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本文把不变本征算符方法 (invariant eigen-operator, IEO方法)推广到了基于拉格朗日量的矩阵形式, 将

以往计算的思路和过程用简约的矩阵形式表示出来, 这对大规模复杂多回路的介观电路的计算有着重要的

意义. 此外用该方法计算了三个 L−C 介观电路的本征频率, 包括存在互感和不存在互感的两种情形. 通过计

算结果得出了这些电路的相关性质, 说明了本征频率只与介观电路本身的元件性质有关.
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1   引　言

L-C

介观电路的量子化是量子电路领域的重要课

题之一. 众所周知, 经典  耦合电路的频率可以

通过 Kirchhoff定律写出久期方程求解得到; 尽管

量子电路的频率往往跟对应的经典电路频率无异,

但是将经典电路的方法直接推广到量子介观电路

是要十分谨慎的. 其中一个重要的原因是量子化后

的介观电路所有的观测量都是算符, 而不再是普通

的 C-数, 算符的非对易性质会导致一些与经典电

路不一样的结论. 所以处理介观量子电路应该使用

量子力学的方法, 不变本征算符 (invariant eigen-

operator, IEO)方法就是此类方法之一 [1−5].

原始的 IEO方法要先写出介观电路的拉式

量、确定广义坐标, 再计算共轭动量和哈密顿量;

接着假设一个参数待定的不变本征算符, 代入二阶

L-C

对易关系求解出参数并确定不变本征算符的具体

形式, 最后再利用 IEO方程求解出介观电路的本

征频率 [6−8]. 我们发现每次求解频率都要经历这一

系列程式化的流程, 而且随着电路规模的增大, 该

过程将会变得愈加复杂 [9]. 于是本文利用指标表示

的方法将这一系列过程收束为简单而优雅的矩阵

表示, 即提出了基于拉格朗日量的 IEO方法的矩

阵形式, 该形式能够在很大程度上简化 IEO方法

的计算过程. 基于该形式计算了三种  电路的本

征频率.
 

2   基于拉格朗日量的 IEO方法的矩
阵表示

Qi

Ii

假设多回路介观电路的回路电荷为   , 电流

为  , 下标代表不同的回路. 则其拉格朗日量可以

写为如下的矩阵形式 [10,11]
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L =
1

2
(I1 I2 I3 · · · )M


I1

I2

I3

...



− 1

2
(Q1 Q2 Q3 · · · )N


Q1

Q2

Q3

...


≡ 1

2
IiMijIj −

1

2
QiNijQj ,

Ii = Q̇i其中重复指标代表求和,   , M, N都为对称

矩阵, 即有:
 

Mij = Mji, Nij = Nji,

Qi把电荷   当成广义坐标 , 则对应的共轭动量为
 

Pi =
∂L

∂Q̇i

= MijIj ,

它的逆表示
 

Ii = M−1
ij Pj ,

M−1
ij M−1这里的  表示  的分量. 那么哈密顿量为

 

H = PiQ̇i − L =
1

2
IiMijIj +

1

2
QiNijQj

=
1

2
PiM

−1
ij Pj +

1

2
QiNijQj .

Pi, Qj ℏ = 1

有了哈密顿量就可以把介观电路量子化, 此时的

 量子化后应满足正则对易关系 (约定   )
 

[Qi, Pj ] = iδij .

下面利用 IEO方法计算频率, 设不变本征算符为
 

Oe = (t1 t2 t3 · · · )


P1

P2

P3

...

