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9 (22 |u|2 12
p‘3<;fi_2>’ sk @9

(25b)
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u(z, +a, z,t) = u(zx,y, £b,t) = 0, (29a)
5 FEEN p(0,9,2,t) = pin, p(1,Y,2,1) = Pous, (29b)

J T B UEER A iD3Q12 MRT A5 1 i) 47 %%
P, FRATELT =238 i . Wk sh i -5 10 25 4K 5
(7 BT (EAS R R S, ZEASETRY I o A ok
B e = da/ot = 1. (HFESZPRAYHE S, ¢ F
IFARE L XFMEL T, AT W w, KT
p AT AL W =u/c, p =p/c?, BRI
(AR ATRATTHE s AR T3, TS RS 1
PSR o, p B ¢, 2, WS R FA 1T E

SRR WL PR g R I, B Ak e AR R IR
1/1

v=1 (Ay - ;) St . HEAN, RERSE R AP Y
WA THGEMTR: A, =10, A\, =1/7, A = 1.8.
FATHEL T He-Luo D3Q13 MRT #1815
PR KGR, T R4, BRI
AN B R TR R AN T
1) Gtk WA S, 2O E o R
F1 p WHIEREAR S E A 0, JFRITRIL I PREX £,
2) HiZS [B) hlffE
(@ t) = fx,t) — Alf(@,t) — £ (x,1)]
=T {m(z,t) - /i[m(:c,t) — m(eq)(sc,t)]}; (27)
3) S TR
fx+cdt,t+8t) = fH(x,t); (28)

4) N FAE PR ARV 2SS M.

5.1 Z=4RESRARMHR

UNPEL 1 BTz, = 4RI i AP s () BR ] 78
— I AGEE R, HAK L T8 R0 < @ < U
—a<y<a, b<z<b, =2, a=b=0.5, JE S,
Oﬁié‘iﬁﬁi/\D¥EE4JEF‘AL\.

L
PR E
Y
A
i
0.5 i At solid walls,

4 ! u, v, w=0 Flow out

! _H
Flow in : 2 Pout

R —t>

DPi [0 S S [

,’/ Pressure drop exists at
/ ,/ two ends of the channel

K1 =4l MR IR

Fig. 1. The schematic of three-dimensional Poiseuille flow.

Din M pou S BIFRIEH CUE T 7, 4B MR EA
RS I AT fie 15

- 16&2 dp > —1)/2
ug(y,2,t) =
Y vnd ( dx> i 1232
cosh(inz/(2a))
8 [1 cosh(mb/(m)J
y cos(11t§/3/(2a))7 (30a)
uy(z,y, 2,t) = us(x,y, 2,t) =0, (30Db)
p(z,t) = pin + dpx, (30c)

dz
dp/dz = (pout — pin) /1 JEIEIE W JIBBEE , v S0
TREIVBTUIREEE. TERL T, B HRRES e
u(r,y,2,0)=0, p0<z<lyz0) = pm‘;pout’
(31)
I HE pin = L1 poue = 1.0, BALIKBNFE 2 IRZS Y
5 HE
> us (@it + 8t) — ua(@i, t)]

Z o (@i, )]

<1.0x 10719 (32)

;#UJ 65 x 33 x 335@H$§TLﬁ Hf%‘ﬁu =0.03,
Ao=13. K2 B8R THE e = 1#mAL 2 BUR R (E R}
IV w, By B PRER MR RITE 2 = 0 1Y KT
by WURTRHE RS R T p B o 22 A R ECEE. A
& 2 AT LIE H iD3Q12 MRT BiARIZER RS & A9IA
S AR B BUE R S O A BT R B AR
fR4T.

TATEIE T iD3Q12 MRT BRI
L Fsf 118 25 [BDRG BE B . SRy, TH0R TR TR 25 ) 26
T AR I 90 18 3 5 47 19 4 JR AH X 1R 2% GRE,,
GRE, WA H

GRE,

N 0 A o 73 BIFRBUERERRERTE, wa, wy
Flw, SRR w B =AD&, FRERCT /Y
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1.12
0.12 (a) (b) — Theory
z=0 o y=0
R 1.08 > y=—0.125
. 0.08F o 2=-0250 e « y=0.250
3 = Q -
A \\‘\
004 S T z=-0.125 T, 1.04
', \\
0 0.2 0.4 0.6 0.8 1.0 0 0.4 0.8 1.2 1.6 2.0
Yy x

2 AN MR B EAR S AT AR AR L () VR MHRAE 2 = THEUATAL 2 O [R) B9 (I K S8 3 B2 we By 72 AL B BRI (D) 78
I 2 = 0 &b y ORI BB R ) p BE o 78 AL 1 eR B IEIR; Bk BT 455 BUE M MR+ A, = 1.3

Fig. 2. Comparison between numerical and analytical solutions of Poiseuille flow: (a) The variation of u, with y for different loca-
tions of z at section « = 1 for Poiseuille flow; (b) the variation of pressure with z for different locations of y at section z =0 for

Poiseuille flow. Lines, analytical solutions; symbols, numerical results; the relaxation parameter A, = 1.3.

