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Abstract. The parameter dynamics of super-sech and super-Gaussian pulses for the perturbed nonlinear
Schrödinger’s equation with power-law nonlinearity is obtained in this article. The variational principle success-
fully recovers this dynamical system. The details of the variational principle with the implementation of the
Euler–Lagrange’s equation to the nonlinear Schrödinger’s equation with power-law of nonlinearity described
in this paper have not been previously reported.
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1 Introduction

The dynamics of optical solitons is a long standing study that has now extended over half-a-century. Various aspects of
soliton science have been reported. Notably, most of the papers are from the integrability aspects of a variety of models that
arose from wide range of self-phase modulation (SPM) structures. A few papers are from additional, sparingly visible, topics
such as conservation laws, quasimonochromatic solitons with the usage of perturbation theory, stochastic perturbation and
the corresponding mean free velocity of the soliton and others.

One of the most viable topics that serves as an important foundation stone in optical soliton dynamics is the recovery of
the soliton parameter dynamics such as the amplitude, width, center position, phase constant and similar such parameters.
This can be achieved in several different ways. A few such mathematical approaches are the soliton perturbation theory,
collective variables approach and the moment method. However, for example, soliton perturbation theory has its shortcom-
ings. It fails to recover the variation of the phase constant as well as the variation of the center position of the soliton. The
variational principle (VP) overcomes this hurdle. This has been succesfully and widely applied to various areas of Physics
and Engineering such as Condensed Matter Physics, Fluid Dynamics and Fiber Optics including dispersion-managed
solitons [1–20].
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The advantages and necessity of obtaining the dynamical system of soliton parameters are multifold. The study of soli-
ton features in optics can be further enhanced through the utilization of these parameter dynamics. Four wave mixing
effects, collision-induced timing jitter, and various other phenomena are among those that are included. Therefore, the
parameter dynamics with the existence of perturbation terms is being studied by applying the VP to the nonlinear
Schrödinger’s equation (NLSE). Super-sech and super-Gaussian pulses are the two types of pulses being examined in this
context. This would give a generalized flavor to the study of soliton parameters. The details of the VP with the implemen-
tation of the Euler–Lagrange’s equation to NLSE with power-law of nonlinearity described in this paper have not been
previously reported. A quick and succinct introduction is followed by the presentation of results.

2 Unperturbed NLSE with power-law nonlinearity

The governing model of such equation is written as:

iqt þ aqxx þ b qj j2nq ¼ 0; ð1Þ
where the coefficients b and a are utilized to denote SPM and chromatic dispersion in sequence. The function q = q(x, t)
represents the wave profile in a complex-valued form, where i ¼ ffiffiffiffiffiffiffi�1

p
. Equation (1) contains the linear temporal evolu-

tion, represented by the first term.

2.1 Variational principle

The Lagrangian (L) is associated with equation (1) is written as:

L ¼ 1
2

Z 1

�1
i qq�t � q�qt
� �� 2a qxj j2 þ 2b

n þ 1
jqj2nþ2

� �
dx: ð2Þ

One obtains q* by complex-conjugating q. In equation (1), the assumed pulse q = q(x, t) is presented as:

qðx; tÞ ¼ AðtÞf BðtÞ x � �xðtÞf g½ � exp �ijðtÞ x � �xðtÞf g þ ih0ðtÞ½ �: ð3Þ
We use the symbols h0(t), j(t), �xðtÞ, B(t), and A(t) to denote the soliton phase, soliton frequency, center position of the
soliton, pulse width, and soliton amplitude, respectively. Setting

s ¼ BðtÞ x � �xðtÞ½ �; ð4Þ
then the pulse hypothesis (3) becomes

qðx; tÞ ¼ AðtÞf ðsÞ exp �i
jðtÞ
BðtÞ s þ ih0ðtÞ

� �
: ð5Þ

Through the application of the provided equation

ds
dt

¼ s
BðtÞ

dBðtÞ
dt

� BðtÞ d�xðtÞ
dt

; ð6Þ

we conclude that:

qx ¼ AðtÞBðtÞ df ðsÞ
ds

� i
jðtÞ
BðtÞ f ðsÞ

� �
exp �i

jðtÞ
BðtÞ s þ ih0ðtÞ

� �
; ð7Þ

and

qt ¼
dAðtÞ
dt

f ðsÞ þ AðtÞ
BðtÞ s

df ðsÞ
ds

dBðtÞ
dt

� AðtÞBðtÞ df ðsÞ
ds

d�xðtÞ
dt

� i
AðtÞ
BðtÞ sf ðsÞ

djðtÞ
dt

�

þ iAðtÞf ðsÞ dh0ðtÞ
dt

þ iAðtÞjðtÞf ðsÞ d�xðtÞ
dt

�
exp �i

jðtÞ
BðtÞ s þ ih0ðtÞ

� �
: ð8Þ

Substituting (5)–(8) into (2) and using the formula ds = B(t)dx; the Lagrangian (2) reduces to

L ¼ A2ðtÞ
BðtÞ

dh0ðtÞ
dt

þ jðtÞ d�xðtÞ
dt

� aj2ðtÞ
� �

I 0;2;0 � aA2ðtÞBðtÞI 0;0;2 þ bA2nþ2ðtÞ
n þ 1ð ÞBðtÞ I 0;2nþ2;0; ð9Þ
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where

I a;b;c ¼
Z 1

�1
saf bðsÞ df ðsÞ

ds

� �c

ds; ð10Þ

and non-negative integers are the only values that a, b, and c can assume.
The integrals of motion can be obtained from the pulse form (5), which can be derived, as presented below

E ¼
Z 1

�1
jqj2dx ¼ A2ðtÞ

BðtÞ I 0;2;0; ð11Þ

M ¼ i
Z 1

�1
q�qx � qq�x
� �

dx ¼ 2A2ðtÞjðtÞ
BðtÞ I 0;2;0: ð12Þ

The mathematical representation of the Hamiltonian takes the form of

H ¼
Z 1

�1
ajqx j2 �

b
n þ 1

jqj2nþ2
� �

dx ¼ A2ðtÞ
BðtÞ aB2ðtÞI 0;0;2 þ aj2ðtÞI 0;2;0 � bA2nðtÞ

n þ 1ð Þ I 0;2nþ2;0

� �
: ð13Þ

2.2 Parameter dynamics of the NLSE

Introducing the following Euler-Lagrange (EL) equation [4, 8] in this subsection leads to the derivation of the dynamical
system:

oL
op

� d
dt

oL
opt

� �
¼ 0; ð14Þ

where the soliton parameters A(t), B(t), �xðtÞ, jðtÞ and h0ðtÞ are represented by the variable p, where p denotes one of
them. The dynamic system below is derived by substituting (9) into (14):

dh0ðtÞ
dt

þ jðtÞ d�xðtÞ
dt

� aj2ðtÞ
� �

I 0;2;0 � aB2ðtÞI 0;0;2 þ bA2 nðtÞI 0;2nþ2;0 ¼ 0; ð15Þ

� dh0ðtÞ
dt

þ jðtÞ d�xðtÞ
dt

� aj2ðtÞ
� �

I 0;2;0 � aB2ðtÞI 0;0;2 � b
n þ 1

A2nðtÞI 0;2nþ2;0 ¼ 0; ð16Þ

�AðtÞjðtÞ dBðtÞ
dt

þ 2BðtÞjðtÞ dAðtÞ
dt

þAðtÞBðtÞ djðtÞ
dt

¼ 0; ð17Þ

d�xðtÞ
dt

¼ 2ajðtÞ; ð18Þ

and

�AðtÞ dBðtÞ
dt

þ 2BðtÞ dAðtÞ
dt

¼ 0: ð19Þ

For the pulse form given by (5), the equations (15)–(19) provide the general forms of the soliton parameter dynamics of
equation (1). The dynamic system (15)–(19) can be expressed in a simplified and reduced form as:

dh0ðtÞ
dt

¼ �aj2ðtÞ � ðn þ 2ÞaB2ðtÞ
n

I 0;0;2
I 0;2;0

; ð20Þ

A2nðtÞ ¼ 2ðn þ 1ÞaB2ðtÞ
nb

I 0;0;2
I 0;2nþ2;0

; ð21Þ

d�xðtÞ
dt

¼ 2ajðtÞ; ð22Þ
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djðtÞ
dt

¼ 0; ð23Þ

and

AðtÞ ¼ K
ffiffiffiffiffiffiffiffiffiffi
BðtÞ

p
; ð24Þ

where the square roots of the energy are proportional to the constant K in (24). From (21) and (24), we have:

Bn�2ðtÞ ¼ 2aðn þ 1Þ
nbK 2n

I 0;0;2
I 0;2nþ2;0

: ð25Þ

2.3 Super-Gaussian pulses

Assuming m > 0, the super Gaussian pulse function can be written as f ðsÞ ¼ e�s2m . Then, one can obtain the integrals of
motion as:

E ¼ A2ðtÞ
mBðtÞ 2

� 1
2mC

1
2m

� �
; ð26Þ

M ¼ A2ðtÞjðtÞ
mBðtÞ 2

1� 1
2mC

1
2m

� �
; ð27Þ

and the Hamiltonian is given by:

H ¼ A2ðtÞ
mBðtÞ

amB2ðtÞð2m � 1Þ
2

21=2mC 1� 1
2m

� �
þ aj2ðtÞ2�1=2mC

1
2m

� ��
� bA2nðtÞ

n þ 1ð Þ1þ 1
2m
2�1=2mC

1
2m

� �#
: ð28Þ

For u > 0, the gamma function is defined as C(u). This compels the parameter m to be bounded below as given by

m >
1
2
: ð29Þ

The pulse parameters can be obtained from the evolution equations (20)–(25), which can be expressed in a reduced form as:

dh0ðtÞ
dt

¼ �aj2ðtÞ � amB2ðtÞðn þ 2Þð2m � 1Þ
2n

2
1=m C 1� 1

2m

� �
C 1

2m

� � ; ð30Þ

A2 nðtÞ ¼ amB2ðtÞð2n þ 2Þ1þ 1
2mð2m � 1Þ

2nb
21=2m

C 1� 1
2m

� �
C 1

2m

� � ; ð31Þ

d�xðtÞ
dt

¼ 2ajðtÞ; ð32Þ

djðtÞ
dt

¼ 0; ð33Þ

AðtÞ ¼ K
ffiffiffiffiffiffiffiffiffiffi
BðtÞ

p
; ð34Þ

and

Bn�2ðtÞ ¼ mð2n þ 2Þ1þ 1
2mð2m � 1Þ

2nbK 2n 21=2m
C 1� 1

2m

� �
C 1

2m

� � : ð35Þ

Figures 1 and 2 provide a few plots of super-Gaussian pulse and super-sech pulse with the governing model (1), respectively.
These plots offer a visual depiction of the waveform characteristics and provide valuable insights into the behavior of the
pulses under investigation. The parameter vales chosen are: K = 1, j(t) = 1, a = 1, �xðtÞ ¼ 2t, b = 1, n = 1,5 and m = 2,5.
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2.4 Super-sech pulses

For super-sech pulses, we set f(s) = sech2m s, m > 0: Then, one can address the equations governing the integrals of motion
that are expressed as:

E ¼
ffiffiffi
p

p
A2ðtÞ

BðtÞ
C 2mð Þ

C 2m þ 1
2

� � ; ð36Þ

M ¼ 2
ffiffiffi
p

p
A2ðtÞjðtÞ
BðtÞ

C 2mð Þ
C 2m þ 1

2

� � ; ð37Þ

and we can express the Hamiltonian as:

Figure 1. Profile of a super-Gaussian pulse. (a) Surface plot. (b) 2D plots moving in time. (c) Contour plot.
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H ¼ �4m2aA2ðtÞBðtÞ 4m
ffiffiffi
p

p
4m þ 1

C 2mð Þ
C 2m þ 1

2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

"

