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Abstract. This paper presents optical solitons with the concatenation model having spatio-temporal and
chromatic dispersions. This model can advantageously curtail the Internet bottleneck effect. Two integration
schemes yield these solitons. By utilizing the multipliers approach, the conservation laws are also derived.
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1 Introduction

One of the several models that is being lately addressed is
the concatenation of three well known equations that are
frequently visible in the field of nonlinear fiber optics. They
are the Lakshmanan–Porsezian–Daniel (LPD) model, non-
linear Schrödinger’s equation (NLSE) and Sasa–Satsuma
equation (SSE). This concatenated model first appeared
during 2014 and was studied by others to date [1–10]. There
are various aspects of this model that have beenaddressed.
These include rogue wave studies, the numerical study of
soliton solutions by the aid of Laplace–Adomian decompo-
sition scheme, the location of the conservation laws, the
Painleve analysis, the retrieval of soliton solutions using
the method of undetermined coefficients and others. Some
other features that are made to be visible are the applica-
tion of the Kudryashov’s approaches to obtain the strad-
dled solitons to the model, application of trial equation
approach to address the model, studying the model in

birefringent fibers. Later, the model was studied with non-
linear chromatic dispersion (CD) that revealed quiescent
solitons. Moreover, the model was extended to birefringent
fibers where a full spectrum of soliton solutions were
revealed [7, 11–16].

The current paper will take these studies a bit further
along. This concatenation model is being addressed with
the inclusion of spatio-temporal dispersion (STD) as well
as the pre-existing chromatic dispersion (CD) and the
self-phase modulation (SPM) that comes with Kerr law.
The advantage of the inclusion of STD is that the velocity
of the soliton can be controlled. This can be advanta-
geously used to our benefit namely to control the Internet
bottleneck effect that is a growing problem with an ever-
increasing demand for faster Internet. This technological
marvel is being utilized for the concatenation model for
the initial once. The soliton solutions are first revealed with
the usage of two algorithmic approaches. Subsequently, the
conservation laws are derived, and the corresponding
conserved quantities are identified After providing a brief
overview of the model, the results and the respective math-
ematical analysis are exhibited.* Corresponding author: luminita.moraru@ugal.ro

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

J. Eur. Opt. Society-Rapid Publ. 2023, 19, 35
� The Author(s), published by EDP Sciences, 2023
https://doi.org/10.1051/jeos/2023031
Available online at: https://jeos.edpsciences.org

RESEARCH ARTICLE

Journal of the European Optical
Society-Rapid Publications

RESEARCH ARTICLE

https://orcid.org/0000-0002-9121-5714
https://orcid.org/0000-0002-9121-5714
https://orcid.org/0000-0002-9121-5714
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1051/jeos/2023031
jeos.edpsciences.org/


The concatenation model with STD is formulated as
[1–10]:

iqt þ aqxx þ bqxt þ c qj j2q þ k1 a1qxxxx þ a2 qxð Þ2q� þ a3 qxj j2q�
þ a4 qj j2qxx þ a5q2q�xx þ a6 qj j4q�

þ ik2 a7qxxx þ a8 qj j2qx þ a9q2q�x
� � ¼ 0: ð1Þ

The wave profile, including its spatial and temporal deriva-
tives, can be described by the complex function q(x, t). The
linear temporal evolution of solitons is given by the first
term, while a and b are the CD and STD coefficients and
finally c represents SPM. The concatenation model is the
conjoined version of three familiar, frequently visible mod-
els. For k1 = k2 = 0, the model collapses to NLSE, while
k1 = 0 or k2 = 0 give the familiar SSE or LPD equation
respectively.

2 Integration algorithms: A recapitulation

Let us examine a governing model with the structure of,

Gðu; ux ; ut; uxt ; uxx ; . . .Þ ¼ 0: ð2Þ
Here we can describe the wave profile, u = u(x, t), as a
function of both time and space, denoted by t and x
respectively.

The wave transformation:

n ¼ lðx � ttÞ; uðx; tÞ ¼ UðnÞ; ð3Þ
reduces equation (2) to,

PðU ;�ltU 0; lU
0
; l2U 00; . . .Þ ¼ 0; ð4Þ

where the wave velocity is indicated by t, the wave vari-
able is denoted by n, and the wave width is represented
by the symbol l.