2@1 1D3Q12MRT%HD3Q13MRT&F”TKIEWM&I‘I?M%HTI‘J S (25K T T BAS BT A I 3 00 R b 1Y) 4

Table 1. The GRE, of velocity field for Poiseuille flow computed by iD3Q12 MRT and D3Q13 MRT models under differ-

ent relaxation parameters and different lattice spacings.

Lattice spacing dx

GRE, Model
1/8 1/16 1/32 1/64

3.090 x 10~2 7.700 x 1073 1.900 x 10~3 4.623 x 10~4 iD3Q12 MRT

A =08, N, =1.143
3.090 x 10~2 7.700 x 1073 1.900 x 10~3 4.623 x 10~4 D3Q13 MRT
N 10, N — 1333 5.990 x 10~2 1.660 x 10~2 4.400 x 1073 1.100 x 10~3 iD3Q12 MRT
v v 5.990 x 10~2 1.660 x 102 4.400 x 10~3 1.100 x 103 D3Q13 MRT
8.720 x 10~2 2.500 x 10~2 6.700 x 1073 1.700 x 10~3 iD3Q12 MRT

A =13, N, =1.576
8.720 x 10~2 2.500 x 10~2 6.700 x 10~3 1.700 x 103 D3Q13 MRT

SRR S JTAT AR a5 FEASTRIAR sth SRS [] 25 1]
A K F i iD3Q12 MRT il D3Q13 MRT 4 %I 1
;%;E@iﬁﬂiﬂﬂﬁé@ﬁﬁ%%éﬁ*ﬁﬁﬁ%ﬁ%GRE ﬁlﬁ:”t
1 EBEENE, ERMFENSEE, X
B 4 SR AR AR 25 2 5 e — R Y.

& % GRE,, = a(8z)%(a > 0), Sk J5 F A1 75 3

-1

In(GRE,)
&

—4.5 —4.0 —3.5 —-3.0 —2.5 —2.0
In(dz)

B3 AER AT, BEEUAM A2 0 AR
AHXT 1% 25 GRE, Bifi 25 0] 25 & 8 0928 1k, 775 1R B fE %
HELFRIUEG HL

Fig. 3. The variation of GRE,, of velocity field with the lat-
tice spacing 6x at different A, for Poiseuille flow. Sym-
bols represent numerical solutions, lines represent fitting

line.

In(GRE,) = bIn(8z) + In(a). W b=2, MAREMY
fift A HORERE. FHER 1 T s T R N ek
MRMERLG, ZMELE N EURER 3 h iR, B
= %k H 2R 4y B X % iD3Q12 MRT 44 A 7¢
A = 0.8, L.OFN 1.3 TG HL, BATX R )RR
A3 1.94, 1.91 Fl 1.88, AT 2. X UL AR
tHE@ iD3Q12 MRT A AYLERHAR A A AT - i
IR BN R 2SR R

5.2  Z=HIERREHIBKENR

B, = 4 Bk 3h U S S T 8 R BT R Y
iD3Q12 MRT 45 Y 7EAS 4L A% 25 it ] oG B2 . Jik
Bt 14 U 485 VA A I B R D A 1 RS
BBk S it 2645 TE A LR 7 g ) R T A B R R A
AR, TR

dp
_ = 4
i G cos(wt), (34)

Horh G RARIE, w B, RS RO i e 10
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gz (y, 2,t)
=Re (iG {1 -2y = [COSh(%yﬁb) COS(ban/b)
B Rk s cosh(y.a/b)
, cosh(2/b) 08(any/b) | | it , (35)
cosh(oy,)
N 14:‘
Tn = \/Wa On = \/W’ (36a)
on+1 2n+1 b
Pn = 9 T, d4n = 2 na7 (36b)

n = by/w/v BRI THIHE (Womersley number) %X.
BATHESEBOAL BT, M R/N A8 x 41 x 41, J&
FAALBI A T = 100, B w = 2n/T, Bk
R 33 BN pin = 0.999, pow = 1.0, IT &
B TE I TE 86 FE PR I G = Ap/1 = 0.0005 , B[]
A 8t = 0.0125. BRI ERIRAS PR & S IA M
TR LRRAS 3 B — 20, a0 (31) XPR. 3t
IS )

