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Abstract. The objective of this study is to investigate miscellaneous wave structures for perturbed Fokas–
Lenells equation (FLE) with cubic-quartic dispersion in polarization-preserving fibers. Based on the improved
projective Riccati equations method, various types of soliton solutions such as bright soliton, combo dark–
bright soliton, singular soliton and combo singular soliton are constructed. Additionally, a set of periodic
singular waves are also retrieved. The dynamical behaviors of some obtained solutions are depicted to
provide a key to understanding the physics of the model. The modulation instability of the FLE is reported
by employing the linear stability analysis which shows that all solutions are stable.
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1 Introduction

Recently, nonlinear optics has become one of the important
fields of science that have wide range of physical and engi-
neering applications. The significance of this field has been
enhanced since the appearance of optical fiber as a common
type of optical waveguide that transmits light and signals
over longe distances [1, 2]. Further to this, the continuous
theoretical and experimental research works confirm that
optical fiber has potential influences on developing photonic
and optoelectronic devices [3–6]. One of the diagnostic tools
to examine the physical properties of optical fiber is the
optical pulses. The controllable interaction of dispersion
and nonlinearity of the pulse propagation leads to the
formation of stable and undistorted pulses known as soliton.
There are several mathematical models that study the
dynamic of soliton in optical fibers. One of these models

that is accounted as a generalized form of the nonlinear
Schrödinger equation is the Fokas–Lenells equation
(FLE). In literature, FLE is dealt with by many authors to
obtain exact solutions by utilizing various powerful
techniques. The employed integration schemes in the previ-
ous studies are Sine-Gordon expansion method, Riccati
equation method, mapping method, trial equation method,
Kudryashov’s method, semi-inverse variational principle,
modified simple equationmethod, Laplace-Adomiandecom-
position method, auxiliary equation method and many
others. For more details, readers are referred to references
[7–18].

Soliton propagation along an optical fiber can be subject
to the low count of chromatic dispersion (CD) which
severely affects the transmission process. To overcome this
effect, a variety of novel techniques have recently been pro-
posed. One of the most popular technologies employed in
the research studies is based on adding another form of
dispersion such as Bragg gratings dispersion, pure–cubic
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dispersion, pure–quartic dispersion, cubic–quartic disper-
sion and many others. For example, the combination of
fourth-order dispersion (4OD) and third-order dispersion
(3OD) terms can completely compensate for low CD and
gives rise to creation of the so-called cubic–quartic (CQ)
solitons, see the references [19–24]. Later, the model of
FLE is developed to include 4OD and 3OD terms and that
means CQ solitons can be constructed in polarization pre-
serving fibers [25–27]. The current study mainly discusses
CQ-FLE with perturbation terms of Hamiltonian type.
The proposed model takes the form

iWt þ iaWxxx þ bWxxxx þ jWj2ðcWþ idWxÞ
¼ ifaWx þ kðjWj2nWÞx þ lðjWj2nÞxWg; ð1Þ

where W(x, t) is is a complex-valued function representing
optical soliton profile. The independent variables x and t
denote the distance along the fiber and the elapsed time,
respectively. The first term indicates the time evolution
while the terms with a and b account for the third- and
fourth-order dispersions. The nonlinear influence has the
form of Kerr law and is given by the coefficient of c.
The term with d is the coefficient of nonlinear dispersion.
On the right-hand side of equation (1), the perturbation
terms with a, k and l are defined as inter-modal disper-
sion, self-steepening effect and higher-order dispersion,
respectively. The parameter n represents the full nonlin-
earity effect and i ¼ ffiffiffiffiffiffiffi�1

p
.

The model (1) is investigated with the help of the
improved projective Riccati equations method [28, 29] to
derive distinct exact solutions. The rest of this paper is
organized as follows. In Section 2, we describe the suggested
scheme. Section 3 demonstrates how the FLE is reduced to
a simple form using the traveling wave transformation. In
Section 4, various solution expressions illustrating different
wave structures are extracted. In Section 5, the modulation
instability by means of standard linear stability analysis is
examined. Section 6 displays the remarks and discussion
of the obtained results. Finally, our conclusion is given in
Section 7.

