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Fig. 1. Composition operators A7y (left) and 7oA (right),
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(AT0)To = To(ToA).
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FEZLE, B F PT MK LA i i i 7. F
&, MHKPT MFRE T, B0 RIE PT KR
1 (GE X 2), W2 eZe xR 581

Rz, 5 H IR XTRRAY, Br Ve 2 (v)
BT, VAR B TR T2 =7 (K By
BT, BT, H]=0.iEP =7, W{P, T} N
K R PT -HESEH H A PT -XIFR.

DL BT UL T A g M X AR MR PT X AR
PERIA DL R KA.

il 2 A K PR H O S L
YRR A2 HAUCY A7 K B ay B A pTAE 42
(P, TR H R PT -XFFK.

WP, TH HHEP, T FH RS, W
(P, THERPT -HELRAEAN T LA H RS AT :

pP2=1,TT =1, PT =TP; (9)
HAPT -XIFREEW T AT FE SRR oT
HPT = PTH. (10)

FHERE 1, Sy 4530 1 1 fi .
3 P, T} K ERPT HELE Wo(PT)
DTkt SN N p - AT O A B
4 WP, T RK EWPT HER, HrpT
E LN
T (Zn: Ciez) = zn:aei, (11)
1=1 =1
HHZEK ERZMEEF, W
(i) {PH, T} AK LR PHT -HES,
(i) HR PT -XFR )4 HALE HIG PIT -
PRI
TR (i) i (11) H, T AR RE R R R
I, HTT =I,. i T{P, THMK L PT -4E
LA (9) 2Uar. M,
(PH? =1, TT = I,,, P' = Pf.
B, {PT, THEM K ERPIT HESL.
(ii) KH
P'H' = PTHf = PTH" = (HP)",
H'P'=H'P"=(PH)", (12)
FRLL, HAPT -XFRES HAY HP = PH 5 H
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Y pTHT = HT PP HAUY HI g PIT X FR .
JEEE,

FAUF LU ZR XK, WTLAS H SEHE PT -
XFFRE .

X 5P WHEK EMEERE T, (P, T}
K B PT HELR, 35 HIE PT AR BB A FRAE
BHIEPT WEFES, WFRH I 5ERE PT -XFFR.

M e B 3 SIS 2 25 245 31 T T A B

EH 4 R{P,THEK EHPT HER, HEK
MR HoA PT XERREY, W

(a) HATEEPT XEFRI 2 HALY 1S A
SRy, HH R AR

(b) H R SEREPT KRR HL AT AL Ff 4k 24
HACY HA n A E AR B SR .

B2 (P, T 24E 5 E K ERPT -HE
WH K EEMWR T, P, T, H W RR R
P, T, HiH

01 10
pe(Vo) (oY)

a b
H, = < e d ) (a,b,c,d € C),

W H, R 53 PT RN A a=db=c¢,
b2 > (Im a)2Hb#0.

HEH 7wt &a=db==¢, [b?> > (Ima)?
Hb#0.

. — a b
#ra=db=c, WH, = ( -

HPT -XFFRI.

TEE AT A H ) P A FRAE fH A = Re at
VIO = (Im a)?. 24[b? — (Im a)? > 0, Hy FHEEY
RS R FEAME L T

(1) 462 — (Im a)? > O}, H A A A
FISCERAEAE. ETT, F B 4(b) 11y 523 PT -
XTFRAY.

(2) 4> = (Im a)’Bf, o(Hy) = (A}, HEH
fIE{E X = Re a AREEECH 2. thF

—ilma —-b
M - H, = _ ,
-b ilm a

Hb#0, FrUAREEFE AT — H IR 1, IITERAE(E
Re a W JUTEECN 1. Wi 2 3 4(a) M2 50 5
PT -XFREY.

DAENE. & HASERE PT-RFREY, W H R PT -

a

), 5 Hy

(=

SRR, HopE B 4(a) H: H AR 8 520
HIULMTEECH 1. B Hoh PT -XFFR G, BT LA
a=d, b=c. T7&, MFMERIEI AR H 1P
MFIEE RN =Rea£ /02 — (Ima)?. T HW
FEAEE 38 A S/, BF L (B2 — (Ima)? > 0. R
b=0, W Ima=0, M A — H i 25 R, /)
H, = \. X5 H FHEE N = Re a JL[EECH 1
& Wb # 0. JIEER.