2.1 Enhanced Kudryashov’s method

The fundamental principles of the methodology can be sum-
marized as follows:

Step-1: The simplified equation (4) has a solution that
can be expressed explicitly as follows:

UðnÞ ¼ k0 þ
XN
l¼1

X
iþj¼l

kijQ
iðnÞRjðnÞ; ð5Þ

by the aid of the auxiliary equations,

R0ðnÞ2 ¼ RðnÞ2ð1� vRðnÞ2Þ; ð6Þ
and,

Q0ðnÞ ¼ QðnÞðgQðnÞ � 1Þ; ð7Þ
where the constants in these equations include kij(i, j = 0,
1, . . ., N), g, v, and k0. The value of N is determined by the
balancing principle in (4).

Step-2: The solutions derived from equations (6) and (7)
are presented as below,

RðnÞ ¼ 4d
4d2en þ ve�n

; ð8Þ

and,

QðnÞ ¼ 1
gþ fen

; ð9Þ

where d and f are constants.
Step-3: Inserting (5) along with equations (6) and (7)

into (4), a system of algebraic equations arises. This system
can then be addressed to provide the undetermined con-
stants in (3) and (5). Finally, plugging (8) and (9) with
parametric restrictions into (5) enables us bright and dark
solitons.

2.2 General projective Riccati’s equation method

The algorithmic approach to the general projective
Riccati’s equation method is listed here as follows:

Step-1: The explicit solution for the reduced equation
(4) can be expressed as,

UðnÞ ¼ a0 þ
XN
i¼1

/i�1ðnÞðai/ðnÞ þ biwðnÞÞ: ð10Þ

The functions /(n) and w(n) satisfy,

/0ðnÞ ¼ �/ðnÞwðnÞ;
w0ðnÞ ¼ r� w2ðnÞ � d/ðnÞ; ð11Þ

along with,

w2ðnÞ ¼ r� 2d/ðnÞ þ d2 þ s
r

/2ðnÞ; ð12Þ

where bi, ai(i = 0, 1, . . ., N), r > 0, d and a0 are arbitrary
constants.

Step-2: The solutions to (11) are characterized by,

/ðnÞ ¼ rsech
ffiffiffi
r

p
n½ �

dsech
ffiffiffi
r

p
n½ � þ 1

; wðnÞ ¼
ffiffiffi
r

p
tanh

ffiffiffi
r

p
n½ �

dsech
ffiffiffi
r

p
n½ � þ 1

; ð13Þ

and,

/ðnÞ ¼ rcsch
ffiffiffi
r

p
n½ �

dcsch
ffiffiffi
r

p
n½ � þ 1

; wðnÞ ¼
ffiffiffi
r

p
coth

ffiffiffi
r

p
n½ �

dcsch
ffiffiffi
r

p
n½ � þ 1

; ð14Þ

for s = �1, 1 respectively and we obtain a positive integer
number N by applying the balancing principle to the
equation (4).

Step-3: Upon substituting the expressions given by
equations (10)–(12) into the governing equation (4), we
obtain an over-determined system of algebraic equations.
By solving this system of equations, we can obtain the
unknown parameters in equations (10)–(12). Finally, plug-
ging (13) and (14) into (10) allows us hyperbolic-type wave
solutions.
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3 Application to the concatenation model

We can express the solution to equation (1) as a soliton
wave, given by,

wðx; tÞ ¼ UðnÞei/ðx;tÞ; ð15Þ
with,

n ¼ kðx � vtÞ; ð16Þ
where v is the speed of the soliton, and U(n) represents the
amplitude component of the soliton. The phase compo-
nent /(x, t) is defined as,

