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Abstract. Wavefront shaping enables the transformation of disordered speckles into ordered optical foci
through active modulation, offering a promising approach for optical imaging and information delivery.
However, practical implementation faces significant challenges, particularly due to the dynamic variation of
speckles over time, which necessitates the development of fast wavefront shaping systems. This study
presents a coded self-referencing wavefront shaping system capable of fast wavefront measurement and
control. By encoding both signal and reference lights within a single beam to probe complex media, this
method addresses key limitations of previous approaches, such as interference noise in interferometric
holography, loss of controllable elements in coaxial interferometry, and the computational burden of non-
holographic phase retrieval. Experimentally, we demonstrated optical focusing through complex media,
including unfixed multimode fibers and stacked ground glass diffusers. The system achieved runtime of
21.90 and 76.26 ms for 256 and 1024 controllable elements with full-field modulation, respectively, with
corresponding average mode time of 85.54 and 74.47 μs—pushing the system to its hardware limits. The
system’s robustness against dynamic scattering was further demonstrated by focusing light through
moving diffusers with the correlation time as short as 21 ms. These results emphasize the potential of this
system for real-time applications in optical imaging, communication, and sensing, particularly in complex
and dynamic scattering environments.
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1. Introduction
Optical speckles arise from the random interference of light after
its path is disrupted by scattering media. Similarly, in multimode
fibers (MMFs), mode crosstalk—where theoretically orthogonal
spatial modes interfere due to imperfections, bending, and envi-
ronmental factors—produces speckles at the output. In both

cases, these random and disordered speckles complicate the
retrieval of the original information, posing a long-standing
challenge in optical information transmission[1,2]. Recent break-
throughs in wavefront shaping offer a powerful solution by
transforming what was once a chaotic obstacle into a control-
lable process. By treating the scattering medium as a determin-
istic transmission matrix, wavefront shaping enables precise
manipulation of scattered light, restoring a one-to-one mapping
between input and output modes[3–6]. Phase conjugation, which
reverses the scattering process by retracing the light’s original
path, has demonstrated remarkable accuracy in refocusing
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scattered light[7–11]. This advancement is particularly valuable in
biomedical imaging, where tissue scattering limits imaging
depth. Moreover, wavefront shaping mitigates mode crosstalk
in MMFs[12–19], improving signal integrity and transmission ef-
ficiency in communication, sensing, and endoscopy applica-
tions[20–23].

However, real-world applications introduce additional com-
plexities, as dynamic environments—such as moving scatterers
in tissue or changing conditions in MMFs—cause the transmis-
sion matrix to evolve rapidly and unpredictably, complicating
stable control[23–26]. This challenge is particularly pronounced
in freely positioned MMFs and live biological tissues, where
internal fluctuations and external disturbances affect the deter-
ministic nature of the scattering process. In such cases, adaptive,
real-time wavefront shaping systems are essential[27]. System ef-
ficiency is governed by the average mode time—the time re-
quired to measure and control each independent mode or
element[26,28,29]. It is defined as the ratio of the total system run-
time to the product of the number of independent modes and the
modulation efficiency. By dividing the optical speckles’ corre-
lation time (the time scale of the dynamic process) by the aver-
age mode time, one can determine the number of modes that can
be effectively controlled in a given dynamic scattering environ-
ment. The shorter the average mode time, the more modes that
can be controlled before the speckle patterns change. As a result,
fast wavefront shaping systems are essential for maintaining op-
timal performance in dynamic environments.

