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Soliton molecules and dynamics of the smooth positon for the
Gerdjikov-Ivanov equation®
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Soliton molecules are firstly obtained by velocity resonance for the Gerdjikov—Ivanov equation, and n-order smooth
positon solutions for the Gerdjikov—Ivanov equation are generated by means of the general determinant expression of
n-soliton solution. The dynamics of the smooth positons of the Gerdjikov—Ivanov equation are discussed using the decom-
position of the modulus square, the trajectories and time-dependent “phase shifts” of positons after the collision can be
described approximately. Additionally, some novel hybrid solutions consisting solitons and positons are presented and their

rather complicated dynamics are revealed.
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1. Introduction

The derivative nonlinear Schrédinger (DNLS) equation
has been regarded as a model in a wide variety of fields
such as weakly nonlinear dispersive water waves,!! nonlinear
optics fibers,!?! quantum field theory®! and plasmas.® The
DNLS equations have three generic deformations, the DNLS
(also named as the Kaup—Newell equation),®! the DNLS
equation (also called the Chen—Lee—Liu equation)!® and the
DNLS equation, also known as the Gerdjikov—Ivanov (GI)
equation!”]

. . 1
1qt+qxxflqzq§+§q3(q*)2 =0, (1)

where i = —1, the asterisk represents the complex conjuga-
tion, the subscripts denote the partial derivatives, x and ¢ repre-
sent the space and time coordinates. The GI equation can also
be regarded as an extension of the NLS when certain higher-
order nonlinear effects are taken into account. The GI equation
appears in quanta field theory, nonlinear optics, weak non-
linear dispersive water wave,[8 and it is a model for Alfvén
waves propagating parallel to the ambient magnetic field, with
q being the transverse magnetic field perturbation and x and
t being space and time coordinates, respectively.[”) The Dar-
boux transformation and its determinant expression for the GI
equations have been provided in Refs. [10,11]. Breather so-
lution is obtained by nonzero seed solution. Rouge wave and
higher-order rouge solutions have been shown in Refs. [11,12].

Soliton molecules, constructed from a number of “atoms”
each being a fundamental soliton, have been become one of
the most challenging open frontiers of the field.!'3! Solitons
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can form bound states that are frequently referred to as soliton
molecules as they exhibit molecule-like dynamics. Investiga-
tion on soliton molecules provides an effective way to study
soliton interactions, and the formation and dissociation of soli-
ton molecules are closely linked to soliton collision, soliton
splashing and the trapping of solitons. Soliton molecules also
present the possibility of transferring optical data surpassing
the limitation of binary coding.['*! Recently, a conceptually
different soliton molecule, the intermittent-vibration soliton
molecule, is discovered and characterized. !> By means of an
emerging time-stretch technique, Herink et al.!'®! resolved the
evolution of femtosecond soliton molecules in the cavity of a
few-cycle mode-locked laser. Liul'’! have reported the first
observation of the entire buildup process of soliton molecules
in a mode-locked laser. Peng et al.!'® unveiled the build-up of
dissipative soliton in mode-locked fibre lasers and employed
autocorrelation analysis to investigate temporal evolution. In
Ref. [19], experimental investigations on the dynamics of soli-
ton molecules in the normal-dispersion regime were firstly
presented. In addition, the authors generated breathers in a
mode-locked laser.[?°! Furthermore, the velocity resonance is
a new possible mechanism to form soliton molecules in a fluid
model theoretically.[?1-24]

Positon solution can be regarded as a special soliton solu-
tion, which has a strong correlation potential of super trans-
parency in quantum physical field. Matveev first discov-
ered positon solution when considering the Korteweg-de Vries
(KdV) equation.!>! He showed a new family of solutions of
the KdV equation in elementary functions with the help of
the limiting procedure A; — A4; and called them “positons”.
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Dynamic properties of positons of the KdV equation was dis-
cussed in detail, the new features of positons of higher order
were shown, %% and extension of the analysis to positons for
other nonlinear evolution equations was indicated. In Ref. [27]
positons have been established as a singular limit of a two-
soliton expression, and extended to (2+1)-dimensional phe-
nomena. The dark soliton, bright soliton and positon solutions
to NLS equations with self-consistent sources and their prop-
erties were analyzed. > Moreover, Dubard et al.[*"! described
some basic properties of multi-positon and positon-soliton so-
lutions to the KdV equations and speculated about their possi-
ble links with freak waves.

