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Nonadiabatic dynamics around an avoided crossing or a conical intersection play a crucial role in the 
photoinduced processes of most polyatomic molecules. The present work shows that the topological phase 
in conical intersection makes the behavior of pump-probe high-order harmonic signals different from the 
case of avoided crossing. The coherence built up when the system crosses the avoided crossing will lead 
to the oscillatory behavior of the spectrum, while the geometric phase erodes these oscillations in the 
case of conical intersection. Additionally, the dynamical blueshift and the splitting of the time-resolved 
spectrum allow capturing the snapshot dynamics with the sub-femtosecond resolution.

Introduction

The avoided crossing (AC) and conical intersection (CI) in poly-
atomic molecules play important roles in various photophysical 
and photochemical dynamical processes [1,2]. Benefiting from 
the progress in laser technology, many optical methods have been 
developed to probe the ultrafast dynamics of molecules, especially 
the nonadiabatic dynamics in the vicinity of CI [3–10]. Attosecond 
transient-absorption spectroscopy succeeded in mapping the AC 
dynamics directly [11], and recently achieving the sub-7-fs res-
olution in CI by extending the attosecond pulse to carbon K-edge 
[3]. A background-free technique called TRUECARS (Transient 
Redistribution of Ultrafast Electronic Coherences in Attosecond 
Raman Signals) [12–14] was proposed to detect the electronic 
coherence generated by the CI. In the past decades, high-harmonic 
spectroscopy the (HHS) has matured into a powerful approach 
to study the structure and dynamics of molecules [15–23]. For 
example, Wörner et al. [24,25] reported the application of HHS 
to detect CI dynamics.

While both CI and AC can induce a nonradiative transition, 
most of the previous works did not provide a specific recipe 
for discriminating between the CI and the AC. The main top-
ological feature of CI that distinguishes it from the AC is that 
the wavepacket accumulates the geometric phase (GP) as it 
propagates around the CI. In 1963, Herzberg and Longuet- 

Higgins [26] showed that the electronic wave function changes 
its sign for any closed path in the nuclear parameter space that 
encircles a CI. Later, in 1984, Berry pointed that this sign 
change is a special case of a more general GP factor [27], often 
referred to as a “Berry Phase”. Further applications of GP 
include the hydrogen exchange reaction [28,29] and the disso-
ciation spectrum [30–33]. Since the high-harmonic generation 
(HHG) is driven by the ultrashort laser fields, and the HHS 
is particularly sensitive to the variation of ionization potential 
along with the population and the coherence between the 
superposed states [34], the HHS is an ideal tool to simultane-
ously monitor the ultrafast dynamics around the CI or the AC 
and to identify GP effect.

Methods
In this study, we apply the pump-probe HHS driven by a few- 
cycle infrared (IR) pulse to distinguish the CI from the AC. 
Figure 1A shows a schematic of the pump-probe process where 
the wavepacket initially located on the ground state S0 is excited 
to state S1 by an ultrafast vacuum ultraviolet (VUV) pulse. The 
nuclear wavepacket then dissociates along 2 branches encircling 
the CI or AC as indicated by the white arrows in Fig. 1A. 
Meanwhile, a part of the wavepacket passes through the CI or 
AC. Finally, a delayed strong IR probe laser is sent to generate 

Citation: Yuan G, Lu R, Jiang S, 
Dorfman K. Conical Intersection 
versus Avoided Crossing: Geometric 
Phase Effect in Molecular  
High-Order Harmonics. Ultrafast Sci. 
2023;3:Article 0040. https://doi.
org/10.34133/ultrafastscience.0040

Submitted 27 March 2023  
Accepted 30 July 2023  
Published 23 August 2023

Copyright © 2023 Guanglu Yuan et al.  
Exclusive licensee Xi'an Institute of 
Optics and Precision Mechanics. No 
claim to original U.S. Government 
Works. Distributed under a Creative 
Commons Attribution License 4.0 
(CC BY 4.0).