2 Elucidation of scheme

Herein, we present the process of applying the improved
projective Riccati equations method as follows. Consider a
nonlinear evolution equation (NLEE) in the form

Pðu; ut; ux ; uxx ; uxt ; utt ; uxxx . . .Þ ¼ 0; ð2Þ
where u = u(x, t) is an unknown function and P is a poly-
nomial in u and its various partial derivatives.

Based on the traveling wave transformation given by

uðx; tÞ ¼ UðnÞ; n ¼ x � ct; ð3Þ
the NLEE (2) reduces to a nonlinear ordinary differential
equation (NLODE) of the form

QðU ;U 0;U 00;U 000; . . .Þ ¼ 0; ð4Þ
where prime denotes the derivative with respect to n.

We assume that equation (4) has a solution in the form
of a finite series as

UðnÞ ¼ a0 þ b0f ðnÞ gðnÞ þ
Xm
j¼1

aj f jðnÞ þ bj gjðnÞ
� �

; ð5Þ

where aj, bj, (j = 0, 1, 2, . . ., m) are constants to be deter-
mined. The parameter m is a positive integer which can be
identified by balancing the highest order derivative term
with the nonlinear term in equation (4).

The variables f(n) and g(n) satisfy the the following
improved projective Riccati equations

f 0ðnÞ ¼ dAg2ðnÞ; g0ðnÞ ¼ �Af ðnÞ gðnÞ � B
A

gðnÞ ðR� Bf ðnÞÞ;

g2ðnÞ ¼ d
1
A2 ðR� Bf ðnÞÞ2 � f 2ðnÞ

� �
; ð6Þ

where A, B and R are arbitrary constants and d = ±1.
The third equation in the system (6), which gives the rela-
tion between the functions f(n) and g(n), represents the
first integral of the couple ODEs in this system.

The set of equations (6) is found to possess solutions in
the form

f1ðnÞ ¼ R tanhðRnÞ
Aþ B tanhðRnÞ ; g1ðnÞ ¼

RsechðRnÞ
Aþ B tanhðRnÞ ;

ð7Þ
which implies d = 1, and

f2ðnÞ ¼ R cothðRnÞ
Aþ B cothðRnÞ ; g2ðnÞ ¼

RcschðRnÞ
Aþ B cothðRnÞ ; ð8Þ

provided that d = �1.
Substituting (5) along with (6) into equation (4) gives a

polynomial in f j (n) and f j (n) g(n). Then, we equate each
coefficient of f j (n) and f j (n)g(n) in this polynomial to zero
to get a set of algebraic equations for aj, bj. Finally, solving
this system of equations, we obtain various exact solutions
of equation (2) according to (7) and (8).

3 Traveling wave reduction of the model

Now, we aim to reduce the complex form of the model (1) to
an NLODE with a view to deriving the optical soliton solu-
tions. Therefore, we assume the traveling wave transforma-
tion of the form

Wðx; tÞ ¼ wðnÞei/ðx;tÞ; ð9Þ
where w(n) accounts for the amplitude of the soliton
while /(x, y, t) denotes the phase component. The wave
variable n is given by

n ¼ x � mt; ð10Þ
and the function /(x, y, t) is introduced as

/ðx; y; tÞ ¼ �jx þ xt þ h; ð11Þ
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where the parameters m, j, x and h represent the soliton
velocity, frequency, wave number and phase constant,
respectively.

Substituting (8) into equation (1) leads to a couple of
equations for real and imaginary parts given, respectively,
as

bwiv þ ð3aj� 6bj2Þw00 � ðxþ ajþ aj3 � bj4Þw
þðc þ djÞw3 � kjw2nþ1 ¼ 0; ð12Þ

ða � 4ajÞw000 � ðaþ mþ 3aj2 � 4bj3Þw0 þ dw2w0

�ð2nlþ ð2n þ 1ÞkÞw2nw0 ¼ 0; ð13Þ
where the prime denotes the derivative with respect to n.
The system of equations (12) and (13) is reduced to

bwiv þ 6bj2w00 � ðxþ ajþ 3bj4Þwþ ðc þ dj� kjÞw3 ¼ 0;

ð14Þ
with the expression for the velocity of the soliton pre-
sented as

m ¼ �a� 8bj3; ð15Þ
under the constraints

n ¼ 1; ð16Þ

a ¼ 4bj; ð17Þ

d � 2l� 3k ¼ 0: ð18Þ

4 Solutions of the model

Now, we embark on deriving the solutions of the perturped
CQ-FLE through implementing the improved projective
Riccati equations method stated in Section 2. The proposed
technique is basically used to handle equation (14) and then
its obtained solutions are plugged into the transformation
(9) so as to extract the optical solitons of the governing
model.

