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We design an electromechanical transducer harvesting system with one-to-one internal resonance that can emerge
a broader spectrum vibrations. The novel harvester is composed of a Duffing electrical circuit coupled to a mobile rod,
and the coupling between both components is realized via the electromagnetic force. Approximate analytical solutions of
the electromechanical system are carried out by introducing the multiple scales analysis, also the nonlinear modulation
equation for one-to-one internal resonance is obtained. The character of broadband harvesting performance are analyzed,
the two peaks and one jump phenomenon bending to the right for variation of control parameters are observed. It is shown
that an advanced bandwidth over a corresponding linear model that does not possess a modal energy interchange.
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1. Introduction

The issue of energy harvesting has received an ac-
To enrich the band-
researchers have developed

tive interest during the past decade.
width of energy harvester,

such as tuned linear reso-
3-10]

many significant methods,
nance frequency,!'! multimodal,!?! cubic nonlinearity,|
bistable,[11-15] [16] 17-19]

resonance, 20211 and internal resonance.[?%331 However, all

tristable, multistable, | stochastic
the internal resonance energy harvesting systems assume that
the second modal is approximately twice or thrice its first
mode, but no investigation focused on the one-to-one inter-
nal resonance. To enhance the family of energy harvesting,
this work develops a one-to-one internal resonance energy
harvesting to realize wideband vibration.

Electromechanical systems are involved in many en-
gineering devices, such as vibrating sieves,*¥ indus-

(351 31 and hydro-turbine

trial mixers, industrial shakers,!
systems.*”] Much research has been carried out to understand
the dynamical behaviors of such systems which lead to vari-
ous interesting phenomena such as frequency entrainment, 133
harmonic oscillations,[?! chaotic behavior,*? feedback
control !l and bursting oscillations.*?! One-to-one internal
resonance has been the subject of great deal of recent re-
search. Physical systems with a one-to-one frequency relation-
ship have been extensively reported. Some of these systems,

[43]

such as the buckled beams,'™”! composite laminated rectangu-
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lar plates**=!] and nanoresonators.’?) Nevertheless, one-to-
one internal resonance harvesting is not found.

In this work, we establish an innovative energy harvest-
ing via the one-to-one internal resonance. An electromechan-
ical transducer energy harvester with such a resonance is de-
signed. Then the equations of the electromechanical coupling
system is established. The motion response of the system is
computed and the study demonstrates that such an internal res-
onance owns an advanced frequency bandwidth.

2. Proof of concept

The model of an electromechanical transducer energy
harvester, as shown in Fig. 1, consists of a Duffing electri-
cal oscillator magnetically coupled to an attached linear me-
chanical oscillator via an electromechanical coupling mech-
anism. By introducing Kirchhoff’s voltage law for the circuit
part and Newton’s second law for the mechanical part, the mo-
tion equations of the electromechanical coupling system can
be written as

Lindlii+R16]+Ci+a3q3+lle=VOCOS(QT), (1
0

mi+cx+kx—IB1q+ BalLcoj =0, )
Lingol + Rol — By Leginx =0, 3

where the electrical charge is described by ¢(t), Cy is the lin-
ear coefficient of the capacitor, a3 is a non-linear coefficient,
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the resistor is represented by Rj , the inductor is defined by
Lina1,2, the magnetic intensity is presented via By », and [ is the
length of the interaction between magnetic intensity B; and
the mobile rods. The mass of mobile beam is m with a spring
k, the mechanical motion of the beam is employed by the vari-
able x(¢), the mechanical damping is fixed as ¢, the output cur-
rent harvested in the coupled system is given by 7, and the coil
length is denoted by L. Finally the amplitude and frequency
of the harmoniously external voltage source are depicted by Vj
and €2, respectively.

Note that the driving force described in Fig. 1 is a harmo-
niously voltage excitation, and the nonlinear capacitor is real-

1391 The nonlinear term is proposed

ized via the varactor diode.
by introducing a capacitor represented by Fig. 2, an amplifier
is utilized to increase the amplitude of the electric signal. The
coupled term /B x in the circuit equation (1) is the Lorenz elec-
tromechanical force, the coupled term /B¢ in the mechanical
equation (2) is the Laplace force, and the BIL.; term is the
electro-magnetic force which is produced by the coil through
the magnetic field. The device is feasible and available in elec-
tromechanical engineering. 3-#>] Moreover, the model shown

in Fig. 1 has also been verified by experiment in Refs. [40,41].

e(t) C

stone

magent B;

moving coil +«——rigid beam m
= spring k

?