In recent years, adopting different representations of a
general solution through zero background “seed” solution of
the corresponding equations to obtain solutions is an im-
portant method to obtain positons, which is different from
rouge waves.?%3?1 Also, smooth positons of other systems
were studied, such as the complex modified KdV equa-
tion, the derivative nonlinear Schrédinger equation, and the
Kundu-Eckhaus equation.*3-33] To our knowledge, the soli-
ton molecules, the dynamic of positon solution and hybrid so-
lution for Eq. (1) have not been studied.

The organization of the paper is as follows. In Section 2,
we present the velocity resonance method to generate soliton
molecules of the GI equation. In Section 3, we present the
determinant expression of n-order positon solution to the GI
equation by degeneration DT. As the application of the for-
mula, we give the explicit expression of two-positon solution
and plot the two-, three- and four-positon solutions. In Sec-
tion 4, the trajectory of positon solutions and and time-varying
“phase shift” of two- and three-positon solutions after colli-
sions are discussed in detail. In Section 5, hybrid solutions
consisting of solitons and positons are investigated. The con-
clusion is provided in Section 6.

2. Soliton molecules of the Gerdjikov—Ivanov
equation

Considering the spectral problem

¥ = (JAT+QiA+ Q)Y =UY, @
Y = (2L +BA VA VIA + V)W = VP,
with
(0 (=10
T—(W 9 J_ 0 i ?
_(O0gq _ —%iqr 0
Ql_(r 0)7 Q0_< 0 %lqr )
0 i
V3 =20, V2=Jgr, Vl:(—ir gx>’
X
Vo = <é(rqx —gry) + g ) )
0 —%(qu—qrx)—%iqzli ’

where g and r are two potentials, ¥ is the eigenfunction of
Eq. (2) corresponding to the complex spectral parameter A.
The zero curvature equation U; — Vi + [U,V] = 0 infers the
following system

ig +qu+ig*r+1¢°r* =0, 3
ir; — e+ irqu — %q2r3 =0.
This system admits the reduction » = —¢g* and reduces to the

GI equation (1). The determinant representation of the n-fold
DT for the GI equation has been given in Ref. [11]. We cite
the main theorem as follows.

Theorem 1 Let ((pi

i

(i=1,2,...,2n) be distinct so-

lutions related to A; of the spectral problem, then (q[”],r[”])
given by the following formulae are new solutions to the GI

equation:
Q Q
= g 2i2 ) =22t 4
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We start with the soliton solutions by Eq. (4) and assume
hereafter that eigenfunctions and eigenvalues are as follows:

_ ) F _ ¢2n _ _II/;,,])
Af2n )an]» 'PZn <W2n> (‘7’2*;11 . (6)

The eigenfunctions of the spectral problem (2) by setting seed
solution ¢ = 0 with eigenvalues A; = o¢; +1f3; are solved as

) (04 [exp(—iA2(222 +x))
W =¥(Aj) = (ij(,{j)) = ( expm}j(z/l}/tﬂ)) ) -0
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Whenn=1,let A = A, and P} = <¢1

),%:<"ﬁ),the
1

Y1
explicit formula of one-soliton solution is
16e 2" 0 B
q i (®)

7 oy cosh(doy BiH) — i sinh(4a; B H)
with h = a?x+ 20t — 1202 B2 t — Bix+ 2B t, H =4 tof —

4 tﬁlz + x. The trajectory of wave crest is

x= —4t(0612 — ﬁlz) )

The key to generating soliton molecules is to start with
eigenfunctions with a “phase shift” by choosing zero “seed
solution” g = 0, the general form of eigenfunctions is as fol-
lows:

wowa - (343)

—30 2.2
—40 1.8
—50 1.4
+
1.0
—60
0.6
—70
0.2
—80 —92
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Fig. 1. (a) Soliton molecule consisting of two solitons with parameter selections A; =
consisting of three solitons with parameter selections A; = % + @, A3=1+

four solitons with parameter selections A; = % + @, =1+ @, As = % +

3. Smooth positons of the Gerdjikov—Ivanov
equation

When A; = A3 and letting n = 2 in Eq. (4), the denomina-
tor of the fraction is zero. Then the DT cannot carry on with
the same eigenvalue. In order to overcome this deficiency, de-
generate DT for the GI equation can be obtained by setting
Abjit=M+e(j=2,3,...,n), the expression of g™ will not
be zero. In this section, smooth positons are obtained using
degenerate DT and higher-order Taylor expansion from a zero
seed solution to the GI equation. Substituting Eq. (7), ¢ =0,
and Ayj_1 =A1 +€ (j=2,3,...,n) into Eq. (12), using Taylor
expansion to €, we can obtain the smooth positon solutions to
the GI equation. The determinant expression of the n-positive
definite solution to the GI equation can be obtained from the
following proposition.

