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Ferroelectric ceramics have the potential to be widely applied in the modern industry and military power systems due to their 
ultrafast charging/discharging speed and high energy density. Considering the structural design and electrical properties of ferro-
electric capacitor, it is still a challenge to find out the optimal energy storage of ferroelectric ceramics during the phase-transition 
process of amorphous/nanocrystalline and polycrystalline. In this work, a finite element model suitable for the multiphase ceramic 
system is constructed based on the phase field breakdown theory. The nonlinear coupling relationship of multiple physical fields 
between multiphase ceramics was taken into account in this model. The basic structures of multiphase ceramics are generated 
by using the Voronoi diagram construction method. The specified structure of multiphase ceramics in the phase- transition pro-
cess of amorphous/nanocrystalline and polycrystalline was further obtained through the grain boundary diffusion equation. The 
simulation results show that the multiphase ceramics have an optimal energy storage in the process of amorphous polycrystalline 
transformation, and the energy storage density reaches the maximum when the crystallinity is 13.96% and the volume fraction 
of grain is 2.08%. It provides a research plan and idea for revealing the correlation between microstructure and breakdown char-
acteristics of multiphase ceramics. This simulation model realizes the nonlinear coupling of the multiphase ceramic mesoscopic 
structure and the phase field breakdown. It provides a reference scheme for the structural design and performance optimization 
of ferroelectric ceramics.
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1. � Introduction

In recent years, with the development of the energy industry 
and electronic power technology, high-performance dielec-
tric capacitors with ultrafast charging/discharging speed 
and high energy density dielectric capacitors are desired.1–9 
However, the dielectric capacitors still suffer from a low 
energy density.10–12 Generally, the energy storage density (W) 
of a dielectric capacitor is determined by the applied electric 
field (E) and the induced electric displacement (D), which 
is described by the expression as W = ∫EdD.13–15 Obviously, 
permittivity and dielectric strength play an important role in 

energy storage. Ferroelectric materials with high permittivity 
have been extensively studied, and a large number of related 
materials have been developed and processed.16–20 However, 
many factors are weakening the breakdown behavior under 
the Cask Effect Theory, which involves engineering prob-
lems of a multiscale system such as nanoscopic, microscopic, 
mesoscopic and macroscopic.21–24 Current studies have found 
that the breakdown field strength of most inorganic ferroelec-
tric films is lower than 3000 kV · cm−1.25–28 Specifically, the 
breakdown field strength of current commercial ferroelectric 
ceramics is much lower than its intrinsic breakdown strength, 
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and the average dielectric strength of ferroelectric thin films 
is only 2600 kV  ·  cm−1.29–32 How to improve the dielectric 
strength of ferroelectric ceramics is the core issue to optimize 
its energy storage density.

Ferroelectric ceramics undergo phase transition during 
heat treatment, and the change of microstructures can influ-
ence the breakdown characteristics.33,34 Therefore, based on 
the breakdown theory and the simulation, it is significant to 
systematically explore the correlative mechanism between 
phase transition and breakdown characteristics for optimiz-
ing the energy storage density of ferroelectric ceramics. The 
dielectric breakdown models include intrinsic breakdown, 
avalanche breakdown, thermal breakdown, electromechan-
ical breakdown, electrochemical breakdown and erosion 
breakdown.35,36 The theoretical basis of intrinsic breakdown 
and avalanche breakdown is the electron impact ionization 
criterion. Thermal breakdown is caused by the accumula-
tion of molecular polarization heat, which causes the heat-
ing speed to be larger than the heat dissipation speed ratio, 
thereby triggering it.37,38

For the study of ferroelectric energy storage materials and 
devices, the phase-field model oriented to the mesoscopic 
scale is the most concise and effective theoretical calcula-
tion method. At present, the phase-field model for dielectric 
breakdown is mainly constructed based on the electrostatic 
breakdown theory with energy as the criterion, and the elec-
trical treeing, breakdown strength, and energy storage den-
sity are calculated by simulating the breakdown process.39–41 
Clarifying the relationship between the phase transition of 
the ferroelectric ceramics and the energy storage density is 
significant to obtain the microstructure for the optimal energy 
storage characteristics.

In this work, a method was proposed to simulate the pro-
cess of phase transition. The method couple phase-field for 
dielectric breakdown model with the microstructures during 
the phase transition to explore the correlative mechanism of 
microstructure on energy storage characteristics. Through the 
simulation model, the effects of different microstructures on 
the breakdown characteristics during the process of phase 
transition were investigated.