Fig. 1. Schematic diagram of the electromechanical transducer vibra-
tory energy harvesters.

mounted
magnet Ha

The charge—voltage characteristics represented in Fig. 2

can be written as!*?!

q s q
Ve = =— +nV, h _ 4
¢ C ntvcosin ( 2Rci()C2)’ @)

where Vo denotes the room temperature, i represents the re-
verse saturation current, C1 > describe the capacitor.

Consider a small charge in the circuit, the nonlinear item
in Eq. (4) can be expanded as[*?!
-4

3
5
C0+a3f] ) ( )

Ve

1 nVco

1 _ 1 _ _ Vo
where G T T e and az =

3303
48R3 C

G2y
||

Fig. 2. Model of nonlinear capacitor. 4?!

The coupled differential Egs. (1)—(3) can be simplified to
the following dimensionless equations:

§1 4Gt +y1 + oyi + Aiya = feos(wr), (6)
V24 Gy2+Ny2 — Aoy + A3y3 =0, @)
Y3+ xy3—y2 =0, (®)
where
V= =1 ys= Lingz
Qo’ I ByLeoitl
t=10;, ® 2 »? !
= 1, =, = 9
(O]} ' CoLinar
k R
2 1 1 2
= 1 = ) o= Cl3COQ )
@2 m 5 @1 Ling; 0
lzBl VoCo
1 = b = 9
Qo1 Ling] Qo
__¢ _ B0
Qz—mw17 ﬂ—w], 2—mwl,
= B3Lin __ R .
mwlzLindZ ’ )] Lind2

3. The multiple-scale analysis

We introduce the small transformations of the damping,
the external excitation, the non-linearity and the coupling co-
efficients as follows:

i el, feref,

For the case of one-to-one internal resonance accompa-

oo, A el &)

nied by primary resonance, we put
w=14+¢€0y, n=1+¢€o0, (10)

where 0y and o) are detuning parameters.
Employing the method of multiple scales to Egs. (6)—(8),
we can approximate the system solution as

yi(t:€) =yi1 (To,Ti) + eyi2 (To, T1) + O (&),
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y2(t:€) = y21 (To, Th) + €y22 (To, T1) + O (82) )

y3(t:€) = y31 (To, T) + ey (To, T1) + O (%) . (11)
The time derivatives turn into
d_p +eD; + @ =D} +2eDyD; + (12)
dt =0 1 ) dt2 - 0 o1 )

where Dj(j=1,2) =9 /dT;.
Setting Egs. (9)—(12) into Egs. (6)—(8) and equating terms
of €% and &' under the generating equations yield

Diyi1 +yn =0,
Diya1 +1%y21 =0,
Doys1 + xy31 = Doy21, (13)
Diy12+y12 = —2DoD1y11 — G1Doy11 — 0y,

— MDoy21 + fcos @,
D{yza +n?y2 = —2DoD1y21 — ©Doya1 + 22Doy11 — Asysi,

Doyss> + Xy32 = Doy +D1y21 — D1ys1- (14)

The general response of linear Eq. (13) is indicated as

yi1 =A(T)exp(iTy) +c.c.,

y21 =Az(Ti)exp(inTp) +c.c.,
_ iT]Az(T])

iin exp(inTo) + B(T ) exp(—xTo) +c.c. (15)

Taking Eqgs. (10) and (15) into Eq. (14) and erasing the secular
terms, one has

DiA; = I11A; +T12A3A, + [i3Azexp[i (n — 1) Ty
+ fTiaexp[i(® — 1) To],

D1A2 = 51A2+1§2Alexp[i(l—n)T0], (16)
where
_ s _ 3o _ N _1
I = 2 I = 2 I3 = > Fl4_4i’
1 3 A
F = —— —|— - y F = —_—,
. Z(gz x+1n> 27

Employing the functions A, (7}) (n = 1,2) in the polar form

An(Ty) = San(T1) expli6a(T)].