Zi [tz (it +T) — ug (s, )|
> (@t 1)

KT YR KB AT A . B 4 SR T AE DA
AR 20t =T/4,T/2,3T/AF T F, Tz =1,
2= 0_ b K3, By A8 A ) pRBCRS, B
n=2.8285, A\, = 1.522. K3 B uy H Upax JCIE 2
., Unax = 1.876 x 10~ 2 2 IR AR ) 11 R 22
M Pout — Pin = —G = LN IR RIKF- R MIE] 4 7]
DI iD3Q12 MRT AR AR R A A I A5 3]
B 5 AT AT 5 L0 T

Ko T En=2828H r=1/\, . v—&

< 6.0 x 1071 (37)

BT, A iD3Q12 MRT A1 D3Q13 MRT #& £
BEALL Dk 3l I B A5 B 0 3R 37 1 4 Jay AH R 22
GRE,. % 3 /8 T H# 2 W 8T A3 20 A FH AR
PSR R iD3Q12 MRT #1D3Q13 MRT

S . [In(GRE,)]; — [In(GRE_)].
FU N2> E ) 5

PR 4245 [ERS JEE B B [In(62)]s — [In(e)].

B FFRRANERIE K, ¢ Ram RIES TP A

7% 2 AT E , TSR ZI T H iD3Q12 MRT
R M A R AR HRZEAT L D3Q13 MRT
B30 S B 37 (1) 4 R A G 22 B /N— 26 I
223 HfILEE D3Q13 MRT I iD3Q12 MRT
R B RS R 6 T 2. MR 2 TP Ag B, 3
11481 7 M iD3Q12 MRT BI85 2 i 5 1
[ 4 JRy A X R 22 GRE,, Fifi 2 (8] 25 4 82 28 1k 1Y) PR 4K
K&, i 5 s, e Z] ¢ = T/4, T/2,
3T/AF T FHIE AL MR 0 )& 1.98, 1.88,
1.97 #1 1.87, X Ui iD3Q12 MRT A A 7E #4113k
FRASIK ST HAT Z B i 2 [BDRG E.

ii

(Y, 0, t)/Unax

—0.4 —-0.2 0 0.2 0.4
Y

Kl 4 FEn=282850 lkahiifEz =1, 2 =04k /KF &
BE u, By AL 0 sREL. 2R RNTAR; 775 BUE R

Fig. 4. The variation of horizontal velocity w, with y for
pulsatile flow at the location z =1, z=0, n=2.8285.

Line, analytical solutions; symbols, numerical solutions.

# 2  TEn= 282850}, N2 EK T A iD3Q12 MRT #iRIF D3Q13 MRT RIS Ik sh i B A5 AU AS [A] B 210 F Y

FEGH 4 R A R 22 GRE.,

Table 2.  The global relative errors of the velocity field at different times for pulsatile flow simulated by iD3Q12 MRT and

D3Q13 MRT models at different lattice spacings, n = 2.8285.

GRE,,

Lattice spacing Model
T/4 T/2 3T /4 T

5z = 1/20 1.483 x 10~2 4.214 x 1072 1.805 x 102 4.028 x 10~2 iD3Q12 MRT

1.662 x 102 4.733 x 1072 2.118 x 1072 4.299 x 1072 D3Q13 MRT

5z = 1/40 3.803 x 10~3 1.199 x 10~2 4.651 x 1073 1.153 x 102 iD3Q12 MRT

4.172 x 1073 1.324 x 10~2 5.398 x 1073 1.217 x 1072 D3Q13 MRT

52 = 1/60 1.702 x 10~3 5.569 x 1073 2.085 x 1073 5.369 x 1073 iD3Q12 MRT

1.855 x 1073 6.116 x 10~3 2,412 x 1073 5.648 x 1073 D3Q13 MRT

52 — 1/80 9.605 x 10~4 3.204 x 1073 1.177 x 1073 3.092 x 1073 iD3Q12 MRT

1.043 x 1073 3.509 x 10~3 1.360 x 103 3.247 x 1073 D3Q13 MRT
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—3t X
< 4
E L
S
= 6t !/
=7r — Slope=2 -— 3T/4
—4.6 —4.2 —-3.8 —3.4 —-3.0
In(dx)
B 5 R — A A A [F I %0 R A8 H GRE,, B 18] 2 K S
ORI

Fig. 5. The variation of GRE, with the lattice spacing at

four different times in a period for pulsatile flow.