2. � The Model

This paper builds a phase-field model referring to Pitike and 
Hong.42,43 The phase-field model of electrical damage initia-
tion and propagation in dielectric solids is established using 
the analogy of dielectric breakdown and solid fracture with 
the coupling relationship of multiple physical fields in multi-
phase ceramics.44,45 Cai explored the effect of microstructure 
on breakdown behavior from the perspective of grain size.46 
Compared with the work, this paper simulates the microstruc-
tural changes of phase transition more systematically. Herein, 
a method combining Voronoi diagram and boundary diffusion 
equation is used to simulate the microstructure of ferroelec-
tric ceramics during phase transition. The basic structures of 

multiphase ceramics are generated by using Voronoi diagram 
construction method. The specify structure of multiphase 
ceramics in phase transition process of amorphous/nanocrys-
talline and polycrystalline was further obtained through the 
grain boundary diffusion equation. Various microstructures 
are simulated systematically during phase transition of ferro-
electric ceramics by the models.

In the phase-field model for dielectric breakdown, we 
introduce the scalar s to express the degree of damage in the 
evolution process. The value of s ranges from 0 to 1, which 
corresponds to the complete damage state to the intact state 
of the phase field. The completely damaged part will become 
high-dielectric permittivity. During the evolution process, the 
dielectric permittivity can be expressed as follows:

	 ε ε
η
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where f(s) = 4s3 − 3s4. εini is the initial dielectric permittivity. 
To make ε(s) a maximum value when f(s) = 0, η is taken as a 
small enough number (10−3). In this paper, the main research 
object is ferroelectric ceramics, which contain crystal grains 
and grain boundaries. The relationship between the relative 
permittivity of the crystal grain and the electric field can be 
expressed as follows:47
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where εg(0) is the relative permittivity of the zero-field, which 
is set to 10. The parameter k is the material constant, here, it 
is taken as k gb= 3 3βε . β is the John’s constant, which is 1, and 
εgb is the relative permittivity of the grain boundary, which 
is 1. Therefore, the permittivity of the phase-field model of 
ferroelectric ceramics can be expressed as follows:
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In the evolution of the breakdown process, the total potential 
energy of the system can be expressed as follows:

	 Π
Ω

s x W E s W s W
s

x
dVi d i

i

, , .[ ] = ( ) + ( ) +
∂
∂

















∫ es 	 (4)

In the total potential energy expression (4), Wes is the comple-
mentary electrostatic potential energy per unit volume,
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The damage energy is Wd(s) = Wc [1 − f(s)], where Wc is the 
critical density of electrostatic energy. Wi is a gradient energy 
term used to adjust the sharp phase boundaries. The gradient 
energy term can be expressed as follows:

	 W
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where Γ can be approximated as breakdown energy.
By assuming the linear dynamic equation: ∂

∂ = −s
t sm δ

δ
Π , we 

can get the normalized dimensionless governing equation (7) 
for linear dielectric and equation (8) for nonlinear dielectric 
in breakdown propagation:

	

∂
∂ ( ) +

∂
∂













=

∂
∂

= −
( )

( ) + 

∂
∂

∂
∂

′

x f s x

s

t

f s

f s x

i i

i

1
0

2
2

η
φ

η

φ φ

,

xx
f s

s

x xi i i

+ ( ) +
∂

∂ ∂














′
1

2

2

,

	 (7)

	

∂
∂

( ) +
∂
∂

∂
∂







∂
∂

















=

∂
∂

= −
′

−

x
s

x x
k

x

s

t

i
g

i i i

ε φ φ φ

ε

1 0

3

1

3
,

gg

i i i i

s

k x x
k f s

s

x x

( )
+

∂
∂

∂
∂







−












 + ( ) +

∂
∂ ∂



′
4

1 1
1

2

2

3 2φ φ
.














		  (8)

The k  of these equations is a nonlinear factor, and the line 
marked with a horizontal line is the dimensionless counter-
part of the corresponding quantity. Through Eqs. (7) and (8), 
the propagation process of the electrical treeing can be calcu-
lated in COMSOL Multiphysics 5.5.

