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Fig. 1. A schematic diagram of the boundary modes of to-
pological matter. The line with m» = 1 corresponds to con-
ventional topological matters which host gapless modes
whose dimensions are one-dimensional lower than the sys-
tem dimension. The lines with n > 2 correspond to higher-
order topological matters which host gapless modes whose
dimensions are n-dimensional lower than the system dimen-

sion.
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Fig. 2. From first-order topological insulator to second-order topological insulator. (a) Energy spectra for a sample with open bound-
ary condition in the z direction (the system size L, = 100) and periodic boundary condition in the y direction. Parameters are
M=B=A=1, A =0, which corresponds to the original BHZ model. The energy spectra reflect the existence of gapless bound-
ary modes. (b) the density profile of a boundary mode. The parameters are the same as in (a), but now open boundary conditions
are taken both in the z and y directions. One can see that the density profile of the boundary mode distributes over the whole
boundary. (c) the boundary conditions and parameters are the same as in (a), except now A = 0.5. One can see that the presence
of the A term opens a gap for the boundary modes. (d) the density profiles of zero modes.The parameters are the same as in (c), but
now open boundary conditions are taken both in the z and y directions. One can see that there are four zero-energy modes in the in-
set. Their wave functions are found to be localized around the corners.
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Fig. 3. Constructing two-dimensional second-order topolo-
gical insulator by using one-dimensional topological insulat-
or: (a) A schematic diagram of the SSH chain; (b) using the
one-dimensional SSH chains to construct a two-dimensional
second-order topological insulator, within each small square,
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HOATSCE B A AN, B — A PR O, B
t, =t, = 0. MHEE 3(b), I & BLILF P4~ E /Y
B FAHA A TR RS, P E T R e — A
Jrdg =, 25 = of, T EAFAEX R, 1R
SR )RR AT FLAEE I, RV 7Rl A 1Y A
B 26 £ 0BF, BT doromo il HY K I A2 E -5,

Fir AR AE, R A FETFLAESE L, 2
X AR AT SR AL FEREBR Z rh . 2R s e B 1 2
—E R R TOT M, ARIR AR It AT LA BLE BB
ZAh.

X — A SO0, LA S i () M o
A AR A E g /R #h 18 (nested Wilson loop) 137
S AR 02 (] B A A RS B o B, S5 SR
FUSE || < [0 Pty | < o |G 2, BV e f .
X B MG 24 [t | > (¢35 |t | > |4,
ANTFAFAEFARE, X ML 1A

T AR R 40 D) 2540 1 = AR M S 1
7 Z HFR N M 1 (wire construction) B I
Fi (layer construction). XA 7 v 7E 4 i = B 4
PN RS 3R H A R B34,

SRR CEDNE S

F2 T RFRATT BN — T i B 4R Fh e kAR B B 5%
. AE 2.2 rh AR T ARSI A G IE ik
RS [] S xRt o, IR A — B b S AR mT LA
AR AN 2R AR, TE 2012 4, Sitte 4 12
PN = AN GRS AN, AR AR S
mn AR 57 18], B AREATERIA — 4 TCRERR A 2k
PRSI R, 2370 IR FORAE — 3 —4
B TAETCREBRAL . X AR E INoMg 7 n] Lk =4k
1) — B N S AR A8 Ry = AR B R P S A
FAU ML, Zhang 55 [ & AR — B HiF A AR 1)
Ferm A A Ak, Rl DATE T AE R pkhr e R AT T
RERR, T ST AR IR B —4ErY T-IE TCRERs
K. BECER, XA TAE T SE B Y 5488
TR MR, A B M AR S T
AR AR K.

2016 4, Benalcazar, Bernevig fll Hughes #
TR 2R A SR RE A B (18) ARD 2 At
ITHR s A SE T DU R e 2 ik (J/ T =4 —Frdh
FMAELRAR) BOARAY . i DO R 28 2 A ) (A R A
%, (HEA L USRS EOR IO - ASH
SARIES /2 WIHLAT. J34b, Ml T4 i e+ /\ bk
AR (J8T =4 =i fh a2 ik) nit . &
-\ AR 265 % AR ) (A R R DU R 38 o 2 (R LA
A\, TR R e e SR AR
WSR2 O, B SCRERGEIR G | T Tz G

2017 4F, Schindler 45 B2 $&H T — S a0 S2 80
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SYE BN SRR A, RITE S = 4N
SRR B LAl b5 A TR] B A DU 8 e A % B
VIS [] B R FR A L AR AR B AT B 4G X FR A Y
T (4n (9) =HY A ). 3R SCEE R A B U
T m NSRS, X R SCEWRIE T L
Tl A L Sk ELAG IS R] SR PR 1 B 4R 4
ki, i SnTe M BiSe. JLT-[RIA, HoAh 54~ 1F 52
ZHAFEY T HA X FR P A9 1% &0 B34 T Benalcazar
G BN 2R IR MBS T RGN
WE5E. B, X AN A B ES 5T T A dE
¢ [14-53),