Researchers have been actively developing fast wavefront
shaping systems to reduce average mode time. As most time
is spent on wavefront measurement, these techniques can be
broadly categorized into those using external reference light
and those that do not. Systems employing interferometric holog-
raphy are generally faster but more susceptible to environmental
disturbances. For example, utilizing the time-reversal symmetry
of wave equations can retrieve a single row of the transmission
matrix in tens of nanoseconds[29–32], and acousto-optic frequency
encoding has achieved average mode time of a few microsec-
onds[33,34]. However, these systems rely on external reference
light and require complex alignment, making them vulnerable
to environmental factors. In contrast, referenceless wavefront
shaping systems offer greater robustness. Feedback-based sys-
tems, which use optimization algorithms, eliminate the need for
reference light but are less efficient due to repeated communi-
cation between wavefront measurement and control, resulting in
average mode time in the millisecond range[35–38]. Neural net-
works can also be employed to determine the transmission ma-
trix, but the time-intensive processes of generating training
datasets and training the networks limit their real-time perfor-
mance[39–45]. A simpler alternative is direct transmission matrix
measurement through coded wavefronts using coaxial interfer-
ometry[4,46–48] or non-interferometric phase retrieval[49–54]. With
digital micromirror devices (DMDs) operating at tens of kHz,
state-of-the-art systems have achieved average mode time of
185 μs using coaxial interferometry[55] and 95 μs with non-in-
terferometric phase retrieval[26]. However, coaxial interferometry
sacrifices a fraction of controllable elements to serve as static
reference lights, while non-interferometric phase retrieval de-
mands significant computational resources, limiting scalability
for large transmission matrices[56,57].

To address the aforementioned challenges, we propose a
coded self-referencing method that overcomes the limitations
of both coaxial interferometry and non-interferometric phase

retrieval, enabling fast measurement and control of dynamic
scattering. This method eliminates the need for static references
in coaxial interferometry, thereby preserving the number of con-
trollable elements and avoiding the computational complexity
associated with non-interferometric phase retrieval. By employ-
ing superpixel encoding with a DMD[58] (as detailed in
Appendix A), we directly synthesize interference patterns of
orthogonal bases and a planar reference to probe the complex
medium, enabling efficient three-step phase-shifting to extract
the complex coefficients of orthogonal basis modes (explained
in Appendix B). This approach allows for rapid, large-scale
transmission matrix measurement and full-field wavefront con-
trol with minimal computational overhead, significantly enhanc-
ing wavefront shaping performance. Specifically, we achieved
millisecond-level system runtime of 21.90 and 76.26 ms for
256 and 1024 controllable elements with full-field modulation,
corresponding to average mode time of 85.54 and 74.47 μs, re-
spectively, reaching the system’s hardware limit. As a proof of
concept, we demonstrated optical focusing through unfixed
MMFs and moving diffusers, showcasing the system’s ability
to effectively overcome dynamic scattering and mode crosstalk.

2. Results

2.1. Operational Principle of the Coded Self-
Referencing Method

Figure 1 illustrates the operational principle for measuring the
transmission matrix of a complex medium. A series of orthogo-
nal bases, such as Hadamard bases[4,47,59,60], are generated to in-
teract with the medium, producing speckle patterns [Fig. 1(a)].
The transmission matrix is then directly calculated by summing
the Hadamard bases (reshaped from two-dimensional matrices
to one-dimensional rows) with the associated optical fields as
complex coefficients. In setups where reference light is intro-
duced after the complex medium, as in a typical interferometric
holographic configuration [Fig. 1(a)][61], the true transmission
matrix is determined using a direct three-step phase-shifting
method. Alternatively, when the reference light is introduced
before the medium, the system operates as a coaxial interfero-
metric setup [Fig. 1(b)][4,46]. If no reference light is used, the sys-
tem functions as a non-interferometric phase retrieval setup
[Fig. 1(c)][26,49,50,56]. It should be noted that in the latter two con-
figurations, each row of the transmission matrix contains un-
known complex coefficients.

Figure 1(d) illustrates the proposed coded self-referencing
method, which synthesizes the combined optical field of prob-
ing light (Hadamard bases) and reference light (three-step
phase-shifted) to interact with the complex medium (as detailed
in Appendix C). A similar encoding scheme has recently been
applied for holographic imaging in clear media, primarily under
static conditions[57]. This method retains the stability advantages
of a referenceless setup while employing field encoding to re-
duce the computational complexity involved in reconstructing
the transmission matrix. As with coaxial interferometry and
non-interferometric phase retrieval, each row of the resulting
transmission matrix contains unknown complex coefficients.
However, these unknown coefficients do not adversely affect
system performance when focusing light at specific spatial po-
sitions. In contrast to feedback-based methods[59,62–64], our coded
self-referencing approach allows for efficient transmission ma-
trix reconstruction without the need for persistent feedback.
Additionally, this method eliminates the need for dedicated
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reference fields, optimizing the use of available modes and
reducing computational complexity, which is crucial for appli-
cations involving large and dynamically changing transmission
matrices.