In this work, to systematically discuss the effect of micro-
structure on breakdown characteristics, the phase transition 
process of ferroelectric ceramics is mainly divided into two 
stages to study. The first stage is mainly reflected in the 
change of crystallinity. The second stage is mainly reflected 
in the change of grain size. As shown in Fig. 1, the phase tran-
sition process is divided into multiple states from S0 to S5 
and N1 to N6. S0 refers to the models with dielectric of pure 
phase. Samples from S0 to S5 represent the phase-field mod-
els with gradually increasing crystallinity, respectively. The 
microstructures of N1–N6 with growing grain size are shown 
in Fig. 1. Herein, the crystallinity is calculated as the ratio 
of the crystallization area to the total area. The simulation 
result in N1–N6 is discussed with average gain size. Finally, 
the average gain size will be converted to volume fraction of 
grain to express. Combining the above microstructure and the 
phase-field model for dielectric breakdown, this work struc-
tures several models for dielectric breakdown and simulate 
the breakdown characteristic changes in the phase transition 
process of ferroelectric ceramic.

3. � Results and Discussions

In this section, the dielectric breakdown process with different 
microstructures during phase transition will be studied and var-
ious characteristics of ferroelectric ceramics in the simulation 
for dielectric breakdown will be discussed to obtain the micro-
structure of optimal energy storage. Examples in this section 
are calculated by implementing Eqs. (6)–(8) into the commer-
cial finite element software COMSOL 5.5. The potential field 
is interpolated by quadratic Lagrange elements and the dam-
age field is interpolated by linear Lagrange elements to achieve 
compatibility. All samples are calculated in a two-dimensional 
rectangular domain with a width of 40 and a height of 60.

Fig. 1.  (S0–S5) The two-dimensional microstructure of phase-field model in the first stage of transition process (N1–N6) the two-dimen-
sional microstructure of phase-field model in the second stage of transition process.
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3.1. � The First Stage from S0 to S5

In Fig. 2(a), the change of the nominal electric field during the 
breakdown process of the phase-field models with S0–S5 is 
shown and the ordinate is the average electric field strength of 
the surface. Figure 2(b) shows the change of the crystallinity 
and breakdown field strength with the corresponding phase-
field model. As shown in Fig. 2(a), before reaching the break-
down condition, the electric field increases linearly with the 
increase of charge and the dielectric characteristics are rela-
tively stable. The damage field begins to appear after reach-
ing the breakdown condition and the electric field begins to 
decline rapidly. The strength of the electric field reaches the 
breakdown condition as the breakdown field strength. With 
the increasing crystallinity from S0 to S5, the change rate of 
average field intensity before reaching the breakdown field 
strength also decreases. The dielectric breakdown behavior of 
samples occurs with increasing charge density. The specific 
corresponding parameters are shown in Table 1. The model 
started to breakdown roughly at Q1. As shown in Fig. 2(b), 
the breakdown field strength decreases with the increase of 
crystallinity. Namely, the higher the crystallinity of the phase 
transition process, the smaller the breakdown field strength 
that can be achieved by the phase-field model, while more 
charges are required for breakdown.

The evolution of phase-field for dielectric breakdown 
is shown in Fig. 3. The column direction in Fig. 3 is the 

evolution of dielectric breakdown with increased charge den-
sity, respectively. The row direction in Fig. 3 is six phase-
field models for dielectric breakdown with S0–S5. The 
nominal charge densities from Q0 to Q3 at the corresponding 
moments are shown as Table 1. The curves with different col-
ors are equipotential lines which represent the electric field. 
The legend of the right side shows the colors distribution of 
equipotential lines in different electric field intensities.

From a vertical perspective in the S0 and S1, the electrical 
treeing appears from the high potential to low potential. The 
potential at the tip of the electrical treeing is high. In the S2, 
the electrical treeing is evolved with branches. In the mod-
els from S3 to S5, the electrical treeing appears in multiple 

(a) (b)

Fig. 2.(a)  Field-charge-density relation with S0–S5. (b) The relationship between crystallinity and breakdown field strength with S0–S5.

Table 1.  The corresponding nominal charge density in evolution 
process with S0–S5.

Charge density S0 S1 S2 S3 S4 S5

Q1 0.23 0.32 0.34 0.38 0.40 0.48

Q2 1.74 1.5 1.9 2.0 2.3 2.65

Q3 2.21 1.8 2.35 2.4 2.5 2.9

Q4 3.0 3.0 3.0 3.0 3.0 3.0 Fig.  3.  Electrical treeing of different state in evolution process 
with S0–S5.
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position when breakdown begin with a local defect-induced 
breakdown. This phenomenon is more obvious with the 
increase of crystallinity.