M K25 Ap 3R I, LB B AL 550 1)
BE S B ] R4 iR 25 SR, FEX R O T LR
iD3Q12 MRT #1 D3Q13 MRT #1315 i 3 i 37
B 42 JR A X 1R 22 GRE, BB i P MBI RUAEAS B 1 1)
Z5. R AR S R T RKIEZE Ap IR
i iD3Q12 MRT 1 D3Q13 MRT # &I 78 A [A] fi}
2 RN s s 1] — T IE FEAS B T i 200
B RAERZE. NERATTUEE, H
iD3Q12 MRT #AG R NK SR AE T i 210 4R
AHRHRZE B D3Q13 MRT AR A ENG /N—28 5%
Wi iD3Q12 MRT HAAIHHAHRIRE L D3Q13 MRT

%3 A=K TR iD3Q12 MRT Al D3Q13 MRT A5 2 [AIAE B Y
Table 3. The orders of the spatial accuracy of iD3Q12 MRT and D3Q13 MRT models under adjacent spacings.
Order
Adjacent spacing Model
T/4 T/2 3T/4 T
1.978 1.875 1.974 1.869 iD3Q12 MRT
Average

1.998 1.891 1.984 1.879 D3Q13 MRT
1.963 1.813 1.956 1.805 iD3Q12 MRT

1/20 — 1/40
1.994 1.838 1.972 1.821 D3Q13 MRT
1.983 1.891 1.979 1.885 iD3Q12 MRT

1/40 — 1/60
1.999 1.905 1.987 1.893 D3Q13 MRT
1.989 1.922 1.988 1.918 iD3Q12 MRT

1/60 — 1/80
2.001 1.931 1.992 1.924 D3Q13 MRT

F 4

TET = 0.5667 , n = 4.3416, Iw KK Ap HREIAFE B2 B2K T B iD3Q12 MRT Ml D3Q13 MRT LAY

JkERAER %) T T BB i 2R AN 1822 GRE,, , %8 AL IR T 40

Table 4.
MRT and D3Q13 MRT models under different lattice spacings.

The global relative error calculated by the velocity field at time T of pulsatile flow simulated by the iD3Q12

The maximal pressure drop Ap of the channel increases,

7 = 0.5567, n = 4.3416 are fixed. The blank indicates that the computation is divergent.

Lattice spacing éx

Ap Model
1/20 1/40 1/60 1/80

9.919 x 10~2 3.030 x 10~2 1.442 x 10~2 8.402 x 1073 iD3Q12 MRT

0.005
1.121 x 1071 3.326 x 10~2 1.568 x 102 9.084 x 1073 D3Q13 MRT
1.172 x 1071 3.445 x 1072 1.618 x 10~2 9.362 x 1073 iD3Q12 MRT

0.010
1.679 x 101 4.763 x 10~2 2.199 x 1072 1.260 x 102 D3Q13 MRT
1.777 x 1071 5.110 x 10~2 2.365 x 1072 1.355 x 102 iD3Q12 MRT

0.020
2.940 x 10~1 8.630 x 10~2 3.987 x 1072 2.279 x 1072 D3Q13 MRT
1.243 x 107! 5.848 x 1072 3.386 x 1072 iD3Q12 MRT

0.050
2.025 x 1071 9.868 x 102 5.757 x 1072 D3Q13 MRT
6.073 x 1072 iD3Q12 MRT

0.080
1.575 x 102 9.405 x 1072 D3Q13 MRT
iD3Q12 MRT

0.100
1.192 x 1071 D3Q13 MRT
iD3Q12 MRT

0.120
1.454 x 10~1 D3Q13 MRT
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F5 TESr = 1/200F, KT 2E Ap WERATARRIBFASBATH] 7 T iD3Q12 MRT 1 D3Q13 MRT R 8 ik 3 i
M T B2 B AT Y (Y 4 AR 22 GRE.,, &5 HAN TR AL

Table 5.

The global relative error of the velocity field at time 7T of the pulsatile flow simulated by the iD3Q12 MRT and

D3Q13 MRT models under different relaxation time 7. The maximal pressure drop of the channel is increased and

dx = 1/20 is fixed. The blank indicates that the computation is divergent.