2.2. Experimental Setup

We constructed an experimental setup to demonstrate the coded
self-referencing method and validate its operational principle.
As shown in Fig. 2, a continuous-wave laser (MSL-FN-532-
100mw, CNI) was used as the light source, with the beam

expanded to a 1-inch diameter to fully illuminate the DMD
(V-7001, Vialux). A superpixel encoding scheme was em-
ployed, grouping every 4 pixel × 4 pixel into one superpixel[58].
The light diffracted from the DMD was spatially filtered to pass
only the 1st diffraction order, enabling the selective generation
of beams with varying amplitude and phase at the imaging plane
of a 4f system. To achieve fast DMD refresh rates, a central ac-
tive zone of 256 pixel × 1024 pixel was selected, providing a
refresh time of 23 μs, corresponding to a refresh rate of approx-
imately 43.48 kHz. The selected active zone facilitates higher
optical energy coupling through the MMF, supported by a

(a) Interferometric holography

Probing light

(c) Non-interferometric phase retrieval

(b) Coaxial interferometry

(d) Coded self-referencing
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Fig. 1 Schematic illustration of the operational principles for various transmission matrix measure-
ment methods. (a) Interferometric holographic configuration: Reference light is introduced after the
complex medium, enabling transmission matrix measurement using a three-step phase-shifting
method. (b) Coaxial interferometric setup: Reference light is introduced before the complex
medium, facilitating transmission matrix measurement. (c) Non-interferometric phase retrieval:
No reference light is used, relying on phase retrieval techniques to determine the transmission
matrix. (d) Proposed coded self-referencing method: Probing light (Hadamard bases) and refer-
ence light (three-step phase-shifted) are synthesized, enabling transmission matrix measurement
while preserving all controllable elements.
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Fig. 2 Experimental setup of the system. M1–M5: mirrors; HWP: half-wave plate; PBS: polarizing
beam splitter; L1–L5: lenses; DMD: digital micromirror device; SF: spatial filter; MMF: multimode
fiber; P: polarizer; BS: beam splitter; APD: avalanche photodiode; CMOS: complementary metal-
oxide-semiconductor camera.
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higher refresh rate and compatible with complex-field modu-
lation. Opting for a 1:1 aspect ratio, however, reduces the
refresh rate to 22.7 kHz. The modulated light was then coupled
into a 1-m-longMMF (FC/PC-FC/PC-50/125-900 μm, Shenzhen
Optics-Forest Inc.). Additionally, stacked ground glass diffusers
(DG10-1500, Thorlabs) were used as the scattering media. A
polarizer (LPVISA100-MP2, Thorlabs) was placed after the
complex media to detect light with a specific polarization state.
The output intensity distribution was captured by an avalanche
photodiode (APD) (APD130A2, Thorlabs) and digitized using
a data acquisition device (USB-6251, National Instruments)
with a sampling rate of 1.25 MS/s. Simultaneously, a comple-
mentary metal-oxide-semiconductor (CMOS) camera (BFLY-
U3-23S6M-C, FLIR) positioned at the conjugate plane acted
as a supervisory module, monitoring and recording the exper-
imental results. The system’s performance is influenced by the
APD’s dynamic range and noise characteristics, which are care-
fully managed through the optimization of gain settings and the
application of signal processing techniques.