B3 WP, T} 24E 5 MK LK PTHE
W, Ho K BRI T, P, T, Ho W RNHFE
P, T H N

0 1 1 0
P=(V ) r=(s 1)
0
re S
H, = ( s rei? ) ’

Forbrr, s, 032 AT S8, W] 2 50, Ho ok 58 %
PT -MFREY S HAL Y [s| > |r - sin6)].

B4 F{P,TIRESYERZMK LA PT HEL,
Hs WK BT T, P, T, Ha W R E P

Ta HSﬂ‘j
0
0 |,
1

01 0 1 0
P = 1 0 0|, T=P= 0 1
0 0 1 0 0
re? s 0
H; = s re’9 0 |,
0 0 w
Hrr s, 0 JEAEZLHH w e Rw ¢ o(Hy) (Hy A
@l 3), WA{P, THEK LR PT -HESE. e 2 4 A0
Ha HIEREPT -RFR 2 HALY 5] > |r - sin6)].
AP, TRV EE 20 Ky E 8 P T -HESR (k =
1, 2) , FE KRR A K @ Ky VAU

H=H1QH,P=P1@P2, T=T1 ®T2, (13)

Hp BT A5 AR R A @ A BYE X
538w AAE], Jp

(./41 ® AQ) (Z Cijeli ® ellj) = Z%‘Aleg ® ./426;-/,

17 17
PR {ef b 5 {ef} 2 A A K Ky IR
PETCR I, (B, LA 7 715 LAY sk &
T=Ti T2 EHN
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(Th ® T2) (Z cij€i ® 6”j) = Zﬁ-ﬂ’leé ® ’Tge;-'.
j ij
Gy, {P, T} RZEHK, @ Ko L PT -HEHLH H 2
PT -XFREY (Z WA 5). Xt vl : PT -HEZE K
PT XFFRPEX] 5K BGE 5 < HA B
Bl 5 WP, T 2 4B 25 K E ) PLT-
HESR (k=1,2), Hi WK EMLREE T (k=1,2), Py,
Te, Hi RN Py, Ty, H N

0 1 1 0
Pk: 7Tk: )
1 0 0 1

ar b
Hk<_k k)(kl,?).
b, ap

IR, Hie I P T -XFRI (k= 1,2), T, Hi @ Ha
KPT SRR, Hif P =P @ Py, T=T1 @ Ts.

B, SEEPT XTFREXTF ik E s/ A H
BEAME", B Hy T HE PL T - MR (k= 1,2) 4
REPRIETK AR 1y © Ho—E B8 PT -XIFRIY, H
HP=Pi@P, T=T&T(#l6).

B 6 P Ti}(k=1,2)J 248K I
B PLTAESE, HoM K BT, P, Te, Ha
HRNHIE Py, Ty, Hy 53900

P " R
k — 1 0 ) k= 0 1 — L 4)
1+1 1 2+ 3i 3
le 7H2: ’
1 1—1 3 2—3i

HKoE N, H W 1, ARBEECh 2, JL
HHCON 1, Hy WRHEER 2, REESCK 2, JUTE
BN 1 HER 4, Hy (k= 1,2) 882558 P T
(k=1, 2)-XFR. BHIL, H=H @H PT -XF
BE, B P=P,@P, T=T1®T2. FIHEULIHH
AREGEEPT -XFFRIY.
THE A
~1+45i 3+3i 2+3i 3

343 5-i 3 2 3i
Sl 243 3 5+i 3-—3i
3 2-3i 3-3i —1-—5i

BHA NI 2, HACEEECH 4. JLTE %L
9 2. T HEHE 4(a) Hl: HARSERE PT -XHFRAY.

T TR R R A3 AT B R B R 5 A 5] 6 1R T — i
HITEIE.

BEH, (k=1,2) R 2 4izs ) K FekA T HRE
TP TL-MFRE (k= 1,2), Py, H, 70500 Pr, Hi
RN FERE, H

Hy ~J At

1 1 — O )\1 )
Hy~ J A 1

2 2 — 0 )\2 9

RIVA7 A8 1] 330 R B Qi (k = 1,2) (45 Hy = Qi Ji X
Q;. ' (k =1, 2), iiH: ® Hy = (Q1 ® Q2)(J1 ® J»)
(Qi1®Q2)" "
W, P, T (13) RE X, H, P, T XN
AR, T U HANESERE PT X FRHY.
oy

A1 Ay 1
JI®Jy = ®
0 M\ 0 X
AtAd2 A A2 1
0 )\1)\2 0 )\2

0 0 AMA2 AN
0 0 0 A1

Jir LA

0 —MA —X -1
Ml —J @ Jy = o0 0 ;

0 0 0 -\
o 0 0 0

NI}

rank(A ol — J, ® Jo) = {1’ A=A =0,
2,  FHAth.