Proposition Based on the degenerate limit Ay;—1 — A4,
n-order soliton solution from zero seed solution ¢ = 0 pro-

duces n-order positon solution g, of the GI equation

12)

30
T

_ eXP(—il,-z(2ljzt+x)_§)
; < exp(iljz(2lj.2t+x)+g) >7 (10)

where & is a real constant and A; = o +if;.
Then we can reach the following velocity resonance con-
dition. In order to obtain a molecule consisting of n solitons,

we can constrain the parameters in Eq. (4) as follows:

Olzzjfl 7[3221‘71 =vo, MAMFE - # N1,
i=12,...,n, (a1

where vy is a real constant. Here we choose vo = 1/4, and soli-

ton molecules consisting different solitons are shown in Fig. 1.

15
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24 @, =2+ @, & = 40. (b) Soliton molecule
@, As=3+ Q, & =40. (c) Soliton molecule consisting of
VS gy =44 Yo,
where
ani—l
/!
Ny =\ 5| (Qu)ij(hi+¢) ,
oehi 1
e=0 2nx2n
an;—l
!
Wy, =\ 55— (Qu2)ij(hi+e) ,
deni 1
e=0 2nx2n
and n; = [1], [i] is the floor function of i.
The reduction conditions are A,; = 2192 = —V5, 1

v2; =05, (1,2,3,...,n) in the above proposition.

Based on proposition 1, we can reach the exact formula of
positon solutions conveniently, because the complex process
of limits A>j_; — A, is avoided, we can construct higher-order
positon solution easily. Higher-order positon solutions’ ex-
pression is too tedious, we only present the explicit expression
of the two-positon solution by setting n = 2 in proposition 1.
The explicit formula of the two-positon solution is

Alelzalﬁ]H72ih +Aze4a|B1H72ih
BjeSuBiH 4 B,

— 1601 By (48i0 Bt + 321 Bt — 1610, BOr

—1600 Bt + 3204 Bt 4+ 480 Bt + 4ii Bix

+4ioy Bix —daf Bix— 4ol Bix— i + o),

q2—p

)

Ay
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Ay = —160, By (48i0) B2t + 3210 Bt — 1610 BPr
+1600 Byt — 3204 Bt — 480 Bt + 4iai Bix
+diou Bix+ 4o B+ daf Bix+ 1B+ of),

B) = —10240/°B3r* — 40960 B> — 512068 Bitx
— 614408 B01* — 51200 B ix + 12810 BP1
— 640l Bix® — 40960 Bi1? + 5120 BOrx
+32i0 Bix — 128a Bix® — 32ia? Bix
— 102402 8% + 5120 B 1x + 128i o BPs
—64a?Bix® — 76810 it — 20 —28*,

B, = (ZieléaﬁH(Xﬁ _ ol6aBH ;2 +elea/3HB2
—2ia B — o+ B2 (a*+p?),

h = ofx+2aft — 1208 Bit — Bix+ 2B},
H = 4ro? — 42 +x. (13)

We provide the three-dimensional plot and density plot
for two-positon, three-positon and four-positon cases, see
Figs. 2(a), 2(b), 3(a), 3(b), and 4.

4. Dynamics of the positons of the Gerdjikov-
Ivanov equation

In order to find out positon’s trajectories clearly, their dy-
namics properties must be analyzed. Obviously, neither g>_,
is a traveling wave with a constant profile, nor the trajectory
of two positions is a straight line, but a slowly changing curve.

(a) ~60
—40

—20

2! =0
= 04 20

40

60
—30

The most well-known idea that soliton is two-soliton can be
viewed as the decomposition of two solitons when ¢ — oo.
The two-soliton will become to two-positon after performing
a limit method, which should be decomposed asymptotically
into two solitons.