17
5 a7
Taking Eq. (17) into Eq. (16), one explicitly has
1
Dya; = Re(Iy)a; + ZafRe(Flz)
+az [Re(Ii3)cos yi —Im(I3)sin 7]
+2f[Re(I14)cosyr —Im(I{4) sin ], (18)

Dia, = Re(I31)ar +aj [Re(Ix)cosy +Im(I)siny], (19)

a .
Din = 01+Im(1"21)—a—;[Re(F22)sm}/1

—Im(I3;)cosy] —Im(I3;)
1 a .
——atIm(I3p) — a% [Re(I3)siny; +Im(I33)cos 1]

Sy
T [Re(Ii4)siny +Im(Ii4)cos ], (20)
D1y, = op—Im(I;) — %Q%Im(ﬂz)
- Z—? [Re(I33)siny; +Im(I73) cos y1]
/ [Re(I34) sin s + Im(I34) cos ] , (2]

a
where

h=6—-0+o0T, =011 —06.

To proceed further we discuss the steady-state response,
and find

0 = Re(Ii1)ar + %a?Re(Hz)
+a; [Re(I73) cosyp —Im(I33)siny;]
+2f[Re(I74)cosys —Im(I4)sinpy],
0 = Re(I21)az +ai [Re(I22) cos i +Im(I22) siny],
0 = o1 +Im(I3;) — %[Re(rzz)smﬁ

(22)
(23)

—Im(I3;) cos ] —Im(I3y)

_ %a%lm(l"lz) - Z% [Re(I3)siny; +Im(Ii3) cos 1]
_ g [Re(I34)sinys + Im(I74) cos ], 24
0 = op—Im(I[7;) — %‘ﬁlm(rﬂ)
_ Z% [Re(I33)siny; +Im(I33)cos y]
2 [Re(Tia)sin s + Im(Iia) cos ). 25)

ai

Equations (22)—(25) determine the modulation relation-
ships between response and frequency. To calculate these so-
lutions, we numerically compute the generating nonlinear al-
gebraic equations by the Mathematica software. In the mean-
time, the output current response can be established as

n

V3i=————as.
Va+n?

To consider the stability of the responses, we write the distur-

(26)

bance equation as

(DlAal Di1Aay DAy DlAY2)T

— J(Aa) Aay Ay Ap)T, Q7

where superscript T defines transpose and J describes the Ja-
cobian matrix. The motion response is stable when all the
eigenvalues possess negative real parts, or the corresponding
motion is unstable.
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4. Influence of the design parameters

Since the most important attribution of energy harvest-
ing is the collected bandwidth, which can enhance the power
transduction efficiency of energy harvesters under broadband
external ambient environmental excitations, thereby collecting
power on a wide spectrum of external frequency is our most
pressing problem. In light of this challenge, the amplitude-
frequency curves of one-to-one internal resonance will be dis-
cussed in this section. To describe the influence of the design
parameters, we plot three sets of response curves in Figs. 3—
8 for six physical parameters. The geometric characteristics
of the energy harvester are denoted as m = 0.05 kg, Cp =
2200 uF, Qg = 0.1C, a3 = 43182 V/C3, ¢ = 0.1016 N-m/s,
Lindl =1.1 H, Bl =20 T, [=02 m, R] =1.118 .Q, R2 =
20.3279 Q, 32 =1 T, Lindz =1 H, Lcoil =2 m and Vo =10 V.
Consequently, one-to-one internal resonance occurs together
with @ =20.3279 s7! and @, = 20.3279 s~!. Moreover, the
internal detuning value o7 is zero. The motion response curves
will be plotted in the following figures, where solid lines de-
note stable vibrations and dotted lines employ the unstable mo-
tions.

Fig. 3. Frequency-resonance curves for different amplitudes of voltage
source.