To meet different application requirements, we designed the
system to operate in two distinct configurations, referred to
as Configuration 1 and Configuration 2. In Configuration 1,
every 32 pixel × 32 pixel (8 superpixel × 8 superpixel) were
grouped into one block, resulting in 256 controllable elements.
In Configuration 2, every 16 pixel × 16 pixel (4 superpixel ×
4 superpixel) were grouped into one block, resulting in 1024
controllable elements. Configuration 1 offers a higher signal-
to-noise ratio (SNR) under the same illumination intensity
but with fewer controllable elements, while Configuration 2 pro-
vides more controllable elements but with a lower SNR. Higher
resolution patterns distribute input light energy across more
modes, thereby reducing the power per mode and exacerbating
mode-dependent losses. This leads to a lower SNR and can neg-
atively affect the accuracy of transmission matrix measure-
ments. The complete wavefront shaping process involves
projecting coded patterns, collecting the resulting speckle inten-
sities, computing the transmission matrix elements, and modu-
lating the wavefront. Table 1 summarizes the time required at
each stage. Due to the increased number of controllable ele-
ments, Configuration 2 requires projecting four times as many
coded patterns, making the projection time four times longer—
70.66 ms compared to 17.66 ms. Data collection can be per-
formed simultaneously with pattern projection, so it adds
almost no additional time. However, the computational com-
plexity increases significantly, resulting in non-linear growth
in calculation time (detailed in Appendix D). Despite the
differences in computation, the overhead—including hardware
initialization, communication, and DMD display of the modu-
lated wavefront—remains nearly identical for both configura-
tions, at approximately 4 ms. Ultimately, the total system
runtime for Configurations 1 and 2 are 21.90 and 76.26 ms,
respectively (detailed in Appendix E). Therefore, the average
mode time are 85.54 μs for Configuration 1 and 74.47 μs for
Configuration 2. Once the transmission matrix is measured,

loading the optimal binary amplitude mask takes just a few tens
of microseconds, limited only by the speed of the DMD.

2.3. Focusing Light through the MMF with 256
Controllable Elements

We first experimentally demonstrated optical focusing through
the MMF using 256 controllable elements. The success of the
coded self-referencing method relies heavily on superpixel en-
coding, which enables the synthesis of complex fields via binary
amplitude modulation. Figure 3(a) illustrates an example where
a binary-amplitude mask (with only on/off states) generates a
synthesized field by combining a Hadamard basis of order
128 with reference light at a phase of 2∕3π. Using this approach,
768 pre-designed complex fields were coupled into the MMF,
resulting in a series of speckle patterns at the output. The inten-
sity at the target position was captured by an APD. After retriev-
ing a row of the transmission matrix, the DMD synthesized the
conjugate field, which was used as the input to the MMF, pro-
ducing a bright focus at the target position. Figure 3(b) shows
the intensity captured by the APD over time, demonstrating the

Table 1 Time Consumption Comparison between the Two Configurations.

Controllable element Projection (ms) Computation (ms) Overhead (ms) Total (ms) Average mode time (μs)

256 (Configuration 1) 17.66 0.08 4.16 21.90 85.54

1024 (Configuration 2) 70.66 1.23 4.37 76.26 74.47
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Fig. 3 Experimental demonstration of focusing light through the
MMF with 256 controllable elements. (a) Illustration of the binary-
amplitude mask used to synthesize a complex optical field by
combining a Hadamard basis of order 128 with reference light
at a phase of 2∕3π. (b) Time-dependent intensity captured by
the APD, illustrating the transformation of random speckle pat-
terns into a bright focus within 22 ms. Scale bar: 1 mm.
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transformation of random speckle patterns into a bright focus
within 22 ms. For visualization purposes, the intensity distribu-
tions captured by the camera are also displayed. Quantitatively,
the enhancement—defined as the ratio between the peak inten-
sity of the focused light and the ensemble-averaged intensity of
random inputs—reached 180, which corresponds to 70.3% of
the theoretical value of 256.