T

Ap Model
0.55 0.60 0.70 0.90

1.302 x 10~1 6.311 x 10~2 2.955 x 10~2 1.744 x 10~2 iD3Q12 MRT

0.005
1.556 x 101 6.560 x 10—3 3.023 x 10~2 1.993 x 102 D3Q13 MRT
1.612 x 1071 6.830 x 10—2 2.711 x 10~2 1.736 x 10~2 iD3Q12 MRT

0.010
2.435 x 10~1 8.735 x 10—2 2.661 x 10~2 2.058 x 1072 D3Q13 MRT
2.475 x 10~ 9.926 x 10~2 2.624 x 10~2 1.656 x 10~2 iD3Q12 MRT

0.020
4.182 x 10~ 1 1.542 x 1071 2.757 x 10~2 2.195 x 1072 D3Q13 MRT
1.430 x 10~1 3.421 x 10~2 1.509 x 102 iD3Q12 MRT

0.030
5.482 x 10~1 2.193 x 10~ 1 3.616 x 10~2 2.343 x 1072 D3Q13 MRT
5.001 x 10~2 1.349 x 102 iD3Q12 MRT

0.040
4.693 x 10~2 2.502 x 102 D3Q13 MRT
1.291 x 10~2 iD3Q12 MRT

0.050
2.674 x 1072 D3Q13 MRT

BB NG B Bl A A KR 25 Ap B3
iD3Q12 MRT #AIAIHEI R & HIH D3Q13 MRT
FERIHIBEA LB, 40 8x = 1/60 H Ap = 0.081F. 24
23 8] 25 KA Ry S = 1/80 Ik -4k 22 18 K e KR 2
Ap [FRIFES B RUAETE, 40 Ap = 0.10F1 Ap =
0.12, X # 01 D3Q13 MRT 5% % 75 £ 5E T J7 1 #2¢
iD3Q12 MRT f A 4. I3 5 AR AT LI
AFER 7 F, iD3Q12 MRT R H8045 5] Y 3 Ji
Y W9 4= Ja) AR G IR 25 LR 4 K ER A 1 B0 R AR L
D3Q13 MRT 7 Y ZEms /N—2  (Ht A A5 5w
1%, = 0.70 H Ap = 0.015{ Ap = 0.04 . 7F
5 PR R IZER 4 FLIWTETE, BIZE T = 0.550)
HRECKEZE Ap HBLT iD3Q12 MRT #5556 %
B IE, 1 Ap = 0.030F. A3 5 Hak il LUK BH,
U HUNG A , iD3Q12 MRT MD3Q13 MRT
BERIZE ) B L. T, 72 Ap BRI, 38 24 3 K
7 A LIS F PSR A R k.

5.3 Z=HTMEIRZNAIFIRR

YR EERIE S, Ka S50 SRS 7k
VI 25 R e R 5 7 YA A0 s o
AITERIBRE, PR FRAT TR Ku BT 25 SR kA
¥ iD3Q12 MRT Y Atk .

T etE— L iR & b T, aniEl 6 fr
N AR H R IO 1) 55 T AR B Uy = 1.085 50

MAER SN, i sl & —4EATT R N-S 7. T
Al Re = UpL/vitH, X B L = 1.0 TR & T
PR, v R UIREEE . FERTrh, B ah RS ) el B
FIE IR E M 0. 16 2 = 0.5 A b, X FRIH
P E N

Oug _ Quy _ Op B
dz 0z 8z70’ us = 0. (38)

TFy=1M8EIMEFEs=0Mz=14u=0. 1F
y=1H =0 2 =151 Wy & 4k 5 5] & &
Uy = 0.3F uy = 1.0. WA FEAFFII F SRR B S
5 Ku 55 W By AA . A, 7R AR Ma ik,
[ %€ ¢ =10, ¢ # 1AF MRT B8 §) 3158 1L &%
HR [31]. BRI WSO

by

1

i Sliding

| direction

. >

1

1

1

1

1

1

1

'

R Py b
0 1 =

z

6 =T R 9K n9 77 s i IR
Fig. 6. The schematic of three-dimensional lid-driven cavity
flow.
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Uy

Uy

1.0
0.8
0.6
> L
0.4+
L Ku et al.[42]
0.2 — iD3Q12 MRT model
0 . . . .
—0.4 0 0.4 0.8
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Fig. 7. The velocity distribution in the vertical and horizontal center lines at section z = 0.5 for cavity flows at different Re:

(a) Re=100; (b) Re=400; (c) Re=1000.

R 6 AWHIOHERE L iD3Q12 MRT Fil He-
Luo D3Q13 MRT H&RI T J5 15 it I A Bt s 1.
v RIS, SO (39) X

Table 6. Comparing the stability of iD3Q12 MRT
and He-Luo D3Q13 MRT models for three-dimen-
sional cavity flows when the Reynolds number is
continuously increased. The tick represents conver-
gence, the convergence criterion is formula (39).