�22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

�

þA2ðtÞ
BðtÞ

ffiffiffi
p

p
aj2ðtÞ C 2mð Þ

C 2m þ 1
2

� �� ffiffiffi
p

p
bA2nðtÞ
n þ 1ð Þ

C 2ðn þ 1Þmð Þ
C 2ðn þ 1Þm þ 1

2

� �
" #

:

ð38Þ

Here, the generalized form of Gauss’ hypergeometric function is expressed as:

pFq a1; . . . ap; b1; . . . bq; zð Þ ¼
X1
k¼0

ða1Þk . . . ðapÞk
ðb1Þk . . . ðbqÞk

zk

k!
; ð39Þ

and the symbol for the Pochhammer is:

ðpÞn ¼ pðpþ 1Þ � � � ðpþ n � 1Þ n > 0;

1 n ¼ 0 :

	
ð40Þ

Figure 2. Profile of a super-sech pulse. (a) Surface plot. (b) 2D plots moving in time. (c) Contour plot.
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The pulse parameters are governed by the evolution equations (20)–(25), which can be expressed in a simpler form as:

dh0ðtÞ
dt

¼ �aj2ðtÞ þ 4m2ðn þ 2ÞaB2ðtÞC 2m þ 1
2

� �
n
ffiffiffi
p

p
C 2mð Þ

4m
ffiffiffi
p

p
4m þ 1

C 2mð Þ
C 2m þ 1

2

� �
 

� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

�22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

!
; ð41Þ

A2nðtÞ ¼ � 4m2ðn þ 1ÞaB2ðtÞC 2ðn þ 1Þm þ 1
2

� �
nb

ffiffiffi
p

p
C 2ðn þ 1Þmð Þ

4m
ffiffiffi
p

p
4m þ 1

C 2mð Þ
C 2m þ 1

2

� �
 

� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ � 22þ2m þ 1

2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ
�
:

ð42Þ

d�xðtÞ
dt

¼ 2ajðtÞ; ð43Þ

djðtÞ
dt

¼ 0; ð44Þ

AðtÞ ¼ K
ffiffiffiffiffiffiffiffiffiffi
BðtÞ

p
; ð45Þ

and

Bn�2ðtÞ ¼ � 4m2ðn þ 1ÞC 2ðn þ 1Þm þ 1
2

� �
nbK 2n ffiffiffi

p
p

C 2ðn þ 1Þmð Þ
4m

ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �
"

� 24m�1ð2mþ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ � 22þ2m þ 1

2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ
�
:

ð46Þ

3 Perturbed NLSE with power-law nonlinearity

The equation is described by the following governing model:

iqt þ aqxx þ b qj j2nq ¼ i�R½q; q��; ð47Þ
where R½q; q�� is given by:

R ¼ d qj j2mq þ aqx þ bqxx þ k qj j2mq� �
x þ h qj j2m� �

xq þ r qj j2mqx
�in q2q�x

� �
x � igq2xq

� � ifq� q2ð Þxx � il qj j2m� �
xq þ r1q þ r2qxð Þ

Z x

�1
qj j2mds; ð48Þ

and �, d, a, b, k, h, r, n, g, f, l, r1 and r2 are constants, where � is from quasimonochromaticity. From (5) and (47), we
have

R ¼ dA2mþ1 tð Þf 2mþ1 sð Þ þ aA tð ÞB tð Þ df sð Þ
ds

þ bA tð ÞB2 tð Þ d
2f sð Þ
ds2

	
� bAðtÞj2ðtÞf ðsÞ

þ ð2m þ 1Þkþ 2mhþ r½ �A2mþ1ðtÞBðtÞf 2mðsÞ df ðsÞ
ds þ 2n� 2g� 8f½ �A3ðtÞBðtÞjðtÞf 2ðsÞ df ðsÞ

ds

þA2mþ1ðtÞr1f ðsÞ
Z x

�1
f 2mðsÞds þ r2A

2mþ1ðtÞBðtÞ df ðsÞ
ds

Z x

�1
f 2mðsÞds

�i aAðtÞjðtÞfðsÞ þ 2bAðtÞBðtÞ df ðsÞ
ds þ kþ r½ �A2mþ1ðtÞjðtÞf 2mþ1ðsÞ

h
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þ 2nþ gþ 2f½ �A3ðtÞB2ðtÞf ðsÞ df ðsÞ
ds