/ðx; tÞ ¼ �jx þ xt þ h0: ð17Þ
Here h0 is the phase constant, and j is the frequency of the
soliton. By substituting the solution form given in equa-
tion (15) into the governing equation (1) and then sepa-
rating the real and imaginary parts of the resulting
equation, we obtain:

k2 a � bv � 6a1k1j2 þ 3a7k2j
� �

U 00 þ �aj2 þ a1k1j
4 � a7k2j

3
�

�xþ bjxÞU þ c � k1j
2 a2 � a3 þ a4 þ a5ð Þ�

þ a8 � a9ð Þk2jÞU 3 þ a1k1k4U 0000 þ a4 þ a5ð Þk1k2U 2U 00

þ a2 þ a3ð Þk1k2UU 02 þ a6k1U 5 ¼ 0; ð18Þ
and,

�k 2aj� 4a1k1j3 þ 3a7k2j2 þ v � bjv þ bx
� �

U 0

þk3 a7k2 � 4a1k1jð ÞU 00 0 þ k a8 þ a9ð Þk2ð
�2 a2 þ a4 � a5ð Þk1jÞU 2U 0 ¼ 0: ð19Þ

The evolution of the soliton speed can be obtained from the
imaginary part as follows:

v ¼ 2aj� bx� 4a1k1j3 þ 3a7k2j2

bj� 1
; ð20Þ

with parametric restrictions,

a8 þ a9ð Þk2 � 2 a2 þ a4 � a5ð Þk1j ¼ 0; ð21Þ
and,

a7k2 � 4a1k1j ¼ 0: ð22Þ
Equation (18) can be simplified to,

k2U 0000 þ L1U 2U 00 þ L2U 00 þ L3UU
0 2 þ L4U

þL5U 5 þ L6U 3 ¼ 0; ð23Þ

with,

L1 ¼ a4 þ a5
a1

; L2 ¼ a � bv � 6a1k1j2 þ 3a7k2j
a1k1

;

L3 ¼ a2 þ a3
a1

; L4 ¼ �aj2 þ a1k1j4 � a7k2j3 � xþ bjx
a1k1k2

;

L5 ¼ a6
a1k2

; L6 ¼ c � k1 a2 � a3 þ a4 þ a5ð Þj2 þ a8 � a9ð Þk2j
a1k1k2

:

8>>>>>>><
>>>>>>>:

ð24Þ
The soliton velocity given by (20) is the one that carries a
control parameter namely b, the coefficient of STD. This
parameter can regulate the soliton flow in a triad juncture
by allowing the traffic to proceed in one direction and hold-
ing off the Internet traffic in the other. Such a signaling
effect can smoothen the traffic flow and mitigate the Inter-
net bottleneck effect.

3.1 Enhanced Kudryashov’s scheme

Balancing U0000 with U5 in equation (23) yields N = 1, which
leads to the following form of the solution:

UðnÞ ¼ k0 þ k01RðnÞ þ k10QðnÞ: ð25Þ
Plugging (25) with (6) and (7) into equation (23) provides
us the following results.

Result-1:

k0 ¼ k10 ¼ 0; k01 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v L1�L6þ#ð Þ

2L5

q
; k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� L2 þ L4ð Þp

;

L3 ¼ 3L2 L1 � 5L6 þ 3#ð Þ þ 2L4 3L1 � 7L6 þ 5#ð Þ
6L2 þ 4L4

;

# ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � L6ð Þ2 þ 8 3L2 þ 2L4ð ÞL5

q
:

ð26Þ
As a consequence, the optoelectronic wave field comes out
as,

See equation (27) bottom of the page

Selecting v = ±4d2, L2 + L4 < 0 and L5(L1 � L6 + #) > 0
allows us a bright wave profile,

qðx; tÞ ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � L6 þ #

2L5

s
sech

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� L2 þ L4ð Þ

p
ðx � vtÞ

h i
eið�jxþxtþh0Þ;

ð28Þ
while setting v = ±4d2, L2 + L4 < 0 and L5(L1 �
L6 + #) < 0 enables us a singular waveform,

qðx; tÞ ¼
�4d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v L1�L6þ#ð Þ

2L5

q
4d2 exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� L2 þ L4ð Þp ðx � vtÞ� �þ v exp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� L2 þ L4ð Þp ðx � vtÞ� �
8<
:

9=
;eið�jxþxtþh0Þ: ð27Þ
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qðx; tÞ ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�L1 � L6 þ #

2L5

s
csch

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� L2 þ L4ð Þ

p
ðx � vtÞ

h i
eið�jxþxtþh0Þ:

ð29Þ
These solitons are also addressed together with the para-
metric restriction (L1 � L6)

2 + 8(3L2 + 2L4)L5 > 0.