Model
Re
iD3Q12 MRT He-Luo D3Q13 MRT
100 v v
400 v v
1000 v v
1500 v v
1600 v v
1700 divergent v
1800 divergent divergent

Zi Zk luk (2, t + 10008t) — wk(;,t)|
>, D, lun(@i,t+10005t)]

<1.0x 1071 (39)

XF i T K SRR 3k K T A ) IO A s T A 1 3k
Jrla. B SE R iD3Q12 MRT B AURHL T Re =
100, 400 F1 1000 B Y7L SN, FHFEME R 5 EH
1) Ku 5 B g5 51000 L, &l 7 Bos. AT LA
1 iD3Q12 MRT AR B ZE R 5 Ku 45 1
AR GI9RESE, I FRAT42 R 1) iD3Q12 MRT
TR FE AT — 24 T 55 9K S 1 5 s It o VR 11

AN W7 H 3G R R A ER AT e R T
iD3Q12 MRT Al He-Luo D3Q13 MRT # & 7¢ &
U7 B T B B S, A5 SR BN TERR 6 . Arb]
DI BIERG TR AT iD3Q12 MRT 8 ffa
£ He-Luo D3Q13 MRT AUt fa s MR 55— L.,
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6 % %

PEH TR e FRZE TG 12 32 PA A%
¥ Boltzmann #i81, H iD3Q12 MRT £, & 1]
BEZIA REME T AT IR N-S A9 =4 MRT
AT rp g IGH Ty ] dpe 2D ) — AR DR ) |
HAW a0, i iD3Q12 MRT BRI
A AR — S 12 x 12 B0 IE A8 A5 B [
FFREHLG 18 A S UL AL g i C-E R
WA BIAR R N-S 72, H iD3Q12 MRT &4
A3 L T RS ATE N O L AERRAS R KB | T
T RS AL, B E T AR R A v PR R AR E
I8 HoofE i vE AR € 1E S He-Luo D3Q13 MRT
B T XL

XFF AR R Ak S, iD3Q12 MRT 45 #
IR RANTIAT S 13RS, XA iD3Q12 MRT

B AE RS T AR RS TR R AR MER Y. 75
[z I Az FIFAGBR - A, FH iD3Q12 MRT

FLRUFD He-Luo D3Q13 MRT A5 AU 4811 7 -t
KB [ 42 Sy F R 22 GRE,, 52 4 AH TR
PRI T Bk S IF 8 T AR K A
FURRIRTZI R 2 JmmxtiRzE, K3 iD3Q12 MRT
R4 R AR 2 GRE,, b He-Luo D3Q13 MRT
REAURY/N—2E. 4 Je xR 22 Rl s (R AE K R AR 3k
HH A A5E 0 AE AL RS A I T R E AR A 1 ik
AT AR EA MR I A KA T B KRR
Ap FEETTZS K Az s st a] 7 505 A
Tﬂmom, KITE RIS ECT iD3Q12 MRT

R0 37 37 1) 4 Je M X R 22 GRE,, EE He-Luo
D3Q13 MRT 5 AU 358 19 I 17 1Y 42 Jy A 0T i3 2 222
/N2 (AR e KRS K iD3Q12 MRT £%
ALK D3Q13 MRT #5805 A& . ik vd B e AU
Fa & BT iD3Q12 MRT £ & [ D3Q13 MRT 4
AU IR PR i (E AR RS e M T 55— 2. 1Ak, H
iD3Q12 MRT AL 16 % e bsis 3l i) — 4T
IR S, & B iD3Q12 MRT 5% Y 1) 45
SGRE5CAHMN KuFENERTEEMRE, IFH
iD3Q12 MRT 5 % GE 52 0 1) f K 75 145 £ L He-
Luo D3Q13 MRT R ZRY /).

fik iD3Q12 MRT 44!y Chapman-Enskog
STt

Wit C-E &P iD3Q12 MRT FAIK & 3] = 4 A n]

JERY N-S 5. XA n] FE4a i A

O(3p) = O(8p) = O(Ma?), (Ala)

O(u) = O(Ma), (A1b)

XH Ma fRERDHIEL, 5p F1Sp 73BT A BE Rk sl .