According to the series formula given in (5) and the
balance between the terms wiv and w3 in equation (14), this
leads tom = 2. Hence, the general solution form of equation
(14) reads

wðnÞ ¼ a0 þ b0f ðnÞ gðnÞ þ
X2

j¼1

aj f jðnÞ þ bj gjðnÞ
� �

: ð19Þ

Substituting (19) together with equations (6) into equation
(14) gives rise to an equation having different powers of
f l gs. Collecting all the terms with the same power of f l gs

together and equating each coefficient to zero, yields a set
of algebraic equations. Solving these equations simultane-
ously leads to the following results.

Set I. If d = 1, then the following cases of solutions in
the hyperbolic secant and tangent functions are retrieved.

Case 1.

a0 ¼ a1 ¼ a2 ¼ b2 ¼ 0; b0 ¼ �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30bðA2 � B2Þ3
A2ðc þ dj� kjÞ

s
;

b1 ¼ b0RB
A2 � B2 ; x ¼ �ajþ 24

25
bj4; R ¼ �

ffiffiffi
3
5

r
j: ð20Þ

Inserting (20) in accompany with (7) into (19) yields

Wðx; tÞ ¼ �2R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30bðA2 � B2Þ
c þ dj� kj

s

� A tanhðRnÞ sec hðRnÞ þ B sec hðRnÞ
Aþ B tanhðRnÞð Þ2 ei/ðx;tÞ; ð21Þ

where b(A2 � B2)(c + dj � kj) > 0, n = x + (a + 8bj3)t

and /ðx; tÞ ¼ �jx � aj� 24
25

bj4

� �
t þ h.

Case 2.

b0 ¼ b1 ¼ b2 ¼ 0; a0 ¼ 3a2j2

10ðA2 � B2Þ ;

a1 ¼ 2a2RB
A2 � B2 ; a2 ¼ � 2ðA2 � B2Þ2

A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 219
25

bj4; R ¼ �
ffiffiffiffiffiffiffiffiffiffi
� 3
10

r
j: ð22Þ

Plugging (22) along with (7) into (19) brings about

Wðx; tÞ ¼ �2ðA2 � B2ÞR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r

� sec h2ðRnÞ
Aþ B tanhðRnÞð Þ2 ei/ðx;tÞ; ð23Þ

where b(c + dj � kj) < 0, n = x + (a + 8bj3)t and

/ðx; tÞ ¼ �jx � ajþ 219
25 bj4

	 

t þ h.

Case 3.

a1 ¼ a2 ¼ b0 ¼ b1 ¼ 0; a0 ¼ � b2ð10R2 þ 3j2Þ
30ðA2 � B2Þ ;

b2 ¼ �2 A2 � B2
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 30b
c þ dj� kj

r
;

x ¼ �aj� 18bR2j2 � 6
5
bj4; 40R4 � 30R2j2 þ 9j4 ¼ 0:

ð24Þ
Substituting (24) together with (7) into (19) generates

Wðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r

� 10R2 þ 3j2

15
� 2ðA2 � B2ÞR2 sec h2ðRnÞ

Aþ B tanhðRnÞð Þ2
( )

ei/ðx;tÞ; ð25Þ
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where b(c + dj � kj) < 0, n = x + (a + 8bj3)t and

/ x; tð Þ ¼ �jx � ajþ 18bR2j2 þ 6
5
bj4

� �
t þ h.

Case 4.

b0 ¼ b1 ¼ b2 ¼ 0; a0 ¼ 3a2j2

10ðA2 � B2Þ ; a1 ¼ 2a2RB
A2 � B2 ;

a2 ¼ � 2ðA2 � B2Þ2
A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
; x ¼ �aj� 219

25
bj4;

R ¼ �
ffiffiffiffiffiffiffiffiffiffi
� 3
10

r
j: ð26Þ

Putting (26) in addition to (7) into (19) gives us the soliton
solution (23).