D
ow

nloaded from
 https://spj.science.org at Shanghai Institute of O

ptics &
 Fine M

echanics, C
A

S on Septem
ber 28, 2023

https://doi.org/10.34133/ultrafastscience.0040
mailto:rflu@njust.edu.cn
mailto:scjiang@lps.ecnu.edu.cn
mailto:dorfmank@hainanu.edu.cn
mailto:dorfmank@hainanu.edu.cn
https://doi.org/10.34133/ultrafastscience.0040
https://doi.org/10.34133/ultrafastscience.0040
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.34133%2Fultrafastscience.0040&domain=pdf&date_stamp=2023-08-23


Yuan et al. 2023 | https://doi.org/10.34133/ultrafastscience.0040 2

HHS. To model the pump-probe HHG dynamics, the time- 
dependent Schrödinger equation (TDSE) in the diabatic rep-
resentation (see Supplementary Materials for details) is solved 
(atomic units are used unless otherwise indicated):

with Hamiltonian Ĥel defined as follows:

Here, T̂ is the nuclear kinetic energy operator and �⃗E (t) is the 
electric field. χn is the nuclear wave function moving on state 
Sn. Vn and VC represent the potential energy surfaces (PESs) 
for the neutral bound states Sn and the ionic ground state SC, 
respectively. In the following simulation, the VC is assumed 
to be the same as V1, except a vertical energy difference. 
�VC

(

�⃗R , �⃗k , t

)

=VC

(

�⃗R

)

+
(

�⃗k + �⃗A (t)
)2

∕2 is the equivalent PESs 
of continuum state SC, with the vector potential �⃗A (t) and the elec-
tronic momentum �⃗k. DnC

(
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)
= �⃗E (t) ⋅ �⃗d nC
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is the product of the laser field �⃗E (t) and the transition dipole 
moments (TDMs) �⃗dnC between the states Sn and SC. �⃗dnC at each �⃗R 
takes the form of the TDMs for the hydrogen-like atoms [35]. �⃗d 01

 

is a constant TDM between the states S0 and S1. V12 is the non-
adiabatic coupling (NAC) term between S1 and S2, and is related 
to the mixing angle θ = 0.5 arctan (2V12/(V1 − V2)) [36].

Here, Δθ is used to represent the difference between the 
mixing angles of the beginning and ending positions of a path. 
In the CI case, V12 is anti-symmetric with respect to the mirror 
plane. Encircling the CI point with a closed loop C, Δθ evolves 
from 0 to π or −π [37]. Since the Berry phase 𝛾 = ∮

C ∇𝜃 ⋅ ds⃗ 
[38–40], this phase shift of π is considered as an accumulation 
of GP. For the system with AC, the NAC term V �

12
= ∣ V12 ∣ + � 

(ξ is an arbitrarily small constant) is symmetric with respect 
to R2 = 0. Assuming the same encirclement as before, Δθ changes 
from 0 to π/2 or −π/2 and back to 0, resulting in zero GP accu-
mulation. (See Fig. S1 for a detailed analysis of the Δθ and 
associated GP in both cases.) Therefore, the GP effect has been 
included with the anti-symmetric V12 and has been excluded 
if we set V �

12
= ∣ V12 ∣ [41], as shown in Fig. 2C. The variation 

of Δθ along 2 semicircles in the clockwise and the counter-
clockwise directions around CI or AC is labeled respectively in 
Fig. 2C, as these 2 semicircles are similar to the trajectories of 
nuclear wavepackets. Obviously, the difference in symmetry of 
the NAC term leads to different changes in Δθ along the 2 
semicircular paths, reflecting the difference of GP in the 2 cases.

The polarization can be recast as

after propagating the TDSE by the split operator algorithm 
based on fast Fourier transform. Finally, the HHS can be 
obtained by the Fourier transformation of �⃗P (t)
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A B

Fig. 1. (A) The adiabatic PESs and a schematic diagram of the pump-probe process. The wavepacket is the pumped to the excited state S1 by the VUV pulse. Then, a part of it 
passes through the CI (AC) (shown by the black hollow arrow), and the rest is divided into 2 parts bypassing the CI (AC) in the clockwise and the counterclockwise directions 
(shown by the white translucent arrow). Finally, the HHG of the excited molecule is obtained with a time-delayed IR pulse. (B) 1D slices of the diabatic PESs at R2 = 0. The 
dashed funnel indicates the location of the CI (AC). The arrows marked by ①, ②, ③, and ④ correspond to the 4 different channels in the HHG process.
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The parameters of the diabatic molecular model based 
on multiple 2-dimensional (2D) PESs are shown in the Supple-
mentary Materials. We employ the VUV pulse with the laser param-
eters of wavelength λ1 = 318 nm, peak intensity I1 = 1013 W/cm2, 
and full width at half maximum (FWHM) τ1 = 3.18 fs, which 
can pump about 70% of the electron population from the 
ground state S0 to the excited state S1. Regarding the delayed 
IR pulse, the parameters are wavelength λ2 = 1,600 nm, inten-
sity I2 = 1013 W/cm2, and FWHM τ2 = 5.33 fs. Both IR and 
VUV pulses have a Gaussian envelope. The initial momentum 
of the ionized electron is set to �⃗k 0 = 0 instead of integrating over 
the entire range of momentum. The contribution of the ground 
state to the HHG has been neglected. The delay-dependent 
HHS is shown in Fig. 2A (includes the GP) and Fig. 2B (excludes 
the GP), in which the latter shows strong oscillations, while the 
former does not.

