .(35)

\/S(rsl,a)l)S(rsz,a)z)

It should be noted that equation (35) describes the two-
frequency, two-point spectral DOC in the space—frequency do-
main. In practical terms, for the non-stationary fields, the field
correlations between different frequencies at one specified
space position rs; = rs, = rs may be of greater interest.[?”]
Therefore, in the paper we will use the term “spectral coher-
ence” to describe the correlation properties between the spec-
tral components rather than to depict the spatial coherence
studied in the space frequency domain.!?®! Under this circum-
stance, equation (30) is expressed as

Faﬁ(rsvrs7wl7ah)
AaApBapToFg ogwi0,p

exp[—Tgp (@1, 0)]

4 uz
< Ok + aﬁ)(sf+s§)

-QOaB

nz

X c
maﬁnaﬁ

4maﬁ 4”(1[3

X eXp [70',% (k% +k§) (1 fsz)} ,

(o, B =x,y), (36)

with
2 2
W %, W %ap

aaﬁ - ) 3 ) af — ) 3 P
kik3ob

lap = kiof + 7;(:; o

2 k3b?

1] 2

Map = Agp + TRst Nap = Map — m:: . @D

When equations (36) and (37) are substituted into
Eq. (35), the degree of spectral coherence u(rs,;,®,) of a
scattered partially polarized spatially and spectrally partially
coherent EGSMP beam can be obtained.

3. Numerical simulations and discussion

Now, we use Eqs. (7)-(12) and Egs. (33)—(35) to graph-
ically investigate the behaviors of the statistical properties of
the incident field and the far-zero scattered field. Several rel-
evant parameters are selected when a partially polarized spa-
tially and spectrally partially coherent EGSMP beam is inci-
dent on a deterministic medium. The calculation parameters
are shown in Table 1, unless otherwise specified. We em-
ploy the parameters as examples for the numerical simula-
tions. Other values could also be used depending on the sit-
uations. Moreover, all of the parameters satisfy the following

beam conditions 2

1 1 272

Ao
— + < (a=xy), 00 > =
4w 8y — A2 ( ¥):9r

T2’

5o Oy
R < i XX Yy 38
max { S, Gy } < Gy < mm{ |Biy| " |Buy| } 7 oY

. T T
max { Toxy, Toyy } < Ty < mm{ ‘BC”|, \;y| } .
Xy Xy

Table 1. Simulation parameters.

Parameter Simulation value Unit
Wavelength A 632.8 nm
Beam width wy 5 mm
Pulse duration T 5 fs
Spatial coherence width Baﬁ Ore = 1, 8yy = 0.50xx, 8¢y = Oyx = 1.50x« mm
Temporal coherence width of the pulse T;.qp Texx =5, Teyy = 0.5Tcxx, Texy = Toyy = 1.5T ¢ fs
Average amplitudes Ay Ay=15Ay=1 /
Correlation coefficient Byg By = Byy = 1, Byy = B}, = 0.3exp(in/3) /
Effective width of the medium og 1.0 nm
Observation azimuth ¢ 0 rad
Angular frequency @ Wy =3.0x10% 0=1.1wy, @ =1.05m, 0 =0.95y rad/s

Figure 2 depicts the contour graphs of the normalized spectral intensity S(rs, ®)/Smax (s, ®) of a scattered partially polar-

ized spatially and spectrally partially coherent EGSMP beam for different values of the effective width of the medium o as a

function of the scattering angle 6 and observation angle ¢, the pulse duration 7y and the temporal coherence length 7,.,,. It can
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be clearly seen that all the ok, ¢, and Tj affect the distribution of the normalized spectral intensity S(rs, ®)/Smax (78, @), whereas
T, hardly influences its distribution. With the increase of o, the profile of the normalized spectral intensity S(rs, @) /Smax (7S, ©)
quickly changes. For the case of the unaltered ¢ (see Figs. 2(b1)-2(b4)), |0| corresponding to the value of S(rs, ®)/Smax (rs, ®)
increases as Ty grows. In addition, o has a significant influence on the normalized spectral intensity of the far-zero scattered
field.
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Fig. 2. Contour graphs of normalized spectral intensity of scattered partially polarized spatially and spectrally partially coherent EGSMP beam for
different values of o as a function of 8 and [(al)—(a4)] ¢, [(b1)-(b4)] Tp, and [(c1)—(c4)] Tr-
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Fig. 3. Comparison between incident field and scattered field with respect to the normalized spectral intensity versus relative spectral shift (@ — wp) /@y
for different values of (a) 6, (b) ok, (c) To, and (d) Ty, With [(a) and (b)] Sp denoting incident normalized spectral intensity, [(c) and (d)] numbers 1
and 2 representing incident normalized spectral intensity, and 3 and 4 referring to scattered normalized spectral intensity.
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Figure 3 shows the normalized spectral intensity
S(rs,®)/Smax(rs, ®) of both the incident and the scattered
partially polarized spatially and spectrally partially coher-
ent EGSMP beam versus the relative spectral shift o/ mo=
(w— o)/ y for different values of the scattering angle 0 (see
Fig. 3(a)), the effective width of the medium o (see Fig.3(b)),
the pulse duration 7 (see Fig. 3(c)), and the temporal coher-
ence length T, (see Fig. 3(e)). Compared with the incident
spectral intensity, it is found that the normalized spectral inten-
sity shifts toward the smaller frequency, i.e., a red shift occurs.
The red shift increases as both 0 and oy increase, and the red
shift decreases as both Tj and T, increase. Moreover, the rel-
ative spectral width |(@ — ay) /@ | decreases with the increase
of Ty and T, which is defined as a corresponding relative
spectral shift distance as the spectral intensity drops to its e >
times.