Case 5.

a0 ¼ a1 ¼ a2 ¼ 0; b0 ¼ � b2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

A
;

b1 ¼ � b2RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

AðA2 � B2Þ ; b2 ¼ � A2 � B2
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 30b
c þ dj� kj

r
;

x ¼ �aj� 219
25

bj4; R ¼ �
ffiffiffiffiffiffiffi
� 6
5

r
j: ð27Þ

Plugging (27) and (7) into (19) leads to

Wðx; tÞ ¼ �R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30bðA2 � B2Þ
c þ dj� kj

s

�
sechðRnÞ B þ A tanhðRnÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p
sechðRnÞ

h i
Aþ B tanhðRnÞð Þ2 ei/ðx;tÞ;

ð28Þ
where b(c + dj � kj) < 0, A2 < B2, n = x + (a + 8bj3)t

and /ðx; tÞ ¼ �jx � aj� 219
25

bj4

� �
t þ h.

Case 6.

b2 ¼ 0; a0 ¼ 6b0j2

5A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p ; a1 ¼ � 2b0RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

AðA2 � B2Þ ;

a2 ¼ � b0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

A
; b1 ¼ b0RB

A2 � B2 ;

b0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30bðA2 � B2Þ3
A2ðc þ dj� kjÞ

s
; x ¼ �aj� 219

25
bj4;

R ¼ �
ffiffiffiffiffiffiffi
� 6
5

r
j:

ð29Þ

Substituting (29) in accompany with (7) into (19) produces
the soliton solution (28).

Case 7.

b0 ¼ b1 ¼ b2 ¼ 0; a0 ¼ � a2ð20R2A2 � 30R2B2 � 3A2j2Þ
30ðA2 � B2Þ2 ;

a1 ¼ 2a2RB
A2 � B2 ; a2 ¼ � 2ðA2 � B2Þ2

A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 18bR2j2 � 6
5
bj4; 40R4 � 30R2j2 þ 9j4 ¼ 0:

ð30Þ
Inserting (30) along with (7) into (19), we secure

W x; tð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
20A2R2 � 3A2j2 � 30B2R2

15A2



� 2ðA2 � B2ÞR2 tanhðRnÞ ðA2 þ B2Þ tanhðRnÞ þ 2AB
� �

A2 Aþ B tanhðRnÞð Þ2
)
ei/ðx;tÞ;

ð31Þ
where b(c + dj � kj) < 0, n = x + (a + 8bj3)t and

/ðx; tÞ ¼ �jx � ajþ 18bR2j2 þ 6
5
bj4

� �
t þ h.

Case 8.

a1 ¼ a2 ¼ 0; a0 ¼ � b2ð5R2 þ 6j2Þ
30ðA2 � B2Þ ; b0 ¼ � b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

A
;

b1 ¼ � b2RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

AðA2 � B2Þ ; b2 ¼ �ðA2 � B2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 9
2
bR2j2 � 6

5
bj4; 5R4 � 15R2j2 þ 18j4 ¼ 0:

ð32Þ
Substituting (32) as well as (7) into (19) provides the
soliton solution

Wðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
5R2 þ 6j2

30



�R2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p
sechðRnÞ B þ A tanhðRnÞ½ �

Aþ B tanhðRnÞð Þ2 :

�R2ðA2 � B2Þ sec h2ðRnÞ
Aþ B tanhðRnÞð Þ2

)
ei/ðx;tÞ; ð33Þ

where bðc þ dj� kjÞ < 0;A2 < B2; n ¼ x þ ðaþ 8bj3Þt
and /ðx; tÞ ¼ �jx � ajþ 9

2
bR2j2 þ 6

5
bj4

� �
t þ h.