HETIARIT
fi(z + ¢:8t,t + 8t) :Z% (A2a)
fi=>"em i, (A2b)
n=0
= Z e"0,,, (A2c)
n=0

ﬁi& = 5t7 D; =0:+c¢; -V =0t +Cia - Oa = Ot +CinOz+
CiyOy + ¢i20., BH LR (A2) B, IR LR
fi(z + et t + 8t) — fi(x,t)

12

= =Y Ay(fi(@,t) = [V (@, 1), i =112, (A3)
j=1
% Taylor JBIF, FHR ¢ AR P15
O"): 117 = 1, (Ada)
O(e!) : Dy £ = Z/lz]f]m, (Adb)

O(*) : 0, 1+ Dy, <f§“ ,% iw}”) =- imjf;”,

= (Ao

X H Dy =0, +¢i -V =0+ cCia 0o =0 + CizOst+

CiyOy + €iz0, HHAITFE (Adb) RAFITFE (Ade) , 7
& (A4) ATULAFEAL S 25 6]

m® =m0, (A5a)

(O I + Crdp)m'” = —Am™, (A5b)

8, m Y + (81, I + Cr0%) (I - %A) m® = —Am®,
(A5c)
Ci=TC T, O EVBHURIE c; 5 kAo A%t
L ITER IIX FHE R,

m®™ = (0 0,0,0,355), 56, s 5w

yz

/
SWL ARG R)  n=12 (A6)

TEATERE IR, PRl wa, wy, s 7EAE Ma TSR R, 3XRE
P A ul™M ul) ulFE IR (A6) R 0. JRIF TR
(A5b) A
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fu?/2 4 3p/27 [ us [ ouy ]
Uy ui +p Uz Uy
Uy Uz Uy uy +p
Uy Uz Uy Uy Uz
3u2 —u? Uy —uy /2
2 2
Uy — U 0 Uy /2
Ohe A N +o,|
Uy Uy Uy /2 Ug /2
Uyl 0 uz/2
Ug Uy uz/2 0
0 uz — uz Uz Uy
0 — Uz Uy u? —
L 0 ] L Uguy | L —uyu. |
_ - i 0 1
Uz
0
Ug Uy
0
Uy Uz
2 0
Uz +p W
_uz/2 _)\Vgszz
(1)
a _uz/2 7A1/Suw
+ 0. - -
0 —\, 88
Uy /2 -\, 85
Uz /2 -\, 8%
— Uz Uz */\thg)
Uy Uz —>\th1§1>
_Ui—uf,_ _)\thgl)
(A7)

(A7) AURET 4 MR

O, (3p/2 + u2/2) + Ozuz + Oyuy + Ozu. =0, (A8)
Otttz + Oz (p + u2) + Oy (uptty) + 2 (uzuz) =0, (A9a)
Orotiy + O (uzuy) + Oy (p + Ui) + 0:(uyuz) =0, (A9b)
Orottz + O (ugtiz) + By (uyus) + 02(p+ u2) = 0. (A9c)
M (Ala) 5 (Alb) o] LIS 5] O(8p) = O(M?) Fl O(u) =
O(M), 41 04y (3p/2 + u?/2) = O(M?). W& O(M?)Ti, J5
T2 (A8) AEnY

OzUz + Oyuy + Ozu. = 0, (A10)
TREAFE N-S FREMELS HFTE. N (Abc) 1R
Dyt + 0a[(1 = X0 /2)S] + 8, [(1 = X, /2)S5Y)]

+0:[(1 -\, /2)85)] =0, (Alla)

By uy + Ba[(1— N, /2)85)] + 8y [(1 — A /2)(SE)

— SW) /2] +0:.[(1 - A,/2)SD] =0,  (Allb)

Oruz + 0a[1— A, /2)S5)] — 0:[(1 — A /2)(SSY)

+88)/2+0,[(1— N, /2)SP] =0, (Alle)
i (A9) X + ex (A11) 5

Aeue + O (p + ul) + Oy (ustuy) + 9= (usus)

= — {0101 =\ /2)58)]
+0,[(1 = X,/2)S5)] 4+ 0:[(1 — N, /2)SE)]}, (A12a)
Bstty + Do (ugry) + 0y (p+ uy) + 0 (uyuz)

= —{0.[(1 - X,/2)85)]

+0y[(1— X /2)(S8) — 88)/2) + 0:[(1 — A, /2)S,.1},
(A12b)

Ortz + Oz (ugtiz) + Oy (uyus) + 02 (p + ul)
= —&{0.[(1 - A\, /2)S%)]

+0y[(1 = N, /2)S5P] = 9:1(1 — A /2)(SS) + SE) /213,

(A12¢)
WIEHE (A7), A
s = _3i {ato (302 — u?) + Doty — %ayuy _ %azuz ,
(A13a)

s — ‘% [ato(ui —ud) 4 %ayuy - %azuz} . (A13b)

v

1 1 1
Sg(;} = 7)\7/ ato (uzuy) + §aﬂﬂuy + iayuz:| ’ (A13C)
1 1 1
Sjglz) = Y Ot (quz) + gayuz + §azuy:| ) (A13d)
S = _Ai, Oty (ugus) + %azuz + %@uz] - (Al3e)

fHHIJT#E (A9), 155

atoui = _2uz [61(]7 + Ui) + 8y (uzuy) + 8,2 (’U/a:uz)}y
(Al4a)

atouzQ/ = —2uy [81 (uzty) + Oy(p + Ui) +0. (UyUZ)] )
(A14Db)