� �2

þ nþ 2f½ �A3ðtÞB2ðtÞf 2ðsÞ d
2f ðsÞ
ds2

þ n� 4f� g½ �A3ðtÞj2ðtÞf 3ðsÞ þ 2mlA2mþ1ðtÞBðtÞf 2mðsÞ df ðsÞ
ds

þr2A
2mþ1ðtÞjðtÞf ðsÞ

Z x

�1
f 2mðsÞds

�

exp �i

jðtÞ
BðtÞ s þ ih0ðtÞ

� �
: ð49Þ

3.1 Parameter dynamics of the perturbed NLSE

In this subsection, we derive the dynamical system of equation (47) by introducing the following Euler Lagrange (EL)
equation:

oL
op

� d
dt

oL
opt

� �
¼ i�

Z 1

�1
R
oq�

op
� R� oq

op

� �
dx; ð50Þ

where L is given by (9) and p is one of these same five parameters A(t), B(t), �xðtÞ, j(t) and h0(t), respectively, while R
* is

the complex-conjugate of R. Now, we have the following dynamic system:

dh0ðtÞ
dt

þ jðtÞ d�xðtÞ
dt

� aj2ðtÞ ¼ aB2ðtÞ I 0;0;2
I 0;2;0

� bA2nðtÞ I 0;2nþ2;0

I 0;2;0

þ �jðtÞ aþ r2A
2mðtÞ

Z x

�1
f 2mðsÞds

� �
þ � kþ rð ÞjðtÞA2mðtÞ I 0;2mþ2;0

I 0;2;0

þ � nþ gþ 4fð ÞA2ðtÞj2ðtÞ I 0;4;0
I 0;2;0

þ � 2nþ gþ 2fð ÞA2ðtÞB2ðtÞ I 0;2;2
I 0;2;0

; ð51Þ

� dh0ðtÞ
dt

þ jðtÞ d�xðtÞ
dt

� aj2ðtÞ
� �

¼ aB2ðtÞ I 0;0;2
I 0;2;0

þ b
n þ 1

A2nðtÞ I 0;2nþ2;0

I 0;2;0
� � nþ 2fð ÞA2ðtÞB2ðtÞ I 0;2;2

I 0;2;0
; ð52Þ

�2BðtÞjðtÞ dAðtÞ
dt

� AðtÞBðtÞ djðtÞ
dt

þ AðtÞjðtÞ dBðtÞ
dt

¼ 2�djðtÞBðtÞA2mþ1ðtÞ I 0;2mþ2;0

I 0;2;0
� 2�bAðtÞB3ðtÞ jðtÞ þ 2½ � I 0;0;2

I 0;2;0

�2�bBðtÞAðtÞj3ðtÞ � 4�lmA2mþ1ðtÞB3ðtÞ I 0;2m;2

I 0;2;0
þ 2�r1BðtÞA2mþ1ðtÞjðtÞ

Z x

�1
f 2mðsÞds; ð53Þ

d�xðtÞ
dt

¼ 2ajðtÞ; ð54Þ

and

�2BðtÞ dAðtÞ
dt

þ AðtÞ dBðtÞ
dt

¼ 2�dBðtÞA2mþ1ðtÞ I 0;2mþ2;0

I 0;2;0
� 2�bAðtÞB3ðtÞ I 0;0;2

I 0;2;0
� 2�bBðtÞAðtÞj2ðtÞ: ð55Þ

The general forms of the soliton parameters dynamics of equation (47) for the pulse form given by (5) are represented by
equations (51)–(55). A simplified version of the dynamic system (51)–(55) is:

dh0ðtÞ
dt

¼
�j�A2m � nþ 2 fð ÞA2I 0;2;2 � aI 0;0;2

� �
I 0;2mþ2;0 kþ rð Þ þ I 0;2;0r2

Z x

�1
f 2mðsÞds

� �
2 aI 0;0;2 þ A2� nþ gð ÞI 0;2;2
� �

I 0;2;0

þ bA2n nþ 2 fð Þn � g� n½ ��A2I 0;2;2 � a n þ 2ð ÞI 0;0;2
 �

I 0;2nþ2;0

n þ 1ð Þ 2 aI 0;0;2 þ A2� nþ gð ÞI 0;2;2
� �

I 0;2;0

�

j �2A2 nþ 2fð Þ jA2 nþ gþ 4fð Þ þ a
� �þ ja�A2 nþ gð Þ �

I 0;2;2

�aj jA2� nþ gþ 4fð Þ þ a�� 2aj
� �

I 0;0;2

0
@

1
A

2aI 0;0;2 þ A2� nþ gð ÞI 0;2;2
; ð56Þ

J. Eur. Opt. Society-Rapid Publ. 19, 38 (2023)8



d�xðtÞ
dt

¼ 2 ajðtÞ; ð57Þ

djðtÞ
dt

¼ 2 �
A

A2mþ1 2mlB2 I 0;2m;2

I 0;2;0
� r1j

Z x

�1
f 2mðsÞds

� �
þ 2 bAB2 I 0;0;2

I 0;2;0

� �
; ð58Þ

dBðtÞ
dt

¼ 2B
A

dAðtÞ
dt

�Abj2�� � bAB2 I 0;0;2
I 0;2;0

þ � dA2mþ1 I 0;2mþ2;0

I 0;2;0

� �
; ð59Þ

B2ðtÞ ¼

nbA2nI 0;2nþ2;0 � �j n þ 1ð Þ kþ rð ÞA2mI 0;2mþ2;0 þ
aþ jA2 nþ gþ 4 fð Þ

þr2A
2m
Z x

�1
f 2mðsÞds

2
664

3
775I 0;2;0

8>><
>>:

9>>=
>>;

n þ 1ð Þ 2aI 0;0;2 þ �A2 nþ gð ÞI 0;2;2
� � ;

ð60Þ

where A = A(t), B = B(t) and j = j(t).

3.2 Super-Gaussian pulses

The dynamical system (56)–(60) is reduced to a simpler form for super-Gaussian pulses, which is:

dh0ðtÞ
dt

¼

�j�A2m

� nþ 2 fð ÞA22 1�3mð Þ=m

�a2 1�2mð Þ=2m

2
64

3
75 kþ rð Þmð2mÞ1=2m

�2r2 m þ 1ð Þ1=2mC 1
2m ; 2mx2m
� �

2
64

3
75

a21=2m þ A2� nþ gð Þ2 1�3mð Þ=m� �
m þ 1ð Þ1=2mmð2mÞ1=2m

þ bA2 n �A2 nþ 2 fð Þn � g� n½ �Þ2 1�3mð Þ=m � a n þ 2ð Þ2 1�2mð Þ=2m �
n þ 1ð Þ 1þ2mð Þ=2m a21=2m þ �A2 nþ gð Þ2 1�3mð Þ=m� �

�

j �2A2 nþ 2 fð Þ jA2 nþ gþ 4 fð Þ þ a
� �þ ja�A2 nþ gð Þ �

2 1�3mð Þ=m

� jA2 � nþ gþ 4 fð Þ þ a�� 2 aj
� �

aj2 1�2mð Þ=2m

0
@

1
A

a21=2m þ �A2 nþ gð Þ2 1�3mð Þ=m ; ð61Þ

d�xðtÞ
dt

¼ 2 ajðtÞ; ð62Þ

djðtÞ
dt

¼ 2�

A2mlB2m2 2m � 1ð Þ m þ 1ð Þ 1�4mð Þ=2m21=mC 1� 1
2m

� �
C 1

2m

� �
þ 2jr1C 1

2m ; 2mx2m
� �

A2m

mð2mÞ1=2m
þ bB2m 2m � 1ð Þ21=mC 1� 1

2m

� �
C 1

2m

� �

2
666664

3
777775; ð63Þ

dBðtÞ
dt

¼ 2B

1
A

dAðtÞ
dt

� �bj2 þ � dA2m

m þ 1ð Þ1=2m

� � bB2 2m � 1ð Þ21=2mmC 1� 1
2m

� �
2 2m�1ð Þ=2mC 1

2m

� �

0
BBBB@

1
CCCCA; ð64Þ
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B2ðtÞ ¼

nbA2n � � j n þ 1ð Þ 1þ2mð Þ=2m21=m

aþ jA2 nþ gþ 4 fð Þ

þ kþ rð ÞA2m

m þ 1ð Þ1=2m
� 2A2mr2C 1

2m ; 2mx2m
� �

mð2mÞ1=2m

2
6664

3
7775

8>>><
>>>:

9>>>=
>>>;
C 1

2m

� �

mð2m � 1Þ n þ 1ð Þ 1þ2mð Þ=2m21=2m a21=2m þ �A2 nþ gð Þ2 1�3mð Þ=m� �
C 1� 1

2m

� � :

ð65Þ

The equations involve the incomplete gamma function, which is represented by C(a, x).

3.3 Super-sech pulses

The dynamical system (56)–(60) simplifies to a specific form when considering super-sech pulses, as described below

dh0ðtÞ
dt

¼ kþ rð ÞC 2 2m þ 1ð Þmð Þ
C 2 2m þ 1ð Þm þ 1

2

� � þ C 2mð Þr2 sech 4m xð Þ
4mC 2m þ 1

2

� � 2F1
1
2
; 2m; 2m þ 1; sech 2 xð Þ

� �" #

�

�j�A4m 4� nþ 2fð ÞA2m2 ffiffiffi
p

p
C 4mð Þ

8m þ 1ð ÞC 4m þ 1
2

� � þ 4am2

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1C 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
6664

3
7775

8>>><
>>>:

9>>>=
>>>;

�8am2

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
6664

3
7775þ 4�A2 nþ gð Þm2 ffiffiffi

p
p

C 4mð Þ
8m þ 1ð ÞC 4m þ 1

2

� �
8>>><
>>>:

9>>>=
>>>;

C 2mð Þ
C 2m þ 1

2

� �

þ

bA2n 4 nþ 2fð Þn � g� n½ ��A2m2 ffiffiffi
p

p
C 4mð Þ

8m þ 1ð ÞC 4m þ 1
2

� � þ 4a n þ 2ð Þm2

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
6664

3
7775

8>>><
>>>:

9>>>=
>>>;

C 2 n þ 1ð Þmð Þ
C 2 n þ 1ð Þm þ 1

2

� �

n þ 1ð Þ �8am2

4m
ffiffiffi
p

p
4m þ 1

C 2mð Þ
C 2m þ 1

2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
6664

3
7775þ 4A2� nþ gð Þm2 ffiffiffi

p
p

C 4mð Þ
8m þ 1ð ÞC 4m þ 1

2

� �
8>>><
>>>:

9>>>=
>>>;

C 2mð Þ
C 2m þ 1

2

� �

� 4j �2A2 nþ 2 fð Þ jA2 nþ gþ 4 fð Þ þ a
� �þ ja�A2 nþ gð Þ �

m2 ffiffiffi
p

p
C 4mð Þ

�8 am2

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
664

3
775þ 4A2� nþ gð Þm2 ffiffiffi

p
p

C 4mð Þ
8m þ 1ð ÞC 4m þ 1

2

� �
8>><
>>:

9>>=
>>; 8m þ 1ð ÞC 4m þ 1

2

� �

þ

4m2aj jA2� nþ gþ 4fð Þ þ a�� 2aj
� � 4m

ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
664

3
775

�8am2

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
664

3
775þ 4A2� nþ gð Þm2 ffiffiffi

p
p

C 4mð Þ
8m þ 1ð ÞC 4m þ 1

2

� �
8>><
>>:

9>>=
>>;

; ð66Þ
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d�xðtÞ
dt

¼ 2 ajðtÞ; ð67Þ

djðtÞ
dt

¼ 2�A4m

16mlB2m2C 2 2m þ 1ð Þmð ÞC 2m þ 1
2

� �
4 2m þ 1ð Þm þ 1½ �C 2 2m þ 1ð Þm þ 1

2

� �
C 2mð Þ

� 2�r1j sech 4m xð Þ
4mA 2F1

1
2
; 2m; 2m þ 1; sech 2 xð Þ

� �
2
66664

3
77775

� 16�bB2m2C 2m þ 1
2

� �
ffiffiffi
p

p
C 2mð Þ

4m
ffiffiffi
p

p
4m þ 1

C 2mð Þ
C 2m þ 1

2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

�22þ2m þ 1
2þ 2m 2

F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
66664

3
77775;

ð68Þ

dBðtÞ
dt

¼ 2B
A

dAðtÞ
dt

� �Abj2

� �
þ 2�BdA4mC 2 2m þ 1ð Þmð ÞC 2m þ 1

2

� �
C 2mð ÞC 2 2m þ 1ð Þm þ 1

2

� �

þ 8�bB3m2C 2m þ 1
2

� �
ffiffiffi
p

p
C 2mð Þ

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
6664

3
7775;

ð69Þ

B2ðtÞ ¼

nbA2n ffiffiffi
p

p
C 2 n þ 1ð Þmð Þ

C 2 n þ 1ð Þm þ 1
2

� � � �j n þ 1ð Þ kþ rð ÞA4m ffiffiffi
p

p
C 2 2m þ 1ð Þmð Þ

C 2 2m þ 1ð Þm þ 1
2

� �
��j n þ 1ð Þ aþ jA2 nþ gþ 4fð Þ� � ffiffiffi

p
p

C 2mð Þ
C 2m þ 1

2

� �
��j n þ 1ð Þr2A

4m sech 4m xð Þ
4m 2F1

1
2
; 2m; 2m þ 1; sech2 xð Þ

� � ffiffiffi
p

p
C 2mð Þ

C 2m þ 1
2

� �

0
BBBBBBBBBB@

1
CCCCCCCCCCA

n þ 1ð Þ �8am2

4m
ffiffiffi
p

p
C 2mð Þ

4m þ 1ð ÞC 2m þ 1
2

� �� 24m�1ð2m þ 1ÞC2 2mð Þ
ð4m þ 1ÞC 4mð Þ

� 22þ2m þ 1
2þ 2m 2F1 2þ 2m; 2þ 4m; 3þ 2m;�1ð Þ

2
6664

3
7775þ 4�A2 nþ gð Þm2 ffiffiffi

p
p

C 4mð Þ
8m þ 1ð ÞC 4m þ 1

2

� �
8>>><
>>>:

9>>>=
>>>;

:

ð70Þ

4 Conclusions

Our study recovers the dynamical system of soliton parameters for super-sech and super-Gaussian pulses, as described in
this paper. The details of the VP with the implementation of the Euler–Lagrange’s equation to the NLSE with power-
law of nonlinearity indicated in the current work have not been previously reported. These parameter variations, namely
the dynamical system opens up with an avalanche of opportunities to study optical soliton sciences further along. This foun-
dation stone of results pave way to further future investigations in this chapter. Later, the dynamical system would be
revealed for additional forms of SPM that have not yet been considered. The studies would later be extended to birefringent
fibers and DWDM topology. These would give an increased perspective to carry out the analysis further along. This would
also be applicable to various additional devices and other forms of waveguides, including optical metamaterials, magneto-
optic waveguides, optical couplers, gap solitons and many others. The results of these studies will be reported soon after we
align them with the pre-existing ones [21–25]. All of these activities are currently underway.
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