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Damping of displaced chaotic light field in
amplitude dissipation channel”
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We explore how a displaced chaotic light (DCL) behaves in an amplitude dissipation channel, and what is its time
evolution formula of photon number distribution. With the use of the method of integration within ordered product product
of operator (IWOP) and the new binomial theorem involving two-variable Hermite polynomials we obtain the evolution

law of DCL in the channel.
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1. Introduction

In nature the sun light is a kind of photon chaotic fields
from the point of view of quantum optics. It is an important
subject of quantum optics to discover new quantum states of
light field and study its non-classical properties.!'~#! Since the
light field is a multi-degree-of-freedom system, it is usually
described by density operator.>-8! The density operator de-
scribing a chaotic field is

pe=(1-¢)elee, )

where f is the chaotic parameter, a' and a represent pho-
ton annihilator and creator, respectively, [a,aT] = 1. Using
Y o|n) (n] = 1, the completeness relation of number state |n),
the ensemble average of a’a can be calculated by

w(pua'a) = (1= /) 2210 [ T o) o

a [}
_ _ N2 fn
=(1—-e )afngbe
0 1
= (e /=1, @)

which is just the Planck photon distribution formula
1/(eP —1), when taking f = —wh/kT, B = 1/kT, k is
Boltzmann constant, T denotes temperature.

Now we generalize p, to

Pa = CelaT efaTa el*a, 3)

which describes a displaced chaotic light (DCL), here A is a
displacement parameter, C is the normalization constant to be
determined shortly later by trpg = 1.
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The motivation of doing this lies in that a displaced vac-
uum state e*’ |0) (0 %@ is a coherent state, then what is a
displaced chaotic light and how it behaves so far as the photon
statistics concerned? Generally speaking, a harmonic oscilla-
tor system with external source will produce DCL, the corre-
sponding Hamiltonian is H = fa'a + ca’ + 6*a. So due to
the effect of external sources, when the initial state of quan-
tum system is vacuum state, the final state will be transformed
into coherent state, then if the initial state is chaotic light field,
the final state will be transformed into a displaced chaotic light
field. In this paper we explore how a displaced chaotic light
behaves in an amplitude dissipation channel, and how its pho-
ton number decreases; in another word, we shall deduce a pho-
ton distribution formula (with time evolution) for DCL. With
the use of the method of integration (summation) within or-

9121 3nd the new binomial theorem

[13-15]

dered product of operator

involving two-variable Hermite polynomials, we obtain

the evolution law of DCL in the channel.

2. The normalization of py

Using the coherent state representation!!6-18!

d2
| Sl el =1, @

T

where
1
@) =exp |3 e +oa' |0, ala)=ala).  ©)
‘We can evaluate

d2a
I = Trpg=Tr [/ﬂa><a|pd}

*Project supported by the National Natural Science Foundation of China (Grant No. 11775208) and Key Projects of Huainan Normal University (Grant

No. 2019XJZD04).
Corresponding author. E-mail: fhym @ustc.edu.cn
© 2020 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100302-1


http://dx.doi.org/10.1088/1674-1056/ab99b2
fhym@ustc.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 29, No. 10 (2020) 100302

d’a .
= C/Tr (a] etd' gfalagh “\or)

"d’a Ao +2A%a f i
:C/Te (af zexp[(e/ —1)a'a] : o)

d2 * * ~
= C/%em A% exp {— (1—¢/) |a|2}

__¢ A
= l_efexpl]_ef : (©)

so the normalization constant is

f - AP
C:(l—e)exp T—ef | @)
Thus the normalized pq is
—|A g at fata A*a
pa=(1— e/)exp l1—|ef] gha' gfdlaghia, (8)

Obviously, by noting the normally ordered form!!*2!l of
fata
e

efd'a — :exp [(ef— l)aTa] 3 )
we see that when T — 0,
f=—0h/kT — —oo, efd’a . emdla; = |0) (0],

when it is replaced by the pure vacuum state, then pg —
exp [~ |A[°] e*a"|0) (0] e*"® stands for a pure coherent state.
Hence py4 can be treated as an intermediate quantum state be-
tween the chaotic state (A = 0) and the coherent state. In an-
other word, a displaced chaotic light can be produced when
a coherent light undergoes a diffusion process. The photon
number in DCL is

Tr (pda'ra) =Tr (pdaa'}') -1
2
=Tr {pda/dna |or) <a|aﬂ -1

= (1—e')exp (;"L'j)

d’a b
X/T\a|2<a| e’ efalaghia)gy

—[A? [ d2a Y
(1ef)exp<l_ef /T|a|267ux+7ta

X exp [(ef— 1) |o¢|2} -1

1 “L|2
e f—1 (l_ef)z’ 10

we see photon number in DCL is more than that in Eq. (2) by
an amount |A|*/ (1—ef )2. In the following, we study how a
DCL dissipates in an amplitude damping channel.