1o B N2 % AR 1 S A 5 R A v T
(9) =X A9 Z 4ERERUAR PAE A RE RN FE B SR
FA A R 7 b e 5 3] 4261 D i JE S 2% A S
5 S 5] 4, S8 R DS A ] A8 S 5 20 il —
ATCHE, XA UNE 3(b) B s — AT A H SRRk
FELEDUASTFAK . SR HEnS 25 (B] AR At T LV 9 %
Kl 3(b) B 28 . R N3 0 5% 77 A n 8
RIS T (9) 2 A B M S AR . AH N HE,
FAR I AEAE 55 75 1T LA AT B b 3 o WA oFe iz ke

(9) b Y 2R X 7 A RS 2 DO A
B R SRR 7 SR RT DATE At A% B SEBR, B
N kagome A 475657 75 M2 AR L SEEE T R
MR — LIS TT EE ntid3d , (HALEATISR ]
DIERA# Ry %t — 4 SSH ALAY R 4fE). T SSH 45
RUAS By ()30 L8 52 o b A H WO T 79 s 1) A% 2
AU RIS Ty 58 SE BRI 2 IR AR F N AH Y 1 A
A AR F OB T ARy A, X SO
FESZIS b g R 156],

FIHFTMIE, SN ZAIE 2 2R
G R RS2 B0l AT, LAY Y
NG ARRR B HT I SR SR AR R 2 . X —
J7 T 2 H RIS AR R AR X b 6469 Sy — T
AT 2 FE 7 AR B4 A K DA R M 3 18 A A 52
5 FAEERAEAR 2. BT, SC50 ERIE 0 S B b
Y AR RRA FAT B O FI N T T8 HF R ) 701,
Horp, 78 =4 s ke R RS 1 Wi ey
RRIRT P R IAFAE— 2 IR e R IC BB, R
HH LE A sk oAy LA B[] S 8 X 1 ) — i 4 F 4 2%
A 4, FRATT N T L B A AL A — Al R REAE 2
HAZFZRENMHENER. 48 02 AL XA B
YER B MRS Z K, AT LA 750 s B b
Y AR SN B IE 2R . Rk, -

FRH 22 00 L R e B AR N2 S A R LA R AT B R
A SER ANBE AT AT H A

4 B EAE R

R ME AR RIRE SR TS, mBrR b
PRI ST A SRR . MR b SR A
A2, FATTRIE XS HAT I 18] B2 8O0 R P ) 3
RTINS MG AR IR X B T S AR F b
RS A BT AR ) B2 25, e A B AT
(] S 30 R B #1225 1 e RS p-T5
SR 2 SRN  T E ETSE b A W E Y p-UE
AR, XA 7 SRARMETE S5 | SCIUAIBIESE.

N T T S B ELAT I T) S X AR A A 4 b
HEPRIX B2 ZOR, ASHEHEMEEE R —
SIS S R=Ib A A NI ke o s S e 7 1)
Y Z PR B AT IR G B S R A —Birdh
PN LR IR JCRER I AL, T BRI 18] S 8 X R
PEABRIIR AT T ORI, S — e — B b sk
AT S I R B, T ST R0, o
RERS 1 LA 2 h THB IO T TR RERR. HL A,
WERE & i SR R R B O d 3 (A
PR ), IR A0S Al ] DL an i /9
I S o Y,

H(k) =[mo — ty cosky — tycosky)|o.T.
+ Ay sinkyo,s, + Aysinkyoy, T,

+ A(cos ky — cosky)s, Ty, (19)

Hi i fF —WRR -8 SR 7 2Lk 3
(19) XF (9) XA LARMR, B h FASHELS AT
RIHWAE oy J7 O AR, A A
AR AFAE—XT Majorana 458, Z T ISR I
FETEPIA Majorana ZEAIE 1 T8 T HCX 0 A
RIS ) S O R .k — 2D b, FRATT R B T Sl
T8 T s 1Y i TR A (IR ). BT
s P Y e TR SRR e PN AR ) O R
Wang 55 P 45 1. 0007 R4 3 =i n] SE B
A5 Hsk 1) S5z 35 6F B 4 1 B 4 B S AR 74—
AR, DR 0 35 —4E TCREBR I Majorana
SRR G RSN BT I A] S O R Y —
B FNEE A, TTLAS | ARG S wETE, R — 4k
ZBrhENE SRR A A B > Majorana &
L= = A [ AN AR AR R TR
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Majorana i 7650 il AR SCVE#E & BIAEHE Tk
AR OR ELAT s ] sz 8 R BRI A B AR s kA
AT LRL A SR M S B FINEE S A B X — T A
b TR ZA W SR — R H TR
FEXPE, BT LN, R RN
SR ELA W [) B OGRS R B A3 ) A
YEFHSAE S 308 In ARG 37t 7] 52 8 Majorana %
#5182 5 FF1E Majorana 5 53],