Proposition 2 When || — oo, two-positon solution of the
GI equation has the decomposition

In(40960 B412) |
2 1P1
_ = J(H+——
‘qz [7‘ CIl .S( + Salﬁl )
In(40960! %) |
+lq1-—s(H—-———7—)|, (14
1ol 8o Bi )
. . . In(40960 Btr?)
two approximate trajectory equations are H £ —Swp =

0, where H = 4 ta — 4 tB2 +x.
Proof 1 We assume that the |g>—,|> has the following
decomposition:

lg2—p|* 2 |qi—s(H+c1)* +|q1—s(H — c1)[%, t — o0, (15)
with

(0) = 16e 21"y By
N ey cosh (4t Bi0) — iy sinh (4011 B10)

(16)

where 6 = H £ ¢y.

Eq. (15), and considering the approximation in the neighbor-

dp4.2
hood of H = 0 for Eq. (15), we can obtain c; ~ In(30960: Byr”)

Substituting ¢g>—, and Eq. (16) into

8a By
()
31 —t=—-100
—-t=0
N e t =100

<~ 2

—~10 10 30 —40 —-20 0 20 40
X xT

Fig. 2. The evolution of a two-positon |2, | with o = 1/3, B; =2/5 of the GI equation: (a) 3D plot, (b) density plot, where two red curves are

454,2
approximate trajectories defined by H + %

solution |g_p| att = —100, 1 =0, t = 100.

(a)

N W R OO N

—-30

=0, which compared with density plot are shown consistence; (c) 2D plot of two-positon

8
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Fig. 3. The evolution of a three-positon |g3_,| with oy = 1/3, B = 2/5 of the GI equation: (a) 3D plot, (b) density plot, where two red curves

In(41943040f Bi1*)

are approximate trajectories defined by H & S B

and the middle white curve is trajectory without phase shift, which compared with

density plot are shown consistence; (c) 2D plot of three-positon solution |g3_,| at t = —20,7 =0, r = 20.
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Proposition 3 When |¢| — oo, the three-positon solution
of the GI equation has the decomposition

In(419430408B31*)\ |

2 1P1 2

_ ~ |\ H _s(H

R R G Flan ()

In(419430408 BSr*) \ |°
+ms<— ( ﬁlv7 (7
8o B
three approximate trajectory equations are defined by H +
8384
W =0and H =0, where H = 4t — 4132 + x.

Proof 2 As we can see in Fig. 3(a), the undetermined
form of g3_, can be written as

lg3—p* = |qi—s(H+c2)* +|q1-s(H)|?
+|q1-s(H —2) %, (18)

when || — oo; ¢y is “phase shift” to be determined, and
q1—s(H £ ¢7) are obtained by changing ¢; in Eq. (16). Substi-
tuting g1 _s(H 4+ ¢2), q1—s(H), q1—s(H — ¢3) into Eq. (18) and
considering the approximation in the neighborhood of H = 0,
we can obtain ¢y ~ %.

When n = 4 in Eq. (112)1, the four-positon solution g4
of the GI equation can be obtained via the similar method.
We omit the formula of the four-positon solution because of
the rather complexity form. The three-dimensional plot and
density plot have shown in Fig. 4, and higher-order positon
solutions can be constructed by the similar way.

—-30
—20
—10
* 0

10

= N W ks Ot O

20

= N Wk OO~

30
-30 —10 10 30
T

Fig. 4. The evolution of a four-positon |g4_p| with oy =1/2, B; =1/2
of the GI equation on (x,)-plane: (a) the 3D plot, (b) the density plot.

5. Hybrid solutions of solitons and positons

In this section, we discuss the hybrid solutions of the soli-
ton solutions and the positons solutions of the GI equation.

Proposition 4 A hybrid solution of m-order smooth posi-
ton and [/ solitons has the following form based on semi-

degenerate DT,
. Né
Gm—1 = 21—, (19)
Wy,
where

, ah(z‘)
o= (aghu

(11)ij (M +8)> ;
0

£= 2nx2n

, PLO
Wy, = (aeh(i)

mmmeﬁ ,

=0 2nx2n

ﬂ] i<2m

h(i) = [ 2 b - 20

(@) {0, i>2m, 20)
wheren=m+1, A = A3 =--- = Ay 1, [i] denotes the floor
function, Az41, - .., Ao/ 1 mutual inequality.