 = tiPi,

t 是待定的系数, 则对易子:
 

[Oe, 2H] = [tiPi, QjNjkQk]

= tiNjk (Qj [Pi, Qk] + [Pi, Qj ]Qk)

= −itiNjk (Qjδik +Qkδij)

= −i (tiNjiQj + tiNikQi)

= −i2tiNijQj ,

二阶对易子:
 

1

−2i
[[Oe, 2H] , 2H]

=
[
tiNijQj , PkM

−1
kl Pl

]
= tiNijM

−1
kl (Pk [Qj , Pl] + [Qj , Pk]Pl)

= itiNijM
−1
kl (Pkδjl + Plδjk)

= i
(
tiNijM

−1
kj Pk + tiNijM

−1
jl Pl

)
=2itiNijM

−1
jk Pk,

即 

[[Oe,H] ,H] = tiNijM
−1
jk Pk,

考虑 IEO方程 

[[Oe,H] ,H] = ω2Oe,

则有 

tiNijM
−1
jk Pk = ω2tkPk,

即 

tiNijM
−1
jk = ω2tk ⇔ M−1

kj Njiti = ω2ti.

把指标形式换成向量-矩阵的形式: 

M−1Nt = ω2t.

ω2 M−1N这意味着  是矩阵  的本征值; 这样一

来只要知道了多回路介观电路的拉格朗日量, 就能

很方便地利用这个结论求解出介观电路的本征频

率. 下面举几个例子来验证我们的结论. 

3   矩阵 IEO方法计算两回路 L -C 介
观电路特征频率

首先考虑图 1所示的 L-C 介观电路 [12−15].

用 IEO方法求解没有耦合的频率, 图 1电路

的拉格朗日量为
 

L =
1

2

(
l1I

2
1 + l2I

2
2

)
− 1

2

[
Q2

1

c1
+

Q2
2

c2
+

(Q1 +Q2)
2

c3

]
,

 

c1 c2

c3

l1 l2

L-C图 1    两回路   介观电路

L-CFig. 1. Two-loop    mesoscopic circuit. 
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对应 IEO方法中的矩阵 

M =

(
l1 0

0 l2

)
, N =


1

c1
+

1

c3

1

c3

1

c3

1

c2
+

1

c3

 .

套用 IEO公式 

M−1Nt = ω2t,

解得 

ω2 =
c2c

3
3l1l

2
2 + c1c

3
3l1l2 (c3l1 + c2l1 + c2l2)±

√
∆

2c1c2c33l
2
1l

2
2

,

其中根号下的 D 具体形式为 

∆ = c43l
2
1l

2
2

[
c21 (c2 + c3)

2
l21 + c22 (c1 + c3)

2
l22

−2c1c2
(
c23 + c1c3 + c2c3 − c1c2

)
l1l2
]
.

对称情形可以得到简洁的解, 令 l1 = l2 = l, c1 =

c2 = c3 = c, 则 

ω+ =

√
3

cl
, ω− =

√
1

cl
.

该结果不依赖回路电流的方向, 因为即便上述

回路电流反向, 也仅仅是改变了矩阵两个反对角元

的符号 (正号变负号), 而求解本征值的时候, 这两

个负号又恰好抵消. 再来看图 2所示的电路 [16,17].

图 2电路的拉格朗日量为
 

L =
1

2

[
l1I

2
1 + l2I

2
2 + l3 (I1 ± I2)

2
]
− 1

2

(
q21
c1

+
q22
c2

)
,

对应 IEO方法中的矩阵
 

M =

(
l1 + l3 ±l3
±l3 l2 + l3

)
, N =


1

c1
0

0
1

c2

 ,

套用 IEO公式计算本征值可得本征频率
 

ω2 =
c1l1 + c2l2 + c1l3 + c2l3 ±

√
∆

2c1c2 (l2l3 + l1l2 + l1l3)
,

其中 

∆ = [c1 (l1 + l3) + c2 (l2 + l3)]
2

− 4c1c2 (l2l3 + l1l2 + l1l3) ,

l1 = l2 = l3 = l, c1 = c2 = c对称情形下  得 

ω+ =

√
3

cl
, ω− =

√
1

cl
. (1)