1 B R S R T AR TR A B S T R
KA. SRR M T BT p+id BB B,
p-His 8 S B XS B9, DL & Rashba [ e HLE 4 +
(s+id) B HECRT B0 5 A —A~ S g B 4 4 -5
PR B ZEAL TR AR N 4 JE 9 R A A AR
JC X BAST=89L i, A5 A BAN R AP v 4 8
AR S ELR BN Ry p-I xR ATE 4k
AL S B AR FINEE AR B8 AR =, AN R4k
4 g b R A T AR HAT TR S RO A
5, B ARE AT SEEE B4R R 4% 5657w S
N AR e B NN P/ | L s e e S e A )
G JE B R PR S EO, T RSB A
FEE-F B8 (AR IR A Y2, A PR R X
A SEBLERREAT Y = P M 19,

HHr, BARCEH T — RIS B
FARMEIS TR, HRA XA SR TAE R A TE
AEEBIL B B, ok BT, S92 07 T AT T AR
£ 45 : Burch ZH7E 2RI 3 FeTeg 555¢.45 HIHE I
WEL B T —4E JCRE PR ) Majorana 5 = PO iy
FeTeo.55seo,45 E%%%QYHELﬁE%ﬁE&% [91],
T AR R e A8 J5 B A Ry 2 s, B, PRI S 59
WL F (45 AR AT A = de R TN AR R s Pl
ST 25 A S A SRR g M S A
IS M. F 4N, Yazdani Z07E B Fh 4 Sk RS+
AR+ ER T EFE R 254 %8 2] T Majorana
ARG 2. o 2 i TR AR A i,
it LIS 2L Bsf 18] s e 6 RR PR . AR, Majorana &=
HEE DL BAAS A T 2 IR 4 5 A 8 1) i o

5 & @

AR A A T AL SR M S A B 4 b
PIZSHIBCR , I B T s Brdh b G R R B g+ b
PRI FEIEE, I a] DU Y R B dh b 2 1
GRS PN S S SR 7/ RS E- ST

e 7 eE A/ N DL NS UD O URUER 1 i L N U S
BAEXBP . IASCHRT DA s b 2 iR
= B F MR S AR B F 5 A A 7 LU BRI R ) iy
Br. MR B R N A, Xk AU AR R ) S g
LK. BT TH, AR ILAEXT S B Fh e Sk Ak
B FME A RS TS T ARG R R (H By
AN R ARAEAE AT A R b AR e IO P BT (v AN 2.
FiAb, BT I e AR A SR T L
I 2l 15 I Fh R T AR R S B B33 T i v
FINEE SR P AR T 2 — A E B 1) X
—J5 1 ] LU AEERIN Majorana #5520 045 U, 55
— 5 T n] B AR A H Majorana B 135 /7 1)

B, T LRI R TE = R b AR R By
N RIS R 2 5, SR EMI A IS
WHAET B TP a8 R 30, A SCRR TR IR
WA X —FR o OB TAE.
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SPECIAL TOPIC—The frontiers and applications of topological physics

Higher-order topological insulators and superconductors
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Abstract

Very recently, higher-order topological insulators and superconductors have attracted wide attention and
aroused the great interest of researchers. Owing to their unconventional bulk-boundary correspondence, higher-
order topological insulators and superconductors possess novel boundary modes whose dimensions are always
lower than the first-order (or say conventional) topological insulators and superconductors, provided that their
bulk dimensions are the same. The essence of higher-order topological phase is the formation of Dirac-mass
domain walls on the gapped one-dimensional lower boundary. Roughly speaking, the origins of the formation
can be classified as “intrinsic” and “extrinsic” type. For the former case, the formation of domain walls is forced
by symmetry, suggesting that the resulting higher-order topological phases can be taken as topological
crystalline phases. For this case, the domain walls are quite robust if the corresponding symmetry is preserved.
For the latter case, the domain walls are formed simply because the one-dimensional lower boundary modes are
gapped in a nontrivial way, however, the nontrivial way is not forced by symmetry. For this case, the domain
walls are also stable against perturbations as long as the separations between them are large enough. The
domain walls can have various patterns, which indicates that the higher-order topological phases are very rich.

In this paper, we first reveal the connection between the higher-order topological phase and the first-order
topological phase. Concretely, we show how to realize a higher-order topological phase by breaking some
symmetries of a first-order topological phase, as well as stacking lower-dimensional first-order topological
systems in an appropriate way. After these, we review the recent progress of theoretical and experimental study
of higher-order topological insulators and superconductors. For the higher-order topological insulators, we find
that the electronic materials are still laking though a lot of experimental realizations have been achieved. For
higher-order topological superconductors, we find that their experimental realization and investigation are still
in the very primary stage though quite a lot of relevant theoretical studies have been carried out. In order to

comprehensively understand this newly-emerging field there are still many things to be done.
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