Deous = —2u [0 (uatiz)+0y (uyuz)+0: (p+u?)]. (Alde)
M7 (A1) FIHI Opouls , Oryus F Oy ul FhAE O(MP) 3. 2.
W5 O(M?) TiH Opou® T, JifE (A13) AT LIGAE

S — _3i (azuz - %ayuy - %azuz> ., (Al5a)
SO =~ L ,u, — 0.0, (A15b)

2N
Sh) =~ ! (Ozuy + Oyuz), (Al5c)

2X,
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1
2N,

S = (Dyuz + D2uy), (A15d)

1
22X\,
e (A15) fRA (A12) X, AT#4

Optiy + Oz (u2) + Oy (uztiy) + 02 (uzuz)

Sglx) = - (azuz + azuz), (A15e)

= — 0up + v(02us + Ojus + O2us)
+ (02 (02 (uz) + Oy(uy) + 02 (uz))), (Alb6a)
Dey + Oz (ugty) + 9y (ul) + 0. (uyuz)
= — Oyp + v(Douy + Oouy + OZuy)
+ &(0y (O (uz) + Oy (uy) + 0-(uz))), (AL6b)
Otz + B (ugz) + By (uyus) + 9: (u)
= — 0.p + v(Fous + Iju. + dlus)

+ (0202 (uz) + 0y (uy) + 02(uz))),  (Al6e)

i (A10) 20, B (A16) P E(V(V - ) FluV -u
P, 15

Otz + UgOzUg + UyOytg + U20: Uz

= — 0up + v(02uy + O2up + 02u,),  (AlTa)
Oty + Uz Ozly + UyOyty + U0, Uy

= — Oyp + v(D2uy + Douy + O2uy),  (A1Tb)
Otz + UgOpUz + UyOyUz + U0 U

= — 0.p + v(Fous + Oju. + 9us), (A17¢)

XA E N-S R shR RN RER. B, #MK
kB R, © &t C-E BIFE iD3Q12 MRT Hi#
RE BT R N-S A2, BrlIBEmE1HER, W
2 (25).
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Abstract

In order to improve the computational efficiency of multiple-relaxation-time lattice Boltzmann model
(MRT), a 12-velocity multiple-relaxation-time lattice Boltzmann model (iD3Q12 MRT model) for three-
dimensional incompressible flows is proposed in this work by using an inversion method. This model has higher
computational efficiency than the commonly used D3Q13 MRT model in principle. In numerical simulations,
the accuracy and stability of iD3Q12 MRT model are validated by simulating different flows, including steady
Poiseuille flow driven by pressure, unsteady pulsatile flow driven by periodic pressure and lid-driven cavity flow.
We also compare the iD3Q12 MRT model with the 13-velocity multiple-relaxation-time lattice Boltzmann
model(He-Luo D3Q13 MRT model).

For the Poiseuille flow and pulsatile flow, the numerical solutions of the iD3Q12 MRT model agree well
with the analytical solutions. In terms of accuracy, the iD3Q12 MRT model and He-Luo D3Q13 MRT model
are used to simulate Poiseuille flow with different parameters. The global relative errors of the two models are
identical. Similarly, we also simulate the pulsatile flow to calculate the global relative errors of flow fields at
different times and different lattice spacing. It is found that the global relative errors of the iD3Q12 MRT
model are smaller than those of the He-Luo D3Q13 MRT model, and both models have the second-order spatial
accuracy. Furthermore, we also simulate the pulsatile flow by changing the lattice spacing or relaxation time
when the maximal pressure drop of the channel is increased, and it is found that the global relative errors
calculated by the iD3Q12 MRT model are smaller than those by the He-Luo D3Q13 MRT model in most cases,
but the iD3Q12 MRT model diverges when the maximal pressure drop of the channel is large. This indicates
that the iD3Q12 MRT model is more accurate than the He-Luo D3Q13 MRT model in simulating unsteady
pulsatile flow, but less stable. For the lid-driven cavity flow, the results show that the numerical results of the
iD3Q12 MRT model agree well with those given by Ku et al [Ku H C, Hirsh R S, Taylor T D 1987 J. Comput.
Phys. 70 439]. In terms of stability, the iD3Q12 MRT model is quantitatively less stable than He-Luo D3Q13
MRT model.

Keywords: 12-velocity in three dimensions, multiple-relaxation-time, lattice Boltzmann model, incompressible

flows
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