Result-2:

k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
� L6þ.

2L5

q
; k01 ¼ 0; k10 ¼ �2gk0;

k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � 2L6ð Þ L6 þ .ð Þ

2L5
� L2 þ 4L4

s
;

L3¼ 2 L6 � 5.ð Þ þ 3L2 .� L6ð Þ
L4

þ 4L1; . ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2
6 � 4L4L5

q
:

ð30Þ
Thus, the wave profile stands as,

See equation (31) bottom of the page

Choosing g = ±f, (L1 � 2L6)(L6 + .) + 2(4L4 � L2)L5 > 0
and L5(L6 + .)<0 allows us the dark and singular solitons,

See equation (32) bottom of the page
and,

See equation (33) bottom of the page

respectively. These solitons are also considered with the
criterion L2

6 � 4L4L5 > 0:

3.2 General projective Riccati’s equation approach

Balancing U0000 with U5 in equation (23) leads to N = 1, and
hence, the solution can be expressed as follows:

UðnÞ ¼ a0 þ a1/ðnÞ þ b1wðnÞ: ð34Þ
Plugging (34) together with (11) and (12) into equation
(23) yields the following outcomes:

Result-1:

s ¼ �1; a0 ¼ 0; b1 ¼ 0; a1 ¼ �10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 d2 � 1
� �

k4

L2 3L1 þ 2L3ð Þ

s
;

r ¼ � L2

5k2
; L4 ¼ 4L2

2

25k2
;

L6 ¼ �L2 6d2 þ 3
� �

L1 þ 2 d2 þ 2
� �

L3

� �
30 d2 � 1

� �
k2

;

L5 ¼ 4L1 þ L3ð Þ 3L1 þ 2L3ð Þ
300k2

: ð35Þ

In this case, the nonlinear waveform turns out to be,

qðx; tÞ ¼ �
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 d2�1ð ÞL2

3L1þ2L3

r
sech

ffiffiffiffiffiffiffiffi
� L2

5

q
ðx � vtÞ

h i
dsech

ffiffiffiffiffiffiffiffi
� L2

5

q
ðx � vtÞ

h i
þ 1

8>><
>>:

9>>=
>>;eið�jxþxtþh0Þ;

ð36Þ
with the aid of the constraints (d2 � 1)(3L1 + 2L3) < 0
and L2 < 0. For d = 0, a bright soliton is recovered.

Result-2:

s ¼ �1; a0 ¼ 0; a1 ¼ 0; b1 ¼ � 2
ffiffiffiffiffi
15

p
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� 3L1 þ 2L3ð Þp ;

r ¼ � d2 � 1
� �

L2 3L1 þ 2L3ð Þ
5k2 3 d2 þ 3

� �
L1 þ 2 d2 � 1

� �
L3

� � ;
L6 ¼ �L2 3L1 þ 2L3ð Þ 6d2 � 9

� �
L1 þ 2 d2 � 1

� �
L3

� �
30k2 3 d2 þ 3

� �
L1 þ 2 d2 � 1

� �
L3

� � ;

L5 ¼ 4L1 þ L3ð Þ 3L1 þ 2L3ð Þ
300k2

;

L4 ¼
2 d2 � 1
� �

L2
2 3L1 þ 2L3ð Þ 3 2d2 � 7

� �
L1 þ 4 d2 � 1

� �
L3

� �
25 3 d2 þ 3

� �
kL1 þ 2 d2 � 1

� �
kL3

� �2 :

ð37Þ

qðx; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�L6 þ .

2L5

r
1� 2g

f exp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1�2L6ð Þ L6þ.ð Þ

2L5
� L2 þ 4L4

q
ðx � vtÞ

h i
þ g

0
B@

1
CAeið�jxþxtþh0Þ: ð31Þ

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�L6 þ .

2L5

r
tanh

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � 2L6ð Þ L6 þ .ð Þ

2L5
� L2 þ 4L4

s
ðx � vtÞ

" #
eið�jxþxtþh0Þ; ð32Þ

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�L6 þ .