I1 ± I2同时我们发现拉格朗日量中的   代表两个回

路电路方向一致或是相反, 对应M矩阵的非对角

项的正负. 注意到矩阵的本征值跟矩阵的非对角项

的正负无关, 所以这并不会影响本征频率, 这也是

“本征”二字的体现——是电路的固有特征.

l1 l2

此外我们还考虑了存在互感的电路 [18], 如图 3

所示,   和  的互感为 2m. 它的拉格朗日量为 

L =
1

2

[
l1I

2
1 + l2I

2
2 + l3 (I1 ± I2)

2 ± 2mI1I2

]
− 1

2

(
q21
c1

+
q22
c2

)
,

对应 IEO方法中的矩阵 

M =

(
l1 + l3 l3 ±m

l3 ±m l2 + l3

)
, N =

 1

c1
0

0
1

c2

 ,

同样可得本征频率 

ω2 =
c1l1+c2l2+c1l3+c2l3−2c1c2l3−2c1c2m±

√
∆

2c1c2 (l2l3 + l1l2 + l1l3 − 2ml3 −m2)
,

其中 

∆ = [c1 (l1 + l3) + c2 (l2 + l3)− 2c1c2l3 − 2c1c2m]
2

+ 4c1c2 (c1c2−1)
(
l2l3+l1l2+l1l3−2ml3−m2

)
.

同样可以写出对称形式的频率, 令 l1 = l2 = l3 = l,

 

c1 c2

l1 l2

l3

L-C图 2    无互感的   介观电路

L-CFig. 2.    mesoscopic circuit without mutual inductance. 

 

1 2

1 2

3

2

L-C图 3    带互感的   介观电路

L-CFig. 3.    mesoscopic circuit with mutual inductance 2m. 
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c1 = c2 = c 得 

ω+ =

√
c+ 1

3c (l +m)
, ω− =

√
1− c

c (l −m)
,

1− c l −m ω−此时要求  和  同号,   才有可能存在, 否

则只存在一个特征频率. 

4   结　论

不变本征算符方法不失为一种计算介观量子

电路特征频率的好办法, 此外该方法在光-原子体

系 [19−21] 以及固体物理 [22] 中也有很多应用, 而本文

对该方法的改进使得其中繁琐的程式化的步骤变

成了简单的求解矩阵本征值的过程. 考察的三个量

子介观电路能够验证这种方法的方便快捷之处, 也

从这种形式中体现了“本征频率”只与该介观电路

本身的属性有关. 在该方法的基础上, 更多的关于

量子介观电路的研究得以顺利展开.

参考文献

 Fan H Y, Li C 2004 Phys. Lett. A 321 75[1]

 Ren  Y  C,  Fan  H  Y  2013  Acta  Phys.  Sin.  62  156301  (in
Chinese) [任益充, 范洪义 2013 物理学报 62 156301]

[2]

 Fan H Y,  Wu H,  Yuan  H C 2011  Invariant  Eigen-Operator
Method  in  Quantum  Mechanics  (Shanghai:  Shanghai  Jiao
Tong University  Press)  pp175−178 (in  Chinese)  [范洪义 , 吴
昊, 袁洪春 2011 量子力学的不变本征算符方法 (上海: 上海交
通大学出版社) 第175−178页]

[3]

 Fan H Y, Wu H, Xu X F 2005 Int. J. Mod. Phys. B 19 4073[4]
 Fan H Y, Tang X B 2007 Commun. Theor. Phys. 47 865[5]
 Ren G, Fan H Y 2009 Int. J. Phys. 48 2016[6]
 Fan H Y, Wang T T 2007 Int. J. Mod. Phys. B 21 1961[7]
 Song T Q, Fan H Y 2006 Mod. Phys. Lett. A 21 451[8]
 Liu Y M 2009 Int. J. Theor. Phys. 48 2372[9]
 Fan H Y, Tang X B 2006 Commun. Theor. Phys. 46 603[10]
 Fan H Y, Tang X B, Hu H P 2008 Commun. Theor. Phys. 50
674