Having observed the favorable effect of excitation lev-
els on the response of system, Fig. 3 shows the frequency
response curves of one-to-one internal resonance for three
different amplitudes of external voltage source (Vo = 10 V,
7.5 V and 5 V), in which the height and the bandwidth are
increased when the amplitudes of external voltage source is
extended. There are obviously two mountain peaks in the re-

sponse curves, also the motion curves have a multi-valued re-
gions. Subsequently, there is one peak bending to the right
indicating a hardening-type nonlinearity. This is because the
modal interactions under the one-to-one internal resonance
can result in an energy exchange between the first modal fre-
quency and the second mode. In the meantime, the two moun-
tain peaks and the jumping bring about broadband energy har-
vesting. In addition, the motion amplitude and the response
bandwidth increase with the voltage source. In energy harvest-
ing, the broadband feature of resonance frequency is desired.
Figure 4 depicts the frequency response curve of one-
to-one internal resonance with three different levels of cu-
bic nonlinear coefficients (a3 = 43182 V/C?, 32387 V/C? and
21591 V/C?). In Fig. 4, as nonlinearity is decreased, the re-
sponse amplitude of left peak is increased slightly, while the
response amplitude of right peak is increased obviously. In ad-
dition, the bandwidth is extended obviously. Consequently, in
the one-to-one internal resonance energy harvesting, decrease
in the cubic nonlinear terms becomes more significant. It is
worth noticing that the result is different from the classical

single degree of freedom Duffing energy harvester. 3101
0.5 T T T T
0.4f S :
o3t [\ [ ~
& .
0.2}
0.1+ — a3 =13182 V/C?
— a3 =32387 V/C?
o — ay=21591 V/C? .
10 20 30 40 50
(9}
0.75 T T T T
— a3 =43182 V/C?
— a3 =132387 V/C?
0.60F —a3=21591V/C3
0.45
~
0.30
0.15
0 1 1 1 1
10 20 30 40 50
9]

Fig. 4. Frequency-resonance curves for different cubic nonlinear coef-
ficients.

Figure 5 plots the frequency response curve of one-to-one
internal resonance with three different resistors (R; = 1.118 Q,
2.236 Q and 3.354 Q). The frequency response diagrams of
displacement and current show that the influence of one-to-one
internal resonance becomes more pronounced with reduced re-
sistors. In addition to the increase in the mountain peak motion
amplitude, the bandwidth of stable solutions also increases as
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the resistors is decreased. Therefore, light resistors are pre- Figure 7 plots the frequency response curve of one-to-
ferred for enhanced bandwidth of effective operation for the  one internal resonance with different magnetic strengths B
harvester with one-to-one internal resonance. (B =5T, 10 T and 20 T). The results indicate that the peak

and the bandwidth of displacement and current frequency re-

0.4 T T T T
sponse curves increase monotonically with increasing mag-

0.3 netic strengths Bj.

0.4 T T T T

8 0.2

0.3
0.1
8 0.2

0.6 . . ; ;
(b)
0.5F
0.4F
=~ 0.3F
0.2F
— R =1.118 Q
0.1 — R —2236 O
— R =3.351 Q
0 10 20 30 40 50
(%

Fig. 5. Frequency-resonance curves for different resistors Rj.

0.4 T T T T
0.3F
02l 0.4 T T T T
o1l 0.3
——¢=0.1016 N-m/s
—¢=0.2032 N-m/s
—¢=0.3048 N-m/s 8 0.2

0 10 20 30 40 50

0.1

0.5F
0
0.4
~ 0.3F T T T T
(b) N
0.2F 0.8F —B;=1T ]
—By=2T
0.1p ——¢=0.1016 N-m/s
—¢=0.2032 N-m/s
0 —¢=0.3048 N'm/s ) ™~
10 20 30 40 50
9
Fig. 6. Frequency-resonance curves for different damping coefficients.
Figure 6 shows the frequency response curve of one-to-
one internal resonance along with different damping values
(¢ =0.1016 N-m/s, 0.2032 N-m/s and 0.3048N-m/s). In Fig. 6, Fig. 8. Frequency-resonance curves for different magnetic strengths B,.
as the damping coefficient ¢ increases, the peak height and the Figure 8 depicts the frequency response curve of one-to-
bandwidth are decreased. one internal resonance with different magnetic strengths B,
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(B, =1T, 2T and 3 T). The results indicate that the peak
height and the bandwidth of displacement frequency response
curves increase with decreasing magnetic strengths B;. In ad-
dition, as the magnetic strengths B; is decreased, the band-
width of current frequency response curves is increased, while
the peak of current frequency response is decreased slightly.