Case 9.

b2 ¼ 0; a0 ¼ b0ð25R2A2 � 30R2B2 � 6A2j2Þ
30AðA2 � B2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 �A2

p ;

a1 ¼ � 2b0RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

AðA2 � B2Þ ; a2 ¼ � b0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p

A
;
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b1 ¼ b0RB
A2 � B2 ; b0 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30bðA2 � B2Þ3
A2ðc þ dj� kjÞ

s
;

x ¼ �aj� 9
2
bR2j2 � 6

5
bj4; 5R4 � 15R2j2 þ 18j4 ¼ 0:

ð34Þ
Substituting (34) together with (7) into (19) creates

W x; tð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
25A2R2 � 6A2j2 � 30B2R2

30A2



�R2A2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p
sechðRnÞ B þ A tanhðRnÞ½ �

A2 Aþ B tanhðRnÞð Þ2

�R2ðA2 � B2Þ tanhðRnÞ 2AB þ ðA2 þ B2Þ tanhðRnÞ� �
A2 Aþ B tanhðRnÞð Þ2

)
ei/ðx;tÞ;

ð35Þ
where b(c + dj � kj) < 0, A2 < B2, n = x + (a + 8bj3)t

and /ðx; tÞ ¼ �jx � ajþ 9
2
bR2j2 þ 6

5
bj4

� �
t þ h.

Set II. If d= �1, then the following cases of solutions in
the hyperbolic cosecant and cotangent functions are
retrieved.

Case 1.

a0 ¼ a1 ¼ a2 ¼ b2 ¼ 0; b0 ¼ �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30bðA2 � B2Þ3
A2ðc þ dj� kjÞ

s
;

b1 ¼ b0RB
A2 � B2 ; x ¼ �ajþ 24

25
bj4; R ¼ �

ffiffiffi
3
5

r
j: ð36Þ

Inserting (36) along with (7) into (19) yields

Wðx; tÞ ¼ �2R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30bðA2 � B2Þ

c þ dj� kj

s

� A cothðRnÞcschðRnÞ þ BcschðRnÞ
Aþ B cothðRnÞð Þ2 ei/ðx;tÞ; ð37Þ

where b(A2 � B2)(c + dj � kj) < 0, n = x + (a + 8bj3)t

and /ðx; tÞ ¼ �jx � aj� 24
25

bj4

� �
t þ h.

Case 2.

b0 ¼ b1 ¼ b2 ¼ 0; a0 ¼ 3a2j2

10ðA2 � B2Þ ;

a1 ¼ 2a2RB
A2 � B2 ; a2 ¼ � 2ðA2 � B2Þ2

A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 219
25

bj4; R ¼ �
ffiffiffiffiffiffiffiffiffiffi
� 3
10

r
j: ð38Þ

Plugging (38) in addition to (7) into (19) brings about

Wðx; tÞ ¼

�2ðA2 � B2ÞR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
csc h2ðRnÞ

Aþ B cothðRnÞð Þ2 ei/ðx;tÞ;

ð39Þ
where bðcþdj�kjÞ< 0;n¼ xþðaþ8bj3Þt and /ðx; tÞ¼
�jx� ajþ 219

25 bj
4

� �
tþh.

Case 3.

a1 ¼ a2 ¼ b0 ¼ b1 ¼ 0; a0 ¼ b2ð10R2 þ 3j2Þ
30ðA2 � B2Þ ;

b2 ¼ �2 A2 � B2� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 18bR2j2 � 6
5
bj4; 40R4 � 30R2j2 þ 9j4 ¼ 0:

ð40Þ
Substituting (40) and (7) into (19) generates

Wðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r

10R2 þ 3j2

15
þ 2ðA2 � B2ÞR2csch2ðRnÞ

Aþ B cothðRnÞð Þ2
( )

ei/ðx;tÞ; ð41Þ

where b(c + dj � kj) < 0, n = x + (a + 8bj3)t and

/ðx; tÞ ¼ �jx � ajþ 18bR2j2 þ 6
5
bj4

� �
t þ h.

Case 4.

b0 ¼ b1 ¼ b2 ¼ 0; a0 ¼ 3a2j2

10ðA2 � B2Þ ; a1 ¼ 2a2RB
A2 � B2 ;

a2 ¼ � 2ðA2 � B2Þ2
A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
; x ¼ �aj� 219

25
bj4;

R ¼ �
ffiffiffiffiffiffiffiffiffiffi
� 3
10

r
j: ð42Þ

Putting (42) as well as (7) into (19) gives us the soliton
solution (23).