2.4. Focusing Light through the MMF and Stacked
Ground Glass Diffusers with 1024 Controllable
Elements

The advantages of the coded self-referencing method become
more evident when handling a larger number of modes. To dem-
onstrate this, we controlled 1024 elements and focused light on
multiple points through complex media, including both the
MMF and stacked ground glass diffusers. As a proof of concept,
we projected three letters—“S”, “Y”, and “U”—through multi-
ple foci. First, we measured 225 rows of the transmission matrix
using the proposed method, and then applied phase conjugation
to compute the input complex fields [Fig. 4(a)]. The experimen-
tal results of projecting light through the MMF and stacked
ground glass diffusers are shown in Figs. 4(b) and 4(c). For
MMFs, the reduced number of effectively excited modes is

primarily due to the limitations of the input beam profile and
coupling efficiency, which predominantly excite lower-order
modes. In contrast, the diffuser’s high numerical aperture facil-
itates the excitation of more scattering modes, leading to smaller
speckle sizes. Although the focal spot sizes varied due to
differences in speckle size, all three letters were successfully pro-
jected. The average enhancements for the letters in Fig. 4(b)
were 25, 38, and 29, respectively achieving over 25.3% of the
theoretical value (1024/number of focal spots). Similarly, the
average enhancements for the letters in Fig. 4(c) were 25, 27,
and 28, respectively achieving over 22.5% of the theoretical
value. These results confirm the accuracy of the proposed coded
self-referencing method, particularly in managing large-scale
transmission matrices.

2.5. Focusing Light against Dynamic Scattering

We further demonstrated the performance of the proposed
method in compensating for dynamic scattering with control-
lable correlation time. Following established protocols, we used
moving stacked ground glass diffusers at controlled speeds, as
shown in Fig. 5(a). The faster the diffuser velocity, the shorter
the correlation time of the scattering process. To quantify this
relationship, we captured a series of speckle patterns using a
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Fig. 4 Multi-spot focusing through the MMF and stacked ground glass diffusers with 1024 con-
trollable elements. (a) Schematic of the coded self-referencing method used to measure 225 rows
of the transmission matrix and compute the input complex fields for phase conjugation.
(b) Experimental results showing the projection of the letters “S,” “Y,” and “U” through the
MMF, with average enhancements of 25, 38, and 29, respectively, achieving over 25.3% of
the theoretical value. (c) Experimental results showing the projection of the same letters through
stacked ground glass diffusers, with average enhancements of 25, 27, and 28, respectively
achieving over 22.5% of the theoretical value. Scale bars: 1 mm.
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camera while translating the diffusers at various velocities,
controlled by a one-dimensional motorized stage (MLJ050,
Thorlabs). For each translational velocity, the correlation time
was defined as the time interval during which the intensity cor-
relation dropped to 1/e. A linear fit was applied to plot corre-
lation time as a function of inverse velocity, establishing a direct
mapping between correlation time and velocity.

To evaluate the method’s performance under dynamic scat-
tering, we achieved optical focusing with 256 controllable ele-
ments at diffuser velocities of 0.001, 0.01, and 0.1 mm/s, as
shown in Fig. 5(c). Based on the linear fit, these velocities cor-
respond to correlation time of 2100, 210, and 21 ms, respec-
tively. Given that the wavefront shaping system’s operational
time for 256 controllable elements is 21.90 ms, the first two
cases represent nearly static scattering conditions, resulting in
a bright optical focus with enhancements around 159, achieving
62% of the theoretical value. In the third case, where the sys-
tem’s operational time is comparable to the scattering correla-
tion time, focus fidelity decreased, with the enhancement
dropping to 62, approximately 1/e of the original value, consis-
tent with theoretical predictions. Despite this, a bright optical
focus was still achieved, demonstrating the system’s robustness
in dynamic scattering environments.