5. Performance comparison of the internal reso-
nance and the linear configurations

Having observed the broadband electromechanical re-
sponse of the one-to-one internal resonance electromechani-
cal transducer coupling a linear oscillator energy harvester de-
scribed by Egs. (1)—(3), comparisons can be made against the
conventional linear configuration.

05 " —internal resonance re'sponses
——linear responses
0.4F
0.3f
8
0.2F /
0.1 4 7 \\
/ bandwidth \
0 1 1 1 1
10 20 30 40 50
2
0.7 j intérnal resonance reéponses
——linear responses

0.6 b
0.5F

~ 0.4r
0.3l bandwidth
0.2f /// : __
0.1} 7

L1 bandwidth
0 10 20

?

Fig. 9. Comparison of the internal resonance and the linear results.

The electromechanical equations of the linear RLC circuit
with a linear oscillator energy harvester are

Lmdlq+R1q’+Ci+lle:vocos(m), (28)
0

mx + cx+kx —IB14+ BaIlLcoiy =0, 29)
Lmdzj + Ryl — ByLeojjx = 0. 30)

For the same system parameters, initial conditions, and
the forcing amplitude of the one-to-one internal resonance har-
vester, one can calculate the frequency motion diagrams of the
linear configuration via Egs. (28)—(30). Figure 9 shows the
motion response diagrams of one-to-one internal resonance
and the linear configurations. In the meantime, we suppose
that a minimum steady-state current of 0.1 A should be kept

during the system operation, and the corresponding bandwidth
of frequency response is defined under the minimum current.
As can be seen from the steady-state motion responses appear-
ing in this figure, the bandwidth of the one-to-one internal res-
onance harvester can be much larger than that of the linear
configuration.

6. Numerical validation

To confirm the accuracy of approximately analytical
steady-state values, Egs. (6)—(8) are numerically calculated by
utilizing the fourth-order Runge—Kutta algorithm. Numerical
values from Egs. (6)—(8) are recorded in Fig. 10 as red solid
dots. Investigating Fig. 10, the steady-state responses from
the analysis and the simulation have the greater consistency.
In the meantime, the simulation values show the jumping phe-
nomena emerged in the primary resonance and one-to-one in-
ternal resonances of electromechanical transducer electromag-
netic harvester.

0.4 T T T T T
03F ). ) T
8 0.2F
0.1p
——analytical solutions
0 ,+ numerical solutions
10 20 30 40 50
(9}
0.6 T

—Ianalyticlal solutions (b)
: . numerical':.s“olutions

14

0.5

0.4

0.2

0.1

0 10 20

Fig. 10. Comparison of the analytical and the numerical results.

7. Conclusions

We have confirmed that developing multimodal nonlin-
ear energy harvester coupling with one-to-one internal reso-
nance can be employed to extend the steady-state bandwidth
of the harvester. As a simple proof, an electromechanical
transducer energy harvester along with a linear oscillator is ex-
ploited to address one-to-one internal resonance. Specifically,
the multiple-scale analysis is utilized to employ the motion re-
sponse, and compared the performance of the presented inter-

nal resonance model and the correspond linear location. The
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accuracy of approximately analytical values is checked via nu-
merical integration. The investigation acquires the following
observations.

(1) An electromechanical transducer shaped energy har-
vester constructed by a nonlinear RLC circuit is utilized to re-
alize one-to-one internal resonance.

(2) The motion responses are analytically observed to pre-
dict two peaks and one jump phenomenon, one peak bending
to the right implicating a hardening nonlinearity.

(3) The amplitude and the bandwidth of motion response
increase with the excitation amplitudes of voltage source and
magnetic strengths By, while decrease with increasing cubic
nonlinear coefficients a3, resistor Ry, damping coefficient c,
and magnetic strengths B;.

(4) The analytical forecast is supported by the numerical
results.

(5) The advancement of the presented internal resonance
technique is contrasted with its linear counterparts.
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