Case 5.

a0 ¼ a1 ¼ a2 ¼ 0; b0 ¼ � b2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

A
;

b1 ¼ � b2RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

AðA2 � B2Þ ; b2 ¼ � A2 � B2
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� 30b
c þ dj� kj

r
;

x ¼ �aj� 219
25

bj4; R ¼ �
ffiffiffiffiffiffiffi
� 6
5

r
j: ð43Þ
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Plugging (43) along with (7) into (19) results in

Wðx; tÞ ¼ �R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30bðA2 � B2Þ

c þ dj� kj

s

�
cschðRnÞ B þ A cothðRnÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p
cschðRnÞ

h i
Aþ B cothðRnÞð Þ2 ei/ðx;tÞ;

ð44Þ
where bðc þ dj� kjÞ < 0;A2 > B2; n ¼ x þ ðaþ 8bj3Þt
and /ðx; tÞ ¼ �jx � ðaj� 219

25
bj4Þt þ h.

Case 6.

b2 ¼ 0; a0 ¼ 6b0j2

5A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p ; a1 ¼ � 2b0RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

AðA2 � B2Þ ;

a2 ¼ � b0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

A
; b1 ¼ b0RB

A2 � B2 ;

b0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30bðA2 � B2Þ3
A2ðc þ dj� kjÞ

s
; x ¼ �aj� 219

25
bj4;

R ¼ �
ffiffiffiffiffiffiffi
� 6
5

r
j: ð45Þ

Substituting (45) in accompany with (7) into (19) produces
the soliton solution (44).

Case 7.

b0 ¼ b1 ¼ b2 ¼ 0; a0 ¼ � a2ð20R2A2 � 30R2B2 � 3A2j2Þ
30ðA2 � B2Þ2 ;

a1 ¼ 2a2RB
A2 � B2 ; a2 ¼ � 2ðA2 � B2Þ2

A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 18bR2j2 � 6
5
bj4; 40R4 � 30R2j2 þ 9j4 ¼ 0:

ð46Þ
Inserting (46) and (7) into (19), we come by

Wðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r

� 20A2R2 � 3A2j2 � 30B2R2

15A2



� 2ðA2 � B2ÞR2 cothðRnÞ ðA2 þ B2Þ cothðRnÞ þ 2AB
� �

A2 Aþ B cothðRnÞð Þ2
)
ei/ðx;tÞ;

ð47Þ
where bðcþdj�kjÞ<0;n¼ xþðaþ8bj3Þt and /ðx;tÞ¼
�jx�

�
ajþ18bR2j2þ 6

5bj
4

�
tþh.

Case 8.

a1 ¼ a2 ¼ 0; a0 ¼ b2ð5R2 þ 6j2Þ
30ðA2 � B2Þ ;

b0 ¼ � b2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

A
; b1 ¼ � b2RB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

AðA2 � B2Þ ;

b2 ¼ �ðA2 � B2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
;

x ¼ �aj� 9
2
bR2j2 � 6

5
bj4;

5R4 � 15R2j2 þ 18j4 ¼ 0:

ð48Þ

Substituting (48) in accompany with (7) into (19) provides
the soliton solution

Wðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r

� 5R2 þ 6j2

30
� R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p
cschðRnÞ B þ A cothðRnÞ½ �

Aþ B cothðRnÞð Þ2
(

þ R2ðA2 � B2Þ csc h2ðRnÞ
Aþ B cothðRnÞð Þ2

)
ei/ðx;tÞ; ð49Þ

where bðc þ dj� kjÞ < 0;A2 > B2; n ¼ x þ ðaþ 8bj3Þt
and /ðx; tÞ ¼ �jx � ajþ 9

2
bR2j2 þ 6

5
bj4

� �
t þ h.

Case 9.

b2 ¼ 0; a0 ¼ � b0ð25R2A2 � 30R2B2 � 6A2j2Þ
30AðA2 � B2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p ;

a1 ¼ � 2b0RB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

AðA2 � B2Þ ; a2 ¼ � b0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p

A
;

b1 ¼ b0RB
A2 � B2 ; b0 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�30bðA2 � B2Þ3
A2ðc þ dj� kjÞ

s
;

x ¼ �aj� 9
2
bR2j2 � 6

5
bj4; 5R4 � 15R2j2 þ 18j4 ¼ 0:

ð50Þ

Substituting (50) together with (7) into (19) gives rise to

W x; tð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
25A2R2 � 6A2j2 � 30B2R2

30A2



�R2A2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � B2

p
cschðRnÞ B þ A cothðRnÞ½ �

A2 Aþ B cothðRnÞð Þ2

�R2ðA2 � B2Þ cothðRnÞ 2AB þ ðA2 þ B2Þ cothðRnÞ� �
A2 Aþ B cothðRnÞð Þ2

)
ei/ðx;tÞ;

ð51Þ
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where bðc þ dj� kjÞ < 0;A2 > B2; n ¼ x þ ðaþ 8bj3Þt
and /ðx; tÞ ¼ �jx � ajþ 9

2
bR2j2 þ 6

5
bj4

� �
t þ h.

