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Photocatalytic degradation kinetics of Jurlewicz–Weron–Stanislavsky (JWS) type has been identified. Experimental data are taken 
from previous published works, and fitted with the JWS relaxation function as well as that of the Havriliak–Negami (HN) model. 
All experimental data can fit with either model fairly good. From the fitting parameters, the Jonscher indices are calculated and 
Jonscher diagram is plotted for the chemical kinetics of photocatalytic degradations. This work suggests that material parameters 
of photocatalysts can be well defined in the sense of fractional calculus.
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1. � Introduction

Chemical reaction kinetics of the catalytic degradation pro-
cess with Cole–Cole, Cole–Davidson and Havriliak–Negami 
(HN) models have been identified in previous works.1–3 
Though these kinetic models have been proposed for under-
standing the dielectric relaxation process,4 they can be applied 
to chemical reaction kinetics quite successfully. Within the 
framework of universal relaxation law, a novel type of model, 
i.e., the Jurlewicz–Weron–Stanislavsky (JWS) relaxation, has 
been proposed.5–8 This model has been applied to dielectric 
dispersion of NH4H2PO4 crystals quite successfully.5 The cor-
responding time-domain functions, i.e., response function and 
relaxation function, of all these models have also been worked 
out recently in the sense of fractional calculus.9 To identify the 
experimental evidence of the JWS model in chemical reaction 
kinetics, experimental data of photocatalytic degradations in 
published works are selected to fit the time-domain functions. 
Then the Jonscher indices are obtained from the fitting param-
eters, and Jonscher diagram is plotted for these photocatalysts.

2. � Fittings and Results

Basically there are two types of kinetic models, i.e., HN and 
JWS models. The other models can be regarded as specific 
cases of these two models. Therefore, the relaxation func-
tions of these two models are used in this work. The time t 
dependence of pollutant concentration C(t) in catalytic deg-
radation process can be written as
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where the subscript HN stands for the HN model and sub-
script JWS denotes the JWS model, C0 is the initial value of 
pollutant concentration and t is the characteristic degradation 
time. Model parameters a and g are related with the order of 
the derivative. Function Ea β

g
, ( )⋅  is the three-parameter Mittag-

Leffler function, or Prabhakar function.10–12 For any z ∈ C, 
this function is defined as
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where G(·) denotes the Euler’s gamma function.
The fitting approach with experimental data is similar 

to previous works.1–3 Both HN model of Eq. (1) and JWS 
model of Eq. (2) are fitted with the experimental data. Only 
the results with reasonable values of model parameters are 
kept and presented here. The first experimental dataset is 
of the photocatalytic degradations of ciprofloxacin (CIP) 
by graphitic carbon nitride (g-C3N4) and copper-doped 
carbon nitride (Cu–g-C3N4).13 Second experimental data-
set is of an organic photocatalyst, i.e., N,N′-bis(propionic 
acid)-perylene-3,4,9,10-tetracarboxylic diimide hybrid-
ized sulfur-doped carbon nitride (PDI-Ala–S–C3N4) with 
S-scheme heterojunction, for the degradation of tetracy-
cline (TC).14 Third dataset is about the reproducibility of 
Rhodamine B (RhB) degradation under solar light using 
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niobium-doped bismuth vanadate.15 Last experimental data-
set is about the effects of pH values on the degradation of 
sulfanilamide (SA), and the reusability of Co–CuBi2O4 for 
SA removal via peroxymonosulfate (PMS) activation over 
different cycles.16

Fitting curves for the degradations of CIP by g-C3N4 and 
Cu–g-C3N4 are shown in Fig. 1, and the fitting parameters are 
listed in Table 1. It can be easily found that JWS model fits 
the degradations very well. Both degradation curves deviate 
seriously from the standard integer first-order chemical reac-
tion kinetics, i.e., g = 0.26 and 0.57, respectively.

Also listed in Table  1 are the Jonscher indices m and 
n, which can be calculated from the parameters a and g.17 

Jonscher indices are introduced by Jonscher in describing 
the universal dielectric relaxation law.18,19 A diagram is plot-
ted using the two Jonscher indices, i.e., referred to as the 
Jonscher diagram.17–20 Each kinetics or relaxation process 
corresponds to a point in the Jonscher diagram. The point at 
the top-right corner stands for the integer first-order chemical 
reaction kinetics, as shown in Fig.  2. The upper triangular 
region stands for the HN kinetics, and the lower triangular 
region represents the JWS kinetics. The degradations of CIP 
by g-C3N4 and Cu–g-C3N4 are denoted with symbols of open 
circles in Fig.  2. It is quite obvious that they are of JWS-
type kinetics and deviate seriously from the standard integer 
first-order kinetics process.

(a) (b)

Fig. 1.  Solid lines for JWS model and square symbols for experimental data13: (a) CIP degradation by g-C3N4 and (b) CIP degradation by 
Cu–g-C3N4.