The n-positon solution can be obtained by performing
higher-order expansion with A; — A4, in the n-soliton solu-
tion. The two-positon solution is the degenerated case of the
two-soliton solution. Inspired by employing the Hirota bilin-
ear method to construct interaction solutions, we consider the
degeneration on partial eigenvalues. In proposition 4, if [ = 0,
the hybrid solutions will be converted to higher-order smooth
positons. Let m =2 and / = 1, we can get hybrid of one-
soliton and two-positon, see Fig. 5. Asm =3 and [ = 1, the
hybrid of one-soliton and three-positon can be generated, see
Fig. 6. Asm =2 and [ = 2, the hybrid of two-soliton and two-
positon can be generated, see Fig. 7. We can roughly observe
that there is no change except the phase shift before and after
the collision between solitons and higher-order smooth posi-
tons. Some interaction phenomena have similar properties. 36!
Upon collision, large pulses are formed, this is very similar to
soliton collision in a fibre laser. In Ref. [37], authors demon-
strated a conceptually different type of soliton explosions in-
duced by soliton collision. In first experimental demonstra-
tion of a new mechanism for rogue wave generation, the non-
linear interactions and collisions of ultrashort optical pulses

in a strongly dissipative regime lead to extreme peak-optical-
[38]

intensity events.

~30
35 o, 3.5
3.0 3.0
o5 10 2.5
2.0 = 0 12.0
1.5 1.5
1.0 1.0
0.5 0.5

30

-30 -—10 10 30
T

Fig. 5. The evolution of hybrid solution consisting of a soliton and two-
positon with oy =2/5, B1 =1/5, as = 1/5, B3 =2/5 of the GI equation
on (x,7)-plane: (a) the 3D plot, (b) the density plot.

—30
5 5
—20
74 —10 74
3 o 0 13
2 10 2
1 20 1
305

-30 —10 10 30

Fig. 6. The evolution of hybrid solution consisting of a soliton and
three-positon with oy =2/5, 1 = 1/5, as = 1/5, B3 =2/5 of the GI
equation on (x,)-plane: (a) the 3D plot, (b) the density plot.
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—30
5 —20 5
4 —10 4

Hs « 3
2 10 2
1 20 1

30730

—10 10 30

x

Fig. 7. The evolution of hybrid solution consisting of two solitons and
two-positon with ay =1/2, B1 =1/2, s =1/2, 3 =1/3, as = 1/5,
Bs =2/5 of the GI equation on (x,7)-plane: (a) the 3D plot, (b) the
density plot.

6. Conclusion

In this paper, we have presented the velocity resonance
method to generate soliton molecules of the GI equation, see
Fig. 1. The determinant representation of the n-positon solu-
tion to the GI equation is presented based on degenerate DT
in proposition 1. Two-positon, three-positon and four-positon
solutions are given as an example, and the trajectory of posi-
tons is a slowly changing curve, see Figs. 2(a), 3(a), and 4.
The decomposition of the positons for the GI equation, the
time-dependent “phase shift” and approximate trajectories are
obtained in propositions 2 and 3, see Figs. 2(b) and 3(b). We
also discuss the hybrid solutions of the solutions and positons
in proposition 4. The interaction of positons and solitons can
be seen from Figs. 5-7, and the complicated dynamics are re-
vealed.

The interaction phenomenon of soliton molecules can
be approached from many equations, such as modified
nonlinear Schrodinger equation (MNSE),?°! complex mod-
ified Korteweg-de Vries equation,*’! B-type Kadomtsev—
Petviashvili equation.'*!! Liu et al. used numerical simula-
tions to reveal the soliton formation through beating dynamics
on the MNSE. How to investigate beating behavior by the GI
equation, this is a meaningful question. In Ref. [42], the soli-
ton (kink) molecules, half periodic kink molecules and breath-
ing soliton molecules of the Sharma-Tasso—Olver—Burgers
equation were derived, and the fission and fusion phenom-
ena have been analyzed among kink molecules and half pe-
riodic kink molecules by multiple solitary wave solution. Re-
cently, Liu and Pang!*}! unveiled that the multiple harmonic
mode-locking pulses originate from a single-pulse splitting
phenomenon and breathing behavior occurs in an early stage

of the harmonic mode-locking buildup process. We cannot
reach such results theoretically by DT at present, the corre-
sponding work of this problem will be studied in future.
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