Interestingly it can be noticed that the complex values of the
constant R in some solutions obtained above generate peri-
odic type solutions and then the amplitude function of these
solutions may be complex. However, the complex-valued
amplitude for some of these solutions can be converted into
real value. For example, the periodic solution (23) has the
form

Wðx; tÞ ¼ � 3j2ðA2 � B2Þ
5

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
sec2ð

ffiffi
3

p
10 jnÞ

Aþ iB tanð
ffiffi
3

p
10 jnÞ

	 
2 ei/ðx;tÞ:

ð52Þ
Since B is an arbitrary constant, it can be assumed as
B = iC, where C is a real constant. Thus, solution (52)
becomes

Wðx; tÞ ¼ � 3j2ðA2 þ C2Þ
5

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30b
c þ dj� kj

r
sec2ð

ffiffi
3

p
10 jnÞ

A� C tanð
ffiffi
3

p
10 jnÞ

	 
2 ei/ðx;tÞ:

ð53Þ
Similarly, the periodic solution (28) given by

Wðx; tÞ ¼ � 6j2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30bðA2 � B2Þ
c þ dj� kj

s

�
sec

ffiffiffiffi
30

p
5 jn

	 

B þ iA tanð

ffiffiffiffi
30

p
5 jnÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � A2

p
secð

ffiffiffiffi
30

p
5 jnÞ

h i
Aþ iB tanð

ffiffiffiffi
30

p
5 jnÞ

	 
2 ei/ðx;tÞ;

ð54Þ
changes, after taking A ¼ i�, into

Wðx; tÞ ¼ � 6j2

5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 30bð�2 þ B2Þ

c þ dj� kj

s

�
sec

ffiffiffiffi
30

p
5 jn

	 

B �� tan

ffiffiffiffi
30

p
5 jn

	 

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ B2

p
sec

ffiffiffiffi
30

p
5 jn

	 
h i
�þ B tan

ffiffiffiffi
30

p
5 jn

	 
	 
2 ei/ðx;tÞ;

ð55Þ
where � is a real constant. Consequently, the same tech-
nique can be used to the rest of periodic solutions to
handle a real value for the amplitude of periodic waves.

5 Modulation instability analysis

In this section, the modulation instability of the perturbed
Fokas–Lenells equation (1) is studied by means of the stan-
dard linear stability analysis.

Consider that equation (1) has the perturbed steady-
state solution in the form

uðx; tÞ ¼
ffiffiffiffi
P

p
þ Uðx; tÞ

h i
ei cPt ; ð56Þ

where P is the normalized optical power while U(x, t) is a
small perturbation and U � P. The perturbation U(x, t)
is examined by utilizing linear stability analysis. Inserting
equation (56) into equation (1) and linearizing, one can
reach

i
oU
ot

þ cPðU þ U �Þ þ b
o4U
ox4

þ ia
o3U
ox3

þ i
�
dP � a

�kðn þ 1ÞPn � lnPn

�
oU
ox

� iðkþ lÞnPn oU
�

ox
¼ 0; ð57Þ

where � denotes the conjugate of the complex function
U(x, t). Assuming that the solution of equation (57) in
the form

Uðx; tÞ ¼ b eiðKx�XtÞ þ c e�iðKx�XtÞ; ð58Þ
where K and X are the normalized wave number and
frequency of perturbation, respectively. Substituting
ansatz (58) into equation (57), we find a couple of equa-
tions in b and c by splitting the coefficients of
expfiðKx � XtÞg and expf�iðKx � XtÞg presented as

nðkþ lÞðbþ cÞ þ kb½ �KPn þ bK 4 þ aK 3
�

þðdP � aÞK þ cP þ X�bþ cPc ¼ 0

nðkþ lÞðbþ cÞ þ kc½ �KPn � bK 4 � aK 3
�

þðdP � aÞK þ cP � X�c� cPb ¼ 0: ð59Þ

The system of equations (59) can be written in the matrix
form for the coefficients of b and c. The determinant of this
matrix leads to the dispersion relation in the form