Figure 4 shows the spectral DOPs of a scattered partially
polarized spatially and spectrally partially coherent EGSMP
beam versus the relative spectral shift dw/wy = (0 — ay) /@y

for different values of panels (al, bl) the scattering angle 6,
panels (bl, b2) the effective width of the medium og, pan-
els (cl, c2) the pulse duration Tp, panels (d1, d2) the tem-
poral coherence length T, and the coefficients B,g. For
panels (al)—(d1) B,, = By, =0, panels (a2)—(d2) B,, = B;x =
0.3 x exp(im/3). It can be seen from Fig. 4 that the coef-
ficients By affects only the value of the spectral DOP, and
they barely affect the distribution of the spectral DOP. For the
case of the ®/ @y = 0, the corresponding value of the spectral
DOP decreases as both 0 and T, increase except for 6 = /2,
and the corresponding value increases as Ty increases. In ad-
dition, the relative spectral width |(® — @y)/wy| decreases as
0, Ty, and Ty, all increase. It can be clearly seen that for
0 = m/2, the value of the spectral DOP is always kept at 1 for
different values of the coefficients B, g. At the same time, it is
found that the value of the spectral DOP remains invariant as
or varies. This implies that the behavior of the spectral DOP
of the scattered partially polarized partially coherent EGSMP

beam is independent of the value of op.
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Fig. 4. Behaviors of the spectral DOP of scattered partially polarized spatially and spectrally partially coherent EGSMP beam versus relative spectral
shift (0 — ax)/ @y for different values of (al, a2) 0, (bl, b2) o, (cl, c2) Ty, and (d1, d2) T, with [(al)~(d1)] By, = By, = 0, and [(a2)—~(d2)]
By = B}, = 0.3 x exp(im/3).

To learn more about the vector properties, the behaviors of the spectral DOPs of both the incident and scattered partially

polarized partially coherent EGSMP beam versus the scattering angle 6 for different values of the pulse duration 7p, the temporal
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coherence length T, and the coefficients B,g are shown in Fig. 5. It can clearly be seen that the coefficient By has an influence
only on the value of the spectral DOP, and it hardly affects the distribution of the spectral DOP. For the case of 8 = 0 or 7, the
value of the spectral DOP decreases as both the Ty and T, increase. As can be seen in Figs. 5(a2) and 5(b2), the minimum
value of the spectral DOP decreases as both Ty and T¢y, grow, and the maximum value of the spectral DOP stays constant as
both Ty and T, vary. Moreover, the T, exerts a more obvious effect on the spectral DOP. Comparing with the incident field,
the spectral DOP of the scattered field varies periodically with position, and it is always less than the initial value for a certain

distance. Otherwise, it is greater than the initial value. This implies that the state of polarization of scattered field can be changed

by adjusting its position.

1.0 (a1)

0/rad

B,y = 0.3exp(in/3)

1 1 1

B, = 0.3exp(in/3)

0—3 -2 -1 0 1 2 3

0/rad

Fig. 5. Behaviors of spectral DOP of both incident and scattered partially polarized spatially and spectrally partially coherent EGSMP beam versus
scattering angle 6 for different values of [(al),(a2)] Tp and [(b1), (b2)] T, with [(al), (b1)] Bxy = By, = 0, [(a2), (b2)] Byy = B;‘.X =0.3 xexp(in/3),
numbers 1-3 denoting incident spectral DOP, and numbers 46 representing scattered spectral DOP.

The polarization properties, i.e., the coherence properties
of the scattered light field at a single point in terms of both
space and frequency, are contained in the polarization matrix

J©)(rs, w). This matrix is defined as[?®!

TV (rs,0) = W (rs,rs, 0,0). (39

The spectral polarization matrix can be split into two

parts, i.e.,
J(S)(rs7 ) = J,ES)(rs, o)+ JII(,S)(rs7 o),

where the former represents a fully unpolarized field and the
latter refers to a completely polarized field. The spectral de-
gree of polarization P(rs,®), which is defined as the ratio of
the intensity of the polarized component to the total intensity,
at a point rs and frequency o, is then obtained from the fol-

lowing expressions /28]

detJ©) (rs, o)

P - s 9)
(rs,®) tr2 JO) (rs, o)

B 2trJ(S)2(rs, )

=2——1. 40
tr2 JO) (rs, o) “0)

Like the conventional form, as shown in Eq. (37), the first
equality shows a new expression for the spectral degree of po-
larization, while the second equality follows from the proper-
ties of the polarization matrix J ) (rs, ®).