3. Discussion and Conclusion
We compared the time consumption of the proposed coded self-
referencing method with existing non-interferometric phase
retrieval techniques. For consistency, all algorithms were

executed with 256 controllable elements on a computer
equipped with an Intel® Core™ i9-10900X X-series processor,
using Visual Studio 2022 for implementation. To ensure suffi-
cient accuracy, different oversampling ratios were introduced,
defined as the ratio between the number of intensity measure-
ments and the number of controllable elements, with no noise
added. In this comparison, we focused on the coded self-refer-
encing method alongside the generalized Gerchberg-Saxton
(GGS) method[53] and the amplitude flow (AF) method[56], which
represent mainstream approaches in phase retrieval: iterative
Fourier-based algorithms (such as the GGS algorithm) and gra-
dient descent methods (such as the AF method). As shown in
Table 2, the proposed method significantly outperforms the
other phase retrieval techniques in terms of time consumption.
This advantage becomes even more pronounced with an in-
creased number of controllable elements, such as 1024, where
the difference becomes substantial. Some phase retrieval meth-
ods from other studies were not included in our comparison
due to the lack of available C++ code implementations[49,50,52].
However, based on the known time complexity of various phase
retrieval algorithms, it is unlikely that these methods would out-
perform the two techniques (GGS and AF) presented here.

In conclusion, we developed a coded self-referencing method
for fast wavefront shaping to address the challenges posed
by dynamic scattering. Utilizing superpixel encoding and
phase conjugation, we successfully achieved optical focusing
through MMFs and stacked ground glass diffusers, using both
256 and 1024 controllable elements. This system eliminates the
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Fig. 5 Evaluation of optical focusing against dynamic scattering with 256 controllable elements.
(a) Schematic of the experimental setup using moving stacked ground glass diffusers to create a
dynamic scattering environment. (b) Plot of correlation time as a function of inverse diffuser veloc-
ity, with a linear fit mapping correlation time to velocity. (c) Experimental results demonstrating
optical focusing at diffuser velocities of 0.001, 0.01, and 0.1 mm/s, corresponding to correlation
time of 2100, 210, and 21 ms, respectively. The optical focus achieved at these speeds demon-
strates the system’s robustness, with enhancements reaching 159 at slower velocities and de-
creasing to 62 as the operational time approaches the scattering correlation time, consistent
with theoretical predictions. Scale bar: 0.5 mm.
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need for reference light, avoiding the sacrifice of controllable
elements required by coaxial interferometry, while also reducing
the computational burden and long processing time typically
encountered in non-holographic phase retrieval methods.
Consequently, our method achieves the fastest average mode
time among current referenceless approaches. Specifically, the
average mode time for the two configurations were 85.54 and
74.47 μs, approaching the DMD’s hardware limit of 69 μs for
three-step phase-shifting (23 μs × 3 � 69 μs for three-step
phase-shifting). In applications where measurements on the
other side of MMFs are prohibitive, our encoded self-referenc-
ing method can be directly integrated with guide stars, such as
fluorescent particles[26,65]. This integration facilitates measure-
ments from the same side as the illumination beam. These re-
sults showcase the method’s potential for real-time applications
in optical imaging, communication, and sensing in complex and
dynamic scattering environments.

Appendix A: Coded Self-Referencing Modulation via the
Superpixel Method

The DMD used in our system has a significantly higher pixel
count than the number of spatial modes to be controlled. To
achieve full-field modulation, we employed a widely used
superpixel method described in Ref. [58] (as well as the Lee
holography[66]), which allows for efficient phase and amplitude
modulation by combining adjacent micromirror elements
into superpixels, enhancing wavefront shaping capabilities.
Specifically, we applied a 4 × 4 binning scheme in conjunction
with a circular spatial filter, generating 6561 distinct fields, each
with unique amplitude and phase values. The spatial filter’s

placement is critical and positioned relative to the 0th diffraction
order at �x; y� � �−a; 4a�, where a is defined as −λf∕42d.
Here, λ represents the wavelength of the light, f is the focal
length of the first lens, and d is the distance between adjacent
micromirrors. In our experiment, we used a continuous-wave
laser with a wavelength of 532 nm, a lens with a focal length
of 300 mm, and a micromirror pitch of 13.68 μm, resulting in
the aperture being located at �x; y� � �−0.73 mm; 2.92 mm�.
Correctly setting the spatial filter’s radius is also crucial.
Since the target plane is an image plane of the DMD, the res-
olution can be expressed in DMD pixel units as Δk �
2πdr∕λf rad · pixel−1, where r denotes the aperture radius.
We selected the radius to match the system’s bandwidth with
the target field’s bandwidth. The allowable spatial frequency
range lies between π∕�2×4� rad ·pixel−1 and π∕�2× �4�1�� rad·
pixel−1, leading us to set the filter radius between 0.58 and
0.73 mm. This configuration optimally utilizes the DMD’s high
pixel density, enabling precise and flexible full-field modulation
in our experimental setup.