2L5

r
coth

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1 � 2L6ð Þ L6 þ .ð Þ

2L5
� L2 þ 4L4

s
ðx � vtÞ

" #
eið�jxþxtþh0Þ; ð33Þ
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Therefore, the optoelectronic wave field appears as,

See equation (38) top of the page

with the usage of the relations (d2 � 1)((3(d2 + 3)L1 +
2(d2 � 1)L3)L2 > 0 and 3L1 + 2L3 < 0. For d = 0, a dark
soliton is retrieved.

Result-3:

s ¼ 1; a0 ¼ 0; b1 ¼ 0; a1 ¼ �10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 d2 þ 1
� �

k4

L2 3L1 þ 2L3ð Þ

s
;

r ¼ � L2

5k2
; L4 ¼ 4L2

2

25k2
;

L6 ¼ �L2 6d2 � 3
� �

L1 þ 2 d2 � 2
� �

L3

� �
30 d2 þ 1

� �
k2

;

L5 ¼ 12L2
1 þ 11L3L1 þ 2L2

3

300k2
: ð39Þ

As a result, the nonlinear wave profile shapes up as,

qðx; tÞ ¼
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 d2þ1ð ÞL2

3L1þ2L3

r
csch

ffiffiffiffiffiffiffiffi
� L2

5

q
ðx � vtÞ

h i
dcsch

ffiffiffiffiffiffiffiffi
� L2

5

q
ðx � vtÞ

h i
þ 1

8>><
>>:

9>>=
>>;eið�jxþxtþh0Þ;

ð40Þ
with the help of the conditions 3L1 + 2L3 < 0 and L2 < 0.
For d = 0, a singular soliton is extracted.

Result-4:

s ¼ 1; a0 ¼ 0; a1 ¼ 0; b1 ¼ � 2
ffiffiffiffiffi
15

p
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� 3L1 þ 2L3ð Þp ;

r ¼ � d2 þ 1
� �

L2 3L1 þ 2L3ð Þ
5k2 3 d2 � 3

� �
L1 þ 2 d2 þ 1

� �
L3

� � ;
L6 ¼ �L2 3L1 þ 2L3ð Þ 6d2 þ 9

� �
L1 þ 2 d2 þ 1

� �
L3

� �
30k2 3 d2 � 3

� �
L1 þ 2 d2 þ 1

� �
L3

� � ;

L5 ¼ 12L2
1 þ 11L3L1 þ 2L2

3

300k2
;

L4 ¼
2 d2 þ 1
� �

L2
2 3L1 þ 2L3ð Þ 3 2d2 þ 7

� �
L1 þ 4 d2 þ 1

� �
L3

� �
25k2 3 d2 � 3

� �
L1 þ 2 d2 þ 1

� �
L3

� �2 :

ð41Þ
Hence, the nonlinear waveform can be expressed as,

See equation (42) top of the page

with the aid of the restrictions ((3(d2 � 3)L1 + 2(d2 + 1)L3)
L2 > 0 and 3L1 + 2L3 < 0. For d = 0, a singular soliton is
yielded.

4 Conservation laws

Suppose (Tt, Tx) is a conserved vector associated with the
conservation law,

DtTt þ DxTx ¼ 0; ð43Þ
valid along the solutions of the given differential equation.
In that case, it follows that,

Eq½DtTt þ DxTx � ¼ 0; ð44Þ
where Eq represents the Euler-Lagrange operator. Fur-
thermore, assuming the existence of a non-trivial differen-
tial function Q, referred to as a “multiplier,” such that,

QE ¼ DtTt þ DxTx ; ð45Þ
and Q is associated with a conserved vector, then it fol-
lows that, EqðQEÞ ¼ 0: ð46Þ

This implies that each multiplier Q results in a con-
served vector through a Homotopy operator. E = 0 is the
differential equation and Tt, Tx are the conserved densities
and fluxes, respectively.