X2 þ v1Xþ v2K
2 þ v4K

4 þ a2K 6 � b2K 8 ¼ 0; ð60Þ

where the constants v1, v2 and v4 are given as

v1 ¼ 2 ðnðkþ lÞ þ kÞPn � ðdP � aÞ½ �K þ aK 3
� �

; ð61Þ

v2 ¼ 2ðaPn þ kP2n � dPnþ1Þðnðkþ lÞ þ kÞ � k2P2n

þ ðdP � aÞ2; ð62Þ

v4 ¼ 2 ða� dPÞa � bcP þ aðnðkþ lÞ þ kÞPnf g: ð63Þ
The dispersion relation has the solution given as

X ¼ dP � a� aK 2 � ðnðkþ lÞ þ kÞPn
�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2K 6 þ 2bcPK 2 þ n2ðkþ lÞ2P2n

q
�K : ð64Þ
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This expression determines the steady-state stability that
depends on the the fourth-order dispersion, nonlinear influ-
ence, self-steepening effect, higher-order dispersion and
wave number. It is clearly seen that the value of frequency
X is real for all values of K and hence the steady state is
stable against small perturbations. Figure 1 shows the
graph of dispersion relation.

6 Results and discussion

The implemented mathematical tools in terms of the
improved projective Riccati equations have led to abundant
exact solutions for the perturbed FLE model. All derived
solutions are entirely new and different than the ones found
in the literatures. Comparing the results obtained here with
the corresponding results extracted in the previous studies,
it is found that all solutions retrieved in [27] by using the
sine–Gordon equation integration scheme can be deduced
in this work when B = 0. The created traveling wave
solutions include various wave structures such as bright
soliton, combo dark–bright soliton, singular soliton, combo
singular soliton and periodic waves.

To throw light on the dynamical behaviors of cubic–
quartic optical solitons and other waves in polarization-
preserving fibers, the graphical representations for some of
the constructed exact solutions are presented. Wave struc-
tures are displayed in 2D and 3D plots by selecting suitable
values of the model parameters. Figure 2 illustrates the evo-
lution of soliton solution (21), where the wave profile shows
an M-shaped (two-hump) soliton. The graph in Figure 3
demonstrates periodic singular wave of solution (23).
Moreover, Figure 4 presents the plot of solution (25) that
describes the bright soliton wave. In Figure 5, the graph of

Figure 1. The dispersion relation X = X(K) between frequency
X and wave number K given in (64).

Figure 2. The dynamical behavior of solution (21) with the
unity value for all parameters except A = 2.

Figure 3. The dynamical behavior of solution (23) with the
unity value for all parameters except b = �1, A = 2, B = i.

Figure 4. The dynamical behavior of solution (25) with the
unity value for all parameters except b = �1, B = 2.

Figure 5. The dynamical behavior of solution (28) with the
unity value for all parameters except A = i, B = 2i.
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solution (28) depicts the structure of periodic bright soliton
train. Additionally, it is clear from Figure 6 that the evolu-
tion of solution (31) characterizes the profile of W-shaped
wave (dark-dark soliton).

7 Conclusion

The present work focused on investigating distinct forms of
exact solutions for cubic–quartic Fokas–Lenells equation
with Hamiltonian perturbation terms in polarization-
preserving fibers. The study is carried out with the aid of
the improved projective Riccati equations. The imple-
mented approach enables us to find different wave struc-
tures including bright soliton, combo dark–bright soliton,
singular soliton and combo singular soliton. Besides, the
periodic singular waves are also recovered as a byproduct
of executing solution method. The behaviors of some
derived solutions are illustrated graphically to pave the
way for understanding the physics of the model. Further
to this, the stability of the retrieved solutions have been
diagnosed by utilizing the linear stability analysis. The
modulation instability of the perturbed FLE is discussed
and confirms that all extracted solutions are stable. Overall,
the proposed algorithm is rich in various solutions which are
entirely new and can be exploited in the physical and engi-
neering applications of fiber optics.
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