3. Damping of DCL in an amplitude dissipation
channel

The master equation describing an amplitude dissipation

channel is

d

dilt) :k(ZapaT—aTap—paTa) , (11)
where k is the damping rate. By using the entangled state
representation, ?>~2#! one can directly derive the infinitive-sum
solution to Eq. (11), i.e.,

=Tt T
t) = 2 ektalagn Tnefkma
p(t) n;) py a poa

= Y M.poM;, (12)
n=0

where T/ =1 — ¢~ 2K

/T/n
Mn = F e—kta*aan’ (13)

M, satisfies ¥ M,M; = 1, in fact using

n=0
etdage—ha'a _ oA (14)
and the summation method within normal ordering : : we re-
ally have
oo N oo T/n + okt "
ZMnMn :Zﬁane atagn
n=0 n=0
_ i Lmeant gt 672k1a’l'a
n!
n=0
_ eTeZktaTa . e—2kta%a
_ e(ezk’fl)aTa . ef2kta7ka
= 1. (15)
Thus
Tep (1) =Tr Y M,poM, = Trpy. (16)
n=0
Substituting Eq. (8) as pg into Eq. (12) yields
Pd (t) = Z andM;
n=0
=C S Lm efktaTuanelf efaTuel*uaTnefkaa 17)
‘ )
= n!

at this point we are facing the summation over #, but it is hard,
since these operators are not commutable. We must put them
in a definite order before we can perform the summation. Not-
ing

anelaT _ e?LaT (a_’_x)rz _ ela*Z (’;))‘n—lal7 (18)

=0
WE€ s€c

T + *
anela efa aek aaTn
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_Adt n n n—1 1 fa*a Ttk xn—k _A*a
— e ;);)(l)(k)A o efagtk gk era (1)

Then using the anti-normally ordered form (232!
efd'a— e=f L exp [(1 — e_f) aaT] (20)

and the coherent state’s completeness relation as well as the
method of integration within ordered product IWOP) of oper-
ators we can convert @' e/ %™ into its normally ordered form

¥
al efa uaTk

=e/d fexp[(l—e*f)aaT] gtk

:e_f/lezk

2
(+k)/2 [ d°z ePaef ot el Pt aat
ef) // le*k:e|z\+e a'+el/*a—a'a .
T
(I+k)/

1 e f \z\ |Z> <Z‘Z*k
e—e’f\z|2+za++z*a—a7a .
( i)H—k . e(ef—l)afa
l!k! " 2\ k—m
(=1 (ief/zak)

szz’om!(l—m)!(k—m)!
_ (7i)l+k (ef) (I4+k)/2 : e(ef*l)cfa

ef)

(ief/za)lim :
|

n n _ 71 _
§ E A" lalefa aa’rkl*n k
[=0k=0 ( ! ) ( )

x Hy (iaTef/z,iaef/z) : 21

where Hy ; is a two-variable Hermite polynomial, introduced
via
an+in
g P (tx+ 7Ty —17) |i=c=0
a™ "

tx

= We ﬁexp [T(y—1)]lr=r=0

Hm,n (x,y) =

m

J n
= om [e*(y=1)"] li=o
m 9! " gm—!
B Z’ < ! )M(y_t) arm=1

1
_ b -1 n—I
- Tm—Dim—n* @

etX |[:0

or we can say that the two-variable Hermite polynomial is in-
troduced through its generating function formula

Mt
Z - ——H,, , (x,y) =exp(tx+ Ty —17). (23)

Substituting Eq. (21) into the double-summation term in
Eq. (19) we are facing

(’;) (Z)}Lnl (_i)lJrk (ef>(l+k)/2 . e(efil)aTaHk_rl (ia’r ef/2’ iaef/z) . }L*nfk

ief/2

Now we can perform the above summation within normal
ordering, since all the operators within : : can be permutable.
Before performing the summation we must set up a new gen-
eralized binomial theorem regarding to two-variable Hermite

polynomials.