The effectiveness of full-field modulation was validated
through numerical simulations. We generated a target intensity
and phase profile using coded self-referencing complex fields,
as illustrated in Figs. 6(a) and 6(b). The entire active area of
256 pixel × 1024 pixel was segmented into 8 × 32 regions, pro-
viding 256 independent control points. By applying the super-
pixel method, we accurately reproduced the amplitude and
phase distributions of the generated field, achieving a high cor-
relation exceeding 99%, as shown in Figs. 6(c) and 6(d). This
high correlation demonstrates the precision and reliability of our
modulation technique in replicating the desired optical fields.

Table 2 Comparison of Time Consumption between the Coded Self-Referencing Method and Other Phase Retrieval Techniques. All
Data Are Averaged over 100 Independent Trials.

Controllable element Method Oversampling ratio Accuracy Time consumption (ms)

256 This study 3 99.99% 0.08

GGS[53] 4 99.95% 23.26

AF[56] 4 98.50% 39.97

1024 This study 3 99.99% 1.23

GGS[53] 4 99.92% 1425.15

AF[56] 4 98.69% 2054.41
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Fig. 6 Illustration of full-field modulation using the superpixel method. (a), (b) Intensity and phase
distributions of the target field. (c), (d) Intensity and phase distributions of the generated field,
demonstrating a high correlation of over 99%.
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Appendix B: Comparison of Different Orthogonal Bases
under Noise

To evaluate the performance of different orthogonal bases, we
conducted simulations comparing Hadamard, random, and
Cartesian bases using three-step phase-shifting across various
SNR levels. As illustrated in Fig. 7(a), all three bases showed
reduced performance as the SNR decreased under Gaussian
noise. The Hadamard basis consistently achieved the highest
correlation coefficient, maintaining approximately 40% correla-
tion even at an SNR of 1, with the random basis slightly lower.
In contrast, the Cartesian basis performed significantly worse
than both the Hadamard and random bases.

Similarly, Fig. 7(b) presents the performance under direct
current (DC) noise. The Hadamard basis remained stable until
the SNR dropped below 10, outperforming the other bases. The
random basis experienced a correlation drop, reaching 0.4 at an
SNR of 1. The Cartesian basis declined sharply when the SNR
fell below 100, showing the weakest performance among the
three. Additionally, since the random basis is generated anew
in each run, its performance displayed the largest variance, in-
dicating less stability. These results demonstrate that the
Hadamard basis is more robust and reliable under noisy condi-
tions, making it the preferred choice for transmission matrix
reconstruction in environments with varying noise levels.

Appendix C: Principle of the Coded Self-Referencing
Method

The encoded self-referencing method integrates the reference
and probing fields by employing a pre-encoded field, thus elimi-
nating the need for separate, dedicated reference beams. A cru-
cial aspect of this method is the use of the superpixel technique,
which combines orthogonal bases and known phase shifts to
achieve full-field modulation. The Hadamard matrix H is an
orthogonal matrix where the rows (or columns) are mutually
orthogonal, meaning their dot product equals zero. This prop-
erty is particularly advantageous as it allows for independent
control of different spatial modes. The coded self-referencing
method involves applying known phase shifts to the output field
at the detector and capturing multiple intensity measurements.
Specifically, transmission matrix X measurement based on tra-
ditional three-step phase-shifting technique proceeds as follows:

Iαm �
����sm �

X
N

eiαXmnHn

����
2

� jsmj2 �
����
X
N

eiαXmnHn

����
2

� 2Re

�
eiαsm

X
N

XmnHn

�
;