Recalling the definition of the spectral degree of coher-
ence U(rsy,rsy, 01, ), as shown in Eq. (36), it is of interest
to find that

P(rs,0) =2u*(rs,rs,,o) — 1. 41)

This equation establishes a connection between P(rs, @)
and the equal-point value of the space—frequency domain spec-
tral degree of coherence, u(rs,rs,®,®). In other words,
equation (41) implies that there is an intrinsic relationship be-
tween the spectral degree of coherence and the spectral degree

of polarization of the scattered light field.
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Fig. 6. Contour graphs of modulus of degree of spectral coherence of scattered partially polarized spatially and spectrally partially coherent EGSMP
beam as a function of w; and w, for different values of 8, o, Ty, and T,y
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Finally, we study the spectral coherence of a scattered
partially polarized spatially and spectrally partially coherent
EGSMP beam. Figure 6 illustrates the countour graphs of the
modulus of the degree of spectral coherence | (rs, 01, ®,)| as
a function of @; and @, for different values of the scattering
angle 0, the effective width of the medium o, the pulse dura-
tion Ty, and the temporal coherence length Ti,,. To learn the
behaviors of the spectral coherence, we also calculate the re-
lations between modulus of the degree of spectral coherence
| (rs, o, ;)| and (0 — @) /() + @) at different values of

T0:3 fs

(a)

0.94

0.92

0.90

‘.u'(rsawl’ w2) ‘
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0.36
0.4~ 0.34
0.32
0.3 0.30
0.28

0.26

|M(TS,W1, "')2) I

4

1

0
p/rad o>y 0/rad

the scattering angle 0, the effective width of the medium o,
the pulse duration 7y and the temporal coherence length T,
as shown in Fig. 7. It is found that the 0 slightly affects the
structure of |i(rs, @, @,)|, whereas o influences barely the
distribution of | (rs, ®;, @,)| as shown in Figs. 6(al)-6(b3),
and 7(a) and 7(b). At the same time, it can be clearly seen in
Figs. 6(c1)-6(d3) and 7(c) and 7(d) that both Ty and Ty, sig-
nificantly affect the structure of |y (rs, @, ®;)|, and the for-
mer’s effect is greater. In addition, the relative spectral width
decreases with Ty rising and T, dropping.
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Fig. 8. The 3D moduli of degree of spectral coherence distribution and corresponding cross line (¢ = 0) of scattered partially polarized spatially and
spectrally partially coherent EGSMP beam for different values of 7y, with numbers 1-3 denoting incident modulus of degree of spectral coherence, and

numbers 4-6 referring to scattered modulus of degree of spectral coherence.
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Fig. 9. 3D moduli of degree of spectral coherence distribution and corresponding cross line (¢ = 0) of scattered partially polarized spatially and
spectrally partially coherent EGSMP beam for different values of 7., with numbers 1-3 denoting incident modulus of degree of spectral coherence,
and numbers 46 referring to scattered modulus of degree of spectral coherence.
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Figures 8 and 9 show the three-dimensional (3D) moduli
of the degree of spectral coherence distribution and the corre-
sponding cross line (¢ = 0) of a scattered partially polarized
spatially and spectrally partially coherent EGSMP beam for
different values of the pulse duration 7y and the temporal co-
herence length T.,. The behaviors of the degree of spectral
coherence of the incident field are also depicted in Figs. 8(d)
and 9(d). As shown in Fig. 8, the value of |u(rs, ;, ;)| in-
creases as Ty decreases. At the same time, it can be clearly
found from Fig. 9 that the value of |u(rs,®;,®;)| deceases
with T, rising. Furthermore, the spatial distribution remains
invariant as both Ty and T, vary. Comparing with the inci-
dent field, the value of the degree of spectral coherence of the
scattered field varies periodically with position, and the value
is always less than the initial value.

4. Conclusions

In this work, based on the weak scattering theory of the
first-order Born approximation, we explore the statistical prop-
erties of a scattered partially polarized spatially and spectrally
partially coherent EGSMP beam irradiating on a deterministic
medium. The effects of the scattering angle 6, source param-
eters (i.e., the pulse duration Tp and the temporal coherence
length T..), and the scatterer parameter (i.e., the effective
width of the medium o) on the spectral density, the spectral
shift, the spectral DOP and the degree of spectral coherence in
the far-zero scattered field are studied numerically and com-
paratively. It is clearly seen that the scatter parameter barely
affects the behaviors of both the spectral DOP and the degree
of spectral coherence of the scattered beam, while the spectral
intensity and the spectral shift rely not only on the source pa-
rameters, but also on the scatter parameter and the scattering
angle. Comparing with the incident field, the values of both
the spectral DOP and the degree of spectral coherence of the
scattered field vary periodically with position. In addition, it

is noteworthy that the effective width of the medium plays a
dominant role in the spectral intensity and the spectral shift
of the far-zero scattered field. Therefore, we can acquire the
effective information about the scattered medium by measur-
ing the spectral intensity and the spectral shift of a scattered
partially polarized spatially and spectrally partially coherent
EGSMP beam in the far-zero field.
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