4. The generalized binomial theorem

We now prove the generalized binomial theorem?7-28]
1k
[ k
Yy <r> (q) Hpg (x,y) f78*
r=0¢g=0
= ft'Hylx+—,y+-|. 25)
VAR 4
To prove it we need an operator identity

a'ld" = H,, (a,aT) s (26)

ERO () (5

k
) Hy (ia* /2, iaef/z) . (24)

\
In fact, using the Baker—Hausdorff formula?*-3! and Eq. (23)

we have

eta+ el'a — ol etaTe—tt’ _ et’a+ta’f—n’ .
()" (). :
=X ) T (@a’) i, @D
r=04¢=0 o

comparing with the power series expansion

Y ¥ e (28)

VV
ququ

ta‘ tu_

we can see equation (26) really holds.

Hrg (a,a”) :

(this is named the operator Hermite polynomial method, OHP

Then we replace H,., (x,y) in Eq. (25) by :

method) 331 and using Eq. (26) to perform the summation

£ (1)(2) it
= Zl:Z (i) (;‘) ca'la’ frg

100302-3



Chin. Phys. B Vol. 29, No. 10 (2020) 100302

_ (ga* + 1)k (fa+ 1)’ 3 (29) Combining Eq. (31) and Eq. (29) leads to
where the ordinary binomial theorem is used. Then we make
. . . _ l
up the fol¥0w1.ng p.ower series summatl.on and convert the nor Z Z H, ( s ) g8
mal ordering into its anti-normal ordering, we can have =040 i
w k. (pot k L. 1 1
Z st .(ga Jrl) (fa+1) : :fltkEHl,k <a+7a*+> (32)
= 11k! f 8
— of(ga’+1) gs(fat1)
sFat1/f) etg(a++1 /) — Since both sides of Eq. (32) are in anti-normal ordering, we

restore to
= edflatt/Nttg(a+1/g) o —sfrg :

oo k 1
g A S K R L1 (1) (§)patense

1k
where equation (23) is again used in the final step. From this _ fltkHl L ( x+ l v+ 1) _ (33)
equation we deduce ’ f

:(ga"'+1) (fa+1) == fli*: Hlk(a+} a +;) L. 3D

Thus the theorem is thus proved.

5. Evolution law of DCL and photon number

The summation in Eq. (24) can be proceeded as

Z Z ( ) (Z)knlal effaaTk/l*nfk
=0k=0

= Z Z <’;> <Z>/’Ln—l(i)l+k(ef)(l+k)/2 : e(e.ffl)aTaHkJ (ia?ef/2’iaef/2> Sk
[=0k=0

“iel2\ [ —ief2\" . .
—apae g £ (1) (1) (5] (TR0 (o).
0k=0

= (—ef)n cele/-1)d! “Hy» (iaTef/z—i—i),*e_f/zJaefﬂ+ie_f/zl) . (34)

Then using the relation between H,, , with the Laguerre polynomial L,

"
Ln (XY) = %Hn,n (x,y) 5 (35)

Wwe see
a" e)LaT efalfael*aai'n _ e)LaT Z Z n n An—lal efaTaaTkA*n—kel*a
l k
1=0k=0
— rd' (—ef)” : e(ef_l)“T“Hm,, (ia%ef/z—&— i}»*e*f/z,iaef/2 + ile*f/z) et

e’ (—ef)" s el Naapy 1y, {— (a*ef/%?ﬁe*f/z) (aef/2+xe*f/2)} eMa(36)

Let By noticing the generating function of the Laguerre
S . . polynomial 34
W = Z Fane7mT efa*a e)L aaTn’ (37)
n=0 """
- X n
then (1—2) " exp LJ = ZLH (x)2 (39
1=0

Al i i
—(1-¢f | —kta'ayy o —Kta'a 38
pa()=(1-e’)exp [1 - f] ¢ (38) and using Eq. (36) we obtain
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> T/n 2 T T A% +
W:Z—'a"e“ef““e g™
= n!
ad Iy (e -1)dta n tefl2 4 1% et/2 12 -f/2 A
=e ZF(—e) te n!(—1) Ln[—(ae +A%e )(ae +Ae )}:e
n=0 """
_ ekaw‘ Z (T,ef)n : e(cf‘*l)aTaLn |:_ (aj-ef/2_|_le*f/2) (aef/2+)t*e*f/2>:| . ohta
n=0
Taf/2 1 )% a—f/2 2 —f/2
_ 1 e)LaT . e(effl)zﬁaex ~T'e/ (a ef/ +A%e 7 )(aef/ +Ae 7 ) . e?L*a (40)
C1-T'e/f ' P T'ef—1 ' ’
\
then noticing ¥ e/
xexp|a'a|ln——— —2kt
. ; 1-T'ef
e—kta a __ aTe—kta ae—kt (41) N
X exp [(? f> ek’]
and remembering 77 = 1 — e ~2¥, we see 1-T'e
1—ef T -1
ol T _ ‘ffexp[ T 7L|2]
pa(t) = (1—el)exp T of e M ay e 1-Te (e/=1)(T"e/ —1)
—¢ [ Aa' —kt
1—ef T -1 " P\ T e )€
= ex - -
1—77el P (ef =1)(T"ef —1) f el (1-T)]
X In———
 exp [( Ad' )eﬂ i TV
1-T'ef [/ A* 1
X exp 7? e M|, (42)
f . — f
xe @ oxp |5 1) 4fal| ;e Ha'a L\ =Tle
e ATy '
A*a u We conclude that the final state is still a displaced chaotic state,
X [exp (1 _Tref ) ¢ } but the displacing amount and the chaotic parameter are both
1—ef T -1 5 changed, remarkably, the displacing amount is affected by the
= T 7o P o = Taf _ 2] chaotic parameter, A becomes to Ae % /1 —T’'e/. Clearly,
1-T'e (ef =1)(T'e/ 1) p y
i when t = 0, T' = 0, equation (42) reduces to Eq. (8). To fur-
A’a kt q q
X exp [( 1—T'ef ) ¢ ] ther confirm this result we calculate