MHNH = H, @ Hy ~ Jy @ Jp, FrLA
Ml — H ~ Mo —J; ® Jo,

N(]

rank(A Aol — H) = rank(M oI — J; @ J3)

1, M =X=0,
- {z, 3,

#Eifi
3 A1 =X =0,
2 M,
i g\ ) I A o LT EE . g Bl 4(a) ATAL
HAJETERE PT -XF5.

T AU PT X FR i T R G S A T

g(AA2) = 4 —rank(A AT — H) = {
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RGEZ MR, WP, T} K LW PT AE
8 H R EH N PT -XIFREY. PT Xt FRiE 7
WIS TH1E — R C, B —Hm
IEEWNEL, FRZ N CPT -WEL, 13 1T CPT -I
FUR B AER, AITTARIIE 2R 58 A8 A D& T35 N BUA
WAL LR SFIE. P, A A R 7 T 34—
SBAIE E R, 15 2R G0 B H AR X S AR R 2
FAER.

s K EWIEER Ty, iTRE XK LW
BN (1), = (Dln|v) FEZ I K B n-NR. B
MIAESCHk [37) A T RSB FRTEANEEN
FUE AR — 2250 4508, WEW T AR IEE T
15 H T - AR K B E LM 24 H A
M W) H AT — A S0 B 08 250
HIYSEEE PT -FFRMEARIE T H BRI R 508, (2
FERREARAIE H R A5G H ol AR ffk. i 5
A HRSEEE PT KRR FLRT AL £ 1624 HAY
MUH n A EAAHE R SLRAEE. B, H5E
PT SFFRPEA IR H T HAB 0 IE 2 N A
HFE 4518, [N R A B4R

5 % @

AICHE TP LNE R T — 285, il T
HHERAERIFRA SR ILHELR MR FRAYE X, 43 T
A AR A S R e B e e o B 1) 45 o %21
W 7R EEA b, 2B THE T PT -XAR R e
PT -XEFREPER, 25 7 5288 PT Xt FRig w i
—BEELARG T, W] T 5288 PT R AR LN 7Kk Y
BN EA B, R U] T 588 PT -XFx
P EAS 2 W S 1 A SN IEE AT AR SE
HMF, WARRDEIRA. AR E, T LA
B AT S Gl PR SE L XA A o, AT ]
X PT - FR 5~ 28 GUAH LR 45 A B 2 Y
R, RPER A — BB BAT — 5 I PR X
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Abstract

The Hamiltonians of classical quantum systems are Hermitian (self-adjoint) operators. The self-adjointness
of a Hamiltonian not only ensures that the system follows unitary evolution and preserves probability
conservation, but also guarantee that the Hamiltonian has real energy eigenvalues. We call such systems
Hermitian quantum systems. However, there exist indeed some physical systems whose Hamiltonians are not
Hermitian, for instance, P7 -symmetry quantum systems. We refer to such systems as non-Hermitian quantum
systems. To discuss in depth P7T -symmetry quantum systems, some properties of conjugate linear operators
are discussed first in this paper due to the conjugate linearity of the operator P7T, including their matrix
represenations, spectral structures, etc. Second, the conjugate linear symmetry and unbroken conjugate linear
symmetry are introduced for linear operators, and some equivalent characterizations of unbroken conjugate
linear symmetry are obtained in terms of the matrix representations of the operators. As applications, PT -
symmetry and unbroken P7T -symmetry of Hamiltonians are discussed, showing that unbroken P7T -symmetry
is not closed under taking tensor-product operation by some specific examples. Moreover, it is also illustrated
that the unbroken P7T -symmetry is neither a sufficient condition nor a necessary condition for Hamiltonian to

be Hermitian under a new positive definite inner product.

Keywords: conjugate linear operator, conjugate linear symmetry, unbroken conjugate linear symmetry, P7T -

symmetry, unbroken P7 -symmetry
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