Results and Discussion

As the wavepacket passes through the CI or AC, electronic 
coherence can be built up and the system is excited with the 
both populations ρS1, ρS2, and coherences ρS1S2, ρS2S1 before the 
IR arrives. Due to the slow motion relative to the ultrafast IR 
pulse, the nucleus can be treated in the frozen-nuclear approx-
imation (FNA) in the HHG process. In the FNA and the strong-
field approximation (SFA) [35], the electronic polarization for 
the fixed nuclear coordinate �⃗R 0 and the time delay τ can be 
written as:

where �⃗P ′
mn

 are the contributions from different channels:

with

χm and χn are not dependent on the ionization time t′ and the 
recombination time t since the depletion of the excited states 
can be neglected [35]. Equation 6 is similar to the traditional 
SFA model except that it is weighted by αmn. As indicated in Fig. 
1B, �⃗P ′

11
, �⃗P ′

22
, �⃗P ′

21
, and �⃗P ′

12
 correspond to the channels ①, ②, 

③, and ④, respectively. We can classify the HHG process into 
the direct (① and ②) and the indirect (③ and ④) ionization- 
recombination channels. The initial and the final states of a direct 
(indirect) channel where the electron is ionized and recombined 
are the same (different). Ignoring the phase term and integrating 
Eq. 7 over �⃗R, the overlap integral Smn = ∫ d �⃗R𝜒∗

m
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)
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is obtained. Previously, many works used the overlap integral 
Smn to probe the nuclear dynamics with the sub-cycle resolution 
[12,42,43]. According to Eq. 7, unlike the direct channels related 
to the populations ρS1 and ρS2, the indirect ones, e.g., n ≠ m, yield 
an off-diagonal coherence, which results in the oscillating behav-
ior with respect to the interpulse delay.
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Fig. 2. The HHS as a function of time delay (A) with and (B) without GP in the logarithmic scale. The peak of the VUV pulse is set as the time origin. Time delay corresponds 
to the interval between the peak of the IR and the origin. Harmonic order is taken relative to the IR single photon energy. (C) 2D plots for the NAC element V12 (with GP) and 
V′
12

 (without GP). The position of CI and AC and the variation of mixing angle θ along the white solid line with arrows are marked. (D) Real part of the time-dependent overlap 
integral S12 with (black dotted line) and without (black solid line) GP in the absence of IR laser. The intensity of delay-dependent harmonics (red dotted line) is obtained by 
integrating harmonics between the 14th and 15th order in (B).
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We next discuss the eroding of oscillations in the CI case. 
The symmetric wavepackets in state S1 will be changed to 
the anti-symmetric in state S2 when it is transferred by the 
anti-symmetric NAC term V12. Once the integral of the polar-
ization (Eq. 6) is calculated over the whole nuclear space, 
the contribution from the indirect channel will vanish. That is 
the reason that the oscillation feature disappears in HHS for 
the case of CI. This conclusion can be proved by Fig. 2D, where 
the real part of S12 with and without GP is plotted together with 
the time delay-dependent HHS intensity.

Another important phenomenon is that in both Fig. 2A 
and B, the delay-dependent peaks of the spectrum split. 
Obviously, this phenomenon is not related to the GP effect 
and originates rather from the direct channels because the 
indirect channels vanish in the CI case as explained above. 
Thus, the total harmonics in Fig. 2A can be well divided into 
channels ① and ②, by choosing one particular term in the 
square brackets of Eq. 3 instead of summing the 2 terms, as 
shown in Fig. 3. As a result, the time-resolved HHS from the 
channel ② shows the blueshift while the contribution from 
the channel ① does not. According to Eq. 6, the total phase 
of the qth-order harmonic generated from channel ① or 
channel ② can be written as [44,45]

with ωIR as the central frequency of IR laser. Therefore, the instan-
taneous frequency of each harmonic is given by

Here, the first and the second terms in the right-hand side 
(RHS) depend solely on the driving laser field, which does not 
depend on the interpulse time delay. Thus, the blueshift origi-
nates from the third term in the RHS of Eq. 9, e.g., the energy 
difference between the ionic ground state SC and the state Sn 
from where the electron ionizes. In Fig. 3A and B, the dashed 
purple lines are the delay-dependent energy differences for 
VC − V1 and VC − V2 at the nuclear coordinates corresponding 
to the maximum of the delay-dependent wavepackets. It is 
apparent that the energy differences are consistent with the 
blueshifts. The 2 paths result in the split of the total HHS in Fig. 2A 
and B, which clearly indicates that the nuclear wavepacket passes 
through the CI or the AC at the corresponding time delay of 
20 to 30 fs.