From the perspective of transverse, the model starts the 
process of breakdown at Q1. In the process of breakdown, 
the equipotential lines at the tip of the electrical treeing are 
dense and the potential is large. It is consistent with the char-
acteristic that the maximum electric field is reached near Q1 
in Fig. 2(a). The electric field gradually decreases once the 
breakdown occurs.

Figure 4 shows the distribution of electric field in dielectric 
breakdown from S0 to S6. The strong electric field is mainly 
concentrated in the grain boundary, especially at the tip of the 
electrical treeing. The dielectric breakdown forms the damage 
field causing the electric field on its path to be weak.

In Fig. 5(a), the curves represent the dielectric permit-
tivity change during the breakdown evolution with S0–S5. 
As shown in Fig. 5(a), before reaching the breakdown con-
dition, the dielectric permittivity decreases relatively slighter 
with the increase in charge density, while it fluctuates greatly 

Fig.  4.  Electric field distribution of different states in evolution 
process with S0–S5.

(a) (b)

(c) (d)

Fig. 5.  (a) The change of nominal dielectric permittivity with nominal charge in S0–S5; (b) The change of polarizability with nominal 
charge in S0–S5; (c) The change of nominal energy density with charge in S0–S5 and (d) The relationship between energy storage density 
and crystallinity.
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at the beginning of breakdown. From S0 to S5, the dielec-
tric permittivity increases with the increase in crystallin-
ity. Combined with Fig. 2(c), the breakdown field strength 
decreases with the increase in dielectric permittivity. In 
Fig.  5(b), the polarizability is similar to the change in the 
electric field. The polarizability increases with the increase 
of charge density linearly, and starts to decline after reaching 
the breakdown condition. The linear part of the curve from 
S0 to S5 almost coincides. The maximum polarizability of 
phase-field model increases with the increase of crystallin-
ity. Figure 5(d) shows the relationship between the crystal-
linity of the phase-field model and energy storage density, in 
which the abscissa represents the crystallinity with S0–S5. 
According to Figs. 5(c) and 5(d), with the increase in crystal-
linity, the energy storage density decreases as a whole.

In summary, with increasing crystallinity, the breakdown 
path will change from centralized and single to decentral-
ized and complex, and the breakdown field strength will 
decrease. When the crystallinity is higher than 43.23%, the 
phase-field model is biased to induce global breakdown 
from local defects achieving lower breakdown field strength. 
Corresponding to it, the energy storage density achieved by 
the model also tends to decrease with the increase in crys-
tallinity. In the first stage of phase transition, the size of 
the grain boundary is relatively large, and the electrostatic 
potential energy in the phase-field model is mainly calcu-
lated by the grain boundary part of formula (5). With the 
increasing crystallinity, the dielectric permittivity increases 
and the breakdown field strength decreases. Compared with 
the dielectric permittivity, the breakdown field strength has a 
greater effect on the energy storage density. In the pure phase, 
the breakdown field strength and the energy storage density 
are the highest. When the crystal phase appears, the break-
down field strength decreases and the energy storage density 
decreases. With the transition of crystalline phase, the energy 

storage density first increases to the maximum in impure 
phase and then decreases. The maximum value is obtained 
at the crystallinity of 13.96% in the process of phase transi-
tion. It indicates that the change of the ferroelectric ceramics 
microstructure can optimize the energy storage density in the 
process of crystallinity growth.

3.2. � The Second Stage from N1 to N6

Figure 6(a) shows the relationship between electric field and 
nominal charge density with N1–N6. Figure 6(b) shows the 
breakdown field strength and average grain size of the cor-
responding models. A downward trend of breakdown field 

(a) (b)

Fig. 6.  (a) Field-charge-density relation in N1–N6 and (b) The relationship between grain size and breakdown field strength in N1–N6.

Fig.  7.  Electrical treeing of different state in evolution process 
with N1–N6.

2245001.indd   62245001.indd   6 02/08/24   1:45:24 PM02/08/24   1:45:24 PM



S. Huang et al.� J. Adv. Dielect. 14, 2245001 (2024)

2245001-7

FA	 WSPC/270-JAD  2245001  ISSN: 2010-135X

strength is shown in Fig. 6 with increasing average size. The 
change of breakdown field strength from N3 to N5 is not 
obvious.