The concatenation model with STD, gives the following
conservation laws:

1. For,

a2 ¼ a4 ¼ a5 ¼ 0; ð47Þ

qðx; tÞ ¼
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 d2�1ð ÞL2

3 d2þ3ð ÞL1þ2 d2�1ð ÞL3

r
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� d2�1ð ÞL2 3L1þ2L3ð Þ

5 3 d2þ3ð ÞL1þ2 d2�1ð ÞL3ð Þ
r

ðx � vtÞ
� �

dsech
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� d2�1ð ÞL2 3L1þ2L3ð Þ

5 3 d2þ3ð ÞL1þ2 d2�1ð ÞL3ð Þ
r

ðx � vtÞ
� �

þ 1

8>>><
>>>:

9>>>=
>>>;
eið�jxþxtþh0Þ; ð38Þ

qðx; tÞ ¼
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 d2þ1ð ÞL2

3 d2�3ð ÞL1þ2 d2þ1ð ÞL3

r
coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� d2þ1ð ÞL2 3L1þ2L3ð Þ

5 3 d2�3ð ÞL1þ2 d2þ1ð ÞL3ð Þ
r

ðx � vtÞ
� �

dcsch
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� d2þ1ð ÞL2 3L1þ2L3ð Þ

5 3 d2�3ð ÞL1þ2 d2þ1ð ÞL3ð Þ
r

ðx � vtÞ
� �

þ 1

8>>><
>>>:

9>>>=
>>>;
eið�jxþxtþh0Þ; ð42Þ
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we get a nontrivial power (P) density as:

TP ¼ 1
2
qj j2 þ b

2
I q�qxð Þ: ð48Þ

2. If, in addition,
a3 ¼ a9 ¼ 0; ð49Þ

we arrive at conserved linear momentum (M) density,

TM ¼ � 1
4
b qxj j2 þ 1

4
bR qq�xx

� �� b
2
I q�qxð Þ: ð50Þ

3. Conserved Hamiltonian (H) density is presented as
below,

TH ¼ k1
1
2
a1R qq�xxxx

� �þ 1
6
a6 qj j6

� �

þ k2 � 1
2
a7I q�qxxxð Þ � 1

4
a8 qj j2I q�qxð Þ

� �

þ 1
4
c qj j4 þ 1

2
aR qq�xx

� �
þ 1
4
b R qq�xt

� �þR qxq
�
t

� �� �
: ð51Þ

The expression for the bright 1-soliton solution, provided
in equation (28), can be conveniently structured as:

qðx; tÞ ¼ A sech ½Bðx � vtÞ�ei �jxþxtþh0ð Þ; ð52Þ
where the soliton’s amplitude is denoted by A, its inverse
width is modeled by B, and also its velocity is formulated
by v. Therefore, the following conserved quantities arise
from this form of the bright soliton:

P ¼
Z 1

�1
qj j2 þ b

2i
q�qx � qq�x
� �� �

dx ¼ 2A2

B
1� bjð Þ; ð53Þ

M ¼ 1
4

Z 1

�1
a qxj j2 � aR qq�xx

� �þ 2bI q�qxð Þ� �
dx

¼ A2

3B
aB2 þ aj2 � 3bj
� �

; ð54Þ

and,

H ¼
Z 1

�1
THdx ¼ k1a1A

2B
15

9B2 þ 30j2 þ 5j4
� �þ 4k1a6A

6

45B

� k2a7jA
2

B
j2 þ 3
� �þ k2a8jþ cð Þ A

4

3B

� aA2

3B
B2 þ 3j2
� �þ bA2

6B
vB2 þ 3xj
� �

: ð55Þ

5 Conclusion

In this paper, the concatenation model is revisited with the
incorporation of STD alongside the existing CD. The SPM
is with Kerr law of nonlinearity. The rational expression

for the soliton velocity placed us at an advantage of control-
ling the Internet bottleneck effect that is responsible of
slowing down the traffic flow across the globe. Such an engi-
neering marvel is being applied to the concatenation model
for the first time and this gives a true flavor of novelty to
the current paper. The results of the paper are indeed
encouraging and are applicable to various additional ave-
nues. One would next need to study this technological aspect
in birefringent fibers followed by dispersion-flattened fibers.
This would lead to the departure from the lab to a situation
where rubber meets the road. Additional effects such as
stochasticity, time-dependent coefficients to the model are
yet to be explored. These would lead to several novelties
that would be sequentially disseminated all across the board
after aligning the results with pre-existing reports [17–34].
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