(C1)

where Iαm represents the reference light intensity with phase shift
α in the mth output mode; sm is the reference light field in the
mth output mode; Hn represents the nth order Hadamard matrix
as a probing field; sm is the result of the reference light after
passing through the scattering medium; and eiα represents the
initial input light field with phase shift α before modulation.
In our encoded self-referencing regime, Ein

n contains the refer-
ence and probing fields at the same time. So Eq. (C1) can be
rewritten as

Iαm �
����
X
N

eiαXmnEin
n

����
2

�
����
X
N

eiαXmn�Hn � sm�
����
2

: (C2)

The nth basis vector is input, and the intensities measured
at the camera for phase shifts α � 0; 2π∕3; 4π∕3 are
I0m; I

2π∕3
m ; I4π∕3m . Based on these, the transmission matrix is cal-

culated by

2I0m − I2π∕3m − I4π∕3m

6
� i

���
3

p �I2π∕3m − I4π∕3m �
6

�
X

smXmnEin:

(C3)

Appendix D: Computational Complexity of Three-Step
Phase-Shifting

We analyzed the computational complexity of the three-step
phase-shifting method through simulations conducted using
Visual Studio 2022. The focus is to evaluate how computation
time scales with the number of independent modes. The results,
presented in Table 3, show that computation time increases non-
linearly as the number of modes grows. Figure 8 illustrates a
polynomial fit, indicating the presence of a quadratic term.
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Fig. 7 Performance of different orthogonal bases under noisy conditions. (a) Comparison
of Hadamard, random, and Cartesian bases under Gaussian noise. (b) Comparison of
Hadamard, random, and Cartesian bases under DC noise. Error bars: standard deviations of
100 independent trails.
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This observation is consistent with the expected time complex-
ity of the algorithm itself.

In our experiment, the Hadamard basis is utilized for meas-
uring the transmission matrix. The three-step phase-shifting
method is applied, resulting in the observation matrix XH
with a dimension of 1 × N under Hadamard basis input condi-
tions. Subsequently, a straightforward basis transformation is
performed:

XC � XHH†; (D1)

where XC represents the transmission matrix in Cartesian coor-
dinates, and H† is an N × N matrix representing the Hermitian
transpose of the Hadamard basis. This matrix multiplication
contributes to a time complexity of O�N2�. As the number
of independent modes increases, the computational load scales
quadratically, explaining the observed non-linear increase in
computation time.

Appendix E: Workflow of the Coded Self-Referencing
System

The sequence diagram in Fig. 9 outlines the workflow of the
coded self-referencing system. Initially, 768 binary patterns
are preloaded into the DMD’s RAM to prepare for subsequent
operations. Before the DMD starts projecting, the data acquis-
ition (DAQ) system begins collecting data to ensure synchroni-
zation between input signals and the projection. Once the DMD
projects the preloaded patterns, the DAQ system stops data col-
lection and transfers the acquired data to a computer for process-
ing. A C++ program then executes the three-step phase-shifting
process to compute the transmission matrix. After the transmis-
sion matrix is generated, a binary projection pattern is created
through a lookup table and sent back to the DMD. This results in
the formation of a bright optical focus at the desired position.
For 256 controllable elements, the entire process—from DMD
projection to beam focusing—takes approximately 22 ms,
showcasing the system’s ability to perform real-time modulation
and focusing.

Pattern preloading

Data acquisition

DMD projection

Computation

Pattern generation

Data transfer

Data transfer

Focusing formation

System runtime  (~ 22 ms)

18 ms

1 ms

0.08 ms

1 ms

2 ms

Fig. 9 Sequence diagram outlining the operational process of the wavefront shaping system.

Table 3 Computation Time for Different Numbers of Independent Modes in Three-Step Phase-Shifting.

Number of independent modes 64 128 256 512 1024 2048

Computation time (ms) 0.007 0.025 0.076 0.289 1.232 4.283
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Fig. 8 Plot of computation time as a function of the number of
independent modes.
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