Figures 7 and 8 show the evolution of electrical treeing 
and electric field distribution of the samples from N1 to N6, 
respectively. The Qa–Qd in Figs. 7 and 8 is the charge den-
sity imposed in both ends of the samples. The specific cor-
responding charge density is shown with Qa–Qd in Table 2. 
In Fig. 7, the samples with increasing average grain size are 
shown from left to right. In order to compare with each other, 
each different sample maintains the same grain boundary 

Table 2.  The corresponding nominal charge density in evolution 
process with N1–N6.

Charge density N1 N2 N3 N4 N5 N6

Qa 0.48 0.53 0.56 0.59 0.60 0.62

Qb 2.75 2.60 2.55 2.70 2.90 2.73

Qc 2.90 3.15 3.10 3.20 3.45 3.25

Qd 4.0 4.0 4.0 4.0 4.0 4.0

Fig.  8.  Electric field distribution of different states in evolution 
process with N1–N6.

(a) (b)

(c) (d)

Fig. 9.  (a) The change of nominal dielectric permittivity with nominal charge in N1–N6; (b) The change of polarizability with nominal 
charge in N1–N6; (c) The change of nominal energy density with charge in N1–N6; (d) The relationship between the energy storage density 
and average grain size.
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size. The white path (Fig. 7) is the distribution of the electri-
cal treeing and the curves of different colors are equipotential 
lines. As shown in Fig. 7, the distribution of the electrical 
treeing is complex, distributed in the multiple places of sam-
ples. At the beginning of the breakdown, the electric field 
intensity is the highest and the equipotential lines are dense 
concentrating at the tip of the electrical treeing. After break-
down behavior is completed, the electric field strength slips 
to a low value. Figure 8 shows the electric field distribution 
during the evolution for dielectric breakdown, and the legend 
on the right side shows the corresponding value of electric 
field.

Figure 9(a) shows the change of dielectric permittivity 
during the dielectric breakdown with N1–N6. The change 
of dielectric permittivity in Fig. 9(a) is similar to Fig. 5(a). 
Before the breakdown appears, the dielectric permittivity 
decreases with the increase of charge density. In the charge-
free state, the dielectric permittivity increases with the aver-
age grain size increasing. Figure 9(b) shows the change of 
polarizability during the dielectric breakdown with N1–N6. 
The changing trend of the polarizability of each size is 
almost the same, and the linear part of the curve from N1 to 
N6 almost coincides. N5 and N1 can achieve maximum and 
minimum polarizability, respectively. As shown in Fig. 9(c), 
N5 can achieve the highest energy storage density and N6 
can achieve the lowest energy storage density. The energy 
storage density with N1–N6 is drawn into a polyline in Fig. 
9(d), in which the abscissa represents the average grain size. 
According to Fig. 9(d), with the average grain size increas-
ing, the energy storage density first decreases, then increases, 
finally decreases, and reaches the highest at N5. The main 
reason for this is that the breakdown field strength has no sig-
nificant change from N3 to N5. Thus, at this point, the main 
factor determining the energy storage density is the continu-
ously increasing dielectric permittivity, which results in the 
storage energy density increasing from N3 to N5.

In conclusion, when the grain size increases, the dielec-
tric permittivity increases, but the overall breakdown field 
strength shows a downtrend. In the process of the grain 
growth in the second stage of the phase transition, the energy 
storage density of the ferroelectric ceramics first decreases, 
then increases and finally decreases. In the second stage of 
the phase transition with a high crystallinity, it is common for 
inducing breakdown by local defect. There is an exact value 
of average grain size to optimize the storage energy. N5 can 
achieve the maximum storage energy density as the average 
grain size is 50. The corresponding volume fraction of N5 is 
2.08%.

4. � Conclusion

We proposed a method to simulate the process of phase transi-
tion. The method couple phase-field for dielectric breakdown 
model with the microstructures during the phase transition 
to explore the correlative mechanism of microstructure on 

energy storage characteristics. After simulating the phase 
transition process of amorphous/nanocrystalline and poly-
crystalline, the results show that multiphase ceramics have 
an optimal energy storage in the process of amorphous poly-
crystalline transformation, where the energy storage density 
reaches the maximum when the crystallinity is 13.96% and 
the volume fraction of grain is 2.08%.
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