[11]

 Fan H Y, Wu H 2007 Mod. Phys. Lett. B 21 1751[12]
 Fan H Y, Wu H 2008 Commun. Theor. Phys. 49 50[13]
 Tang X B, Fan H Y 2010 Int. J. Theor. Phys. 49 877[14]
 Fan H Y, Wu H 2009 Int. J. Mod. Phys. B 23 234[15]
 Fan H Y, Wang T T, Yang Y L 2006 Int. J. Mod. Phys. B 20
5417

[16]

 Song T Q, Zhu J Y, Fan H Y 2003 Commun. Theor. Phys. 39
91

[17]

 Fan H Y, Tang X B 2006 Commun. Theor. Phys. 45 1003[18]
 Fan H Y, Gui W J, Gui J Z 2007 Int. J. Mod. Phys. B 21 737[19]
 Yu T X, Fan H Y 2010 Commun. Theor. Phys. 53 257[20]
 Meng  X  G,  Wang  J  S,  Zhai  Y,  Fan  H  Y  2008 Chin.  Phys.
Lett. 25 1205

[21]

 Zhang K, Fan C Y, Fan H Y, 2018 Acta Phys. Sin. 67 170301
(in Chinese) [张科, 范承玉, 范洪义 2018 物理学报 67 170301]

[22]

物 理 学 报   Acta  Phys.  Sin.   Vol. 68, No. 22 (2019)    220301

220301-4

http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.1016/j.physleta.2003.11.059
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.7498/aps.62.156301
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1142/S0217979205032590
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1088/0253-6102/47/5/019
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1007/s10773-009-9976-2
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217979207037156
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1142/S0217732306018846
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1007/s10773-009-0026-x
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/46/4/007
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1088/0253-6102/50/3/30
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1142/S0217984907014139
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1088/0253-6102/49/1/09
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1007/s10773-010-0270-0
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1142/S0217979206035795
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/39/1/91
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1088/0253-6102/45/6/009
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1142/S021797920703662X
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0253-6102/53/2/10
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.1088/0256-307X/25/4/012
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://dx.doi.org/10.7498/aps.67.20180469
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1


The invariant eigen-operator method in matrix form and the
eigenfrequency of several mesoscopic circuits*

Wu Ze 1)    Fan Hong -Yi 2)†

1) (Department of Modern Physics, University of Science and Technology of China, Hefei 230026, China)

2) (Department of Materials Science and Engineering, University of Science and Technology of China, Hefei 230026, China)

( Received 3 May 2019; revised manuscript received 30 August 2019 )

Abstract

The Invariant Eigen-operator (IEO) method is widely used in solving the eigenfrequencies of  the coulped

quantum mesoscopic  circuits.  The previous  IEO method is  complicated but  stylized,  we always  wasted much

time in this boring processes. Here we extended the IEO method to the matrix form based on Lagrangian of the

complex mesoscopic circuits, and express the ideas and processes of the previous calculations of the IEO method

in a very simple matrix form. The mathematical methods we used is the indicator representation of the matrix,

and we got a very simple and convenient matrix form of the IEO method. This form has important significance

for the calculation of large-scale complex multi-loop mesoscopic circuits. Moreover, the matrix form of the IEO

method is very friendly to the programming implementation of the complex quantum mesoscopic L−C circuits, it

is  probably  a  most  optimal  algorithm  for  calculating  the  eigenfrequencies  of  the  quantum  mesoscopic  L−C

circuits.  In  addition,  with  some  help  of  computer  programs,  we  used  this  method  to  calculate  the

eigenfrequencies of three L−C mesoscopic circuits, including two cases with and without mutual inductance. We

revealed some relevant properties of these circuits by calculating results,  indicating that the eigenfrequency is

only related to the element properties of the mesoscopic circuit itself. Finally, we found that this method can

also be used in other areas like atom-light coupling systems and solid state physics.
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