Frequency modulation of HHS has been widely investigated 
previously, as summarized in Ref. [46]. Once the HHS origi-
nated from the leading (falling) edge of the laser envelop dom-
inates, the final signal shows the blueshift (redshift). In our case, 
since the FNA is adopted, the modulation of the ionization 
potential at the pulse duration timescale can be neglected. The 
frequency modulation contributed by the leading and falling 
edges can be neglected in the present work. In fact, the present 
blueshift can be observed only in the case of few-cycle lasers. 
Thus, the time resolution of the present blueshift is determined 
by the FWHM of the driving laser.

Figure 4 depicts the time-resolved integrated intensity for 
the HHS from the 4 channels, which is calculated using Eq. 6 
and obtained by integrating over �⃗R and energy (see Fig. S2 for 
HHS before integrating in the energy range). It indicates that 
the direct channels also show weak oscillations, which are pro-
portional to the populations of the excited states. These results 
are in full agreement with those obtained in Ref. [24], in which 
the oscillation feature originating from the population dynam-
ics has been observed by the transient grating technique. The 
contributions of the indirect channels are proportional to the 
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A

B

Fig. 3. Time-resolved HHS generated by (A) channel ① and (B) channel ② with GP. 
The 2 time-varying energy difference VC − V1 and VC − V2 is plotted in (A) and (B) 
depicted by the dashed purple line. These are calculated at the coordinates of the 2 
excited state wavepacket maximum positions, respectively.

A B

Fig. 4. Time-resolved HHS from the 4 channels (① to ④) obtained after integrating 
Eq. 6 over R⃗ and integrating the harmonics in the 4th- to 18th-order range. The total 
yield is plotted in logarithmic scale. (A) and (B) correspond to the results with and 
without GP effect, respectively. With the GP effect, the harmonic yields of channels 
③ and ④ are around −19 orders of magnitude, and are thus omitted in (A).
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coherence of the 2 excited states and thus show much stronger 
oscillations.

Conclusion
We show that the time-resolved HHS can probe the topological 
phase in CI and distinguish its quantitative behavior from the 
case of AC. When the nuclear wavepacket passes through the 
CI and AC, electronic coherence may emerge as a consequence 
of NAC. The electronic coherence leads to the oscillatory fea-
ture in the HHS in the case of AC, while the vanishing oscil-
lations in the case of CI are consequences of the symmetry 
breaking caused by the GP. Additionally, the HHS indicates 
the splitting of the signal into 2 peaks as the nuclear wave-
packet passes through the CI or AC, which is attributed to the 
different frequency shifts of the HHS contributed by the dif-
ferent direct channels. The combined effects of the peak split-
ting along the dynamical blueshift indicate a possibility to 
capture the real-time nonadiabatic molecular dynamics with 
the sub-femtosecond time resolution. Our result will benefit 
substantially from the ability to separately track electronic 
coherences and populations. A near-future development of the 
multi-dimensional HHS [47,48] could be a potential tool to 
improve these results and track the dynamics of CI or AC with 
even higher resolution. Although our 2D model simulations 
shed valuable light on the GP effect in pump-probe HHS of 
molecules, the present methodology can be further developed 
for the real polyatomic molecules with higher dimensionalities. 
It should be noted that defining a high-dimensional path encir-
cling the CI point in a real system is not an easy task. Nevertheless, 
the adequate models of describing the dynamics of the wave-
packet passing through the seam-like CI [13] have been con-
structed, making it a promising approach that can be utilized 
in high-harmonic regime as well.
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Supplementary Materials
The time-dependent Schrödinger equation of a laser-driven 
molecule with conical intersection and the parameters for the 
2D model based on multiple potential energy surfaces in the 
diabatic representation.

Fig. S1. The variation of the mixing angle along a closed path 
encircling the conical intersection or the avoided crossing.
Fig. S2. The delay-dependent high harmonic spectroscopy from 
different ionization-recombination channels.
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