1—ef T'—1 )] [d%z Aa'
o) - ] [ g [ (22w
rpa(r) 1—T/efeXp[(ef—1)(T/ef—1)| @ e <Z|eXpK1—T/ef>e
-1 A*
X eXp [aTaln el(T‘/ef):| exp |:(1Tfef> e_kt:| |Z>
1—ef T'—1 2] [d%z e (1-T)\ o Aze ™™ Arze M
- A /7 (o U=)
1T’efe)(p{(ef1)(T’ef1)| I} T exp[ ( 1-T"ef >|Z e T

e—2kt T/—l
= ol [ =iyt mevaen) )
=1. 43)

Now using the coherent state’s completeness relation we can evaluate

d? .
tr [p (t)a/—zlz> <Z|a'}
T
1—ef [ T —1 )] [d%z, Aa* ut
EEchdlcEnGEEn ./7|Z| <Z|6Xp[(1T'ef)e ]

-1 A
i1 8 a —k
X eXp |:a alnl_w] CXp |:<1—T‘/ef>e t:l |Z>
1—ef [ T'—1 )] d%z o, 1—ef A" Az
_ ' . A /7 _ . L
e P mer—n M| ) 7 F eXp{ e et
100302-5
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1—e/ T —1
Tio1el P {(ef—l)(T’ef 0y 1A } (1=
X dzzexp{— Ll |z Az e
1-T'ef 1-T'ef

~ex T'—1
P e S (17l —

then let e ¥ //T’e/ — 1A = A, equation (44) becomes to

tr[p (t)aa']
o r o2kt P
= (T'e! - )eXp_(ef—l)(T’ef—l)| }
2? [
*arons P ef—l xF
" r o2kt 19
= (T'e _l)eXp_(ef—l)(T’ef—l) [A] |aw
X d ex M]
of —1°%P effl
" r ekat /12-
- (Te _l)eXp_(ef—l)(T’ef—l)| \
1 X5 L e
X ef—1+(ef_1)2 expo_IMI]
: 1 A2
— (T'ef —
(T"e! —1) ef—1+(ef_1)2
1 |A|> e 2
= (T"e/ —1 +
( ) ef =1 (ef —1)*(T'ef 1)

T f_l 2 2 2kt
_ Telo1 JAPe (45)
ef— 1 (ef— 1)2

The photon number distribution formula is

T]_]

tr[p(t)a'al = tr[p(t)aa

(T -1) AP
o ef— 1 (eff 1)2
1 ‘Mz —2kt
= . (46
e*f—1+(ef_1)2 e (46)

Comparing Eq. (46) with Eq. (10) we see clearly the damping

factor e 2K,

6. Conclusions

In summary, for the first time we introduced the
density operator of DCL by determining the normal-
ization constant, its photon statistics is governed by
[1/(e’f—1)+|l|2/(ef—1)2}

lution law of passing DCL through an amplitude dissipation

We also studied the evo-

T 2 2kt
iy 1A ]( ef) e axaA*eXp{( -1t

8181*
Az —kt
1—T'el © ]

e—2kt | ‘2

; (44)

channel, we have found that the final state is still a displaced
chaotic state, and the displacing amount is affected by the
chaotic parameter. We also derived the time evolution formula
of the photon number distribution in DCL, which manifestly
exhibits the damping factor e 2. We have fulfilled our task
with the use of the method of integration (summation) within
ordered product of operator and the new binomial theorem in-
volving two-variable Hermite polynomials.
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