Table 1.  Fitting parameters and Jonscher indices.

Catalyst t (min) a g m n Model Source

g-C3N4 53.76 1 0.26 0.26 0 JWS Ref. 13

Cu–g-C3N4 55.79 0.94 0.57 0.54 0.06 JWS Ref. 13

20% PDI-Ala–S–C3N4 42.65 1 0.95 0.95 0 JWS Ref. 14

30% PDI-Ala–S–C3N4 36.63 1 0.94 0.94 0 JWS Ref. 14

40% PDI-Ala–S–C3N4 47.60 1 0.88 0.88 0 JWS Ref. 14

50% PDI-Ala–S–C3N4 53.62 1 0.78 0.78 0 JWS Ref. 14

Nb–BiVO4: Pristine 489.11 1 0.66 1 0.34 HN Ref. 15

Nb–BiVO4: First run 22.95 1 0.42 0.42 0 JWS Ref. 15

Nb–BiVO4: Second run 363.70 1 0.65 1 0.35 HN Ref. 15

Nb–BiVO4: Third run 1063.9 1 0.60 1 0.40 HN Ref. 15

Co–CuBi2O4: pH=4.5 6.92 0.96 0.49 0.96 0.53 HN Ref. 16

Co–CuBi2O4: pH=7 1.01 1 0.89 0.89 1 JWS Ref. 16

Co–CuBi2O4: pH=9.5 1.14 0.99 0.65 0.99 0.34 HN Ref. 16

Co–CuBi2O4: Cycle 1 1.46 1 0.99 0.99 0.03 JWS Ref. 16

Co–CuBi2O4: Cycle 2 1.41 1 0.91 0.91 0.03 JWS Ref. 16

Co–CuBi2O4: Cycle 3 1.56 0.97 0.91 0.88 0.03 JWS Ref. 16
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Fitting curves for the degradation of TC by PDI-Ala–S–
C3N4 heterojunctions are shown in Fig. 3 for different con-
tents of PDI-Ala. All the degradations are of JWS type. An 
interesting issue is that all these degradation processes are 

on the right edge of the Jonscher diagram, shown as symbols 
of open squares in Fig. 2. These degradations do not devi-
ate from the standard integer first-order kinetics very much, 
as they are very close to the point at the top-right corner. 
Especially for the catalysts of 20% PDI-Ala–S–C3N4 and 
30% PDI-Ala–S–C3N4, the values of Jonscher index m are 
0.95 and 0.94, respectively, that are very close to 1.

Bismuth vanadate has been gaining stronger interest in the 
photochemical community, since it is a solar-driven photo-
catalyst.14 Reproducibility of photocatalytic measurements 
and the reusability of photocatalysts are crucial parameters 
in the efficiency of photodegradation processes. The repro-
ducibility of Nb-doped BiVO4 on the degradation of RhB 
is shown in Fig. 4 for different runs. Fitting parameters are 
listed in Table 1. It has to be pointed that degradation by pris-
tine BiVO4 is of the HN-type kinetics. But the first run of 
degradation by Nb–BiVO4 changes to the JWS-type kinetics. 
After repeated use, the photocatalytic degradation changes 
back to HN type again. The degradation types are shown as 
right-triangles on the Jonscher diagram of Fig.  2. Jonscher 
index of first run is on the right edge, and Jonscher indices of 
pristine and second and third runs are on the top edge. The 
most efficient degradation happens in the first run, as can be 

(a) (b)

(c) (d)

Fig. 3.  Solid lines for the JWS model and square symbols for experimental data14: (a) 20% PDI-Ala–S–C3N4, (b) 30% PDI-Ala–S–C3N4, 
(c) 40% PDI-Ala–S–C3N4 and (d) 50% PDI-Ala–S–C3N4.

Fig. 2.  Jonscher diagram for the chemical reaction kinetics of photo-
catalytic degradations. HN stands for Havriliak–Negami model, and 
JWS for the Jurlewicz–Weron–Stanislavsky model. Symbols are for 
different photocatalysts.
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seen in Fig. 4(b). This also can be easily confirmed by the 
degradation time t in Table 1, since it is the shortest one.

Degradations of SA by Co–CuBi2O4 at different pH 
values are shown in Figs.  5(a)–5(c), and the reusability of 
Co–CuBi2O4 for SA removal at different cycles is shown in 

Figs. 5(d)–5(f). The interesting point is that for either acidic 
or alkaline solution, the degradation is of HN type, as shown 
in Figs.  5(a) and 5(c). But the degradation is of JWS type 
in pH-neutral solution, as shown in Fig. 5(b). The degrada-
tion is always of JWS type at different reuse cycles, as shown 

(a) (b)

(c) (d)

Fig. 4.  Reproducibility of Nb–BiVO4 on the degradation of RhB. Solid lines for fitting with either JWS or HN model and square symbols 
for experimental data15: (a) pristine, (b) first run, (c) second run and (d) third run.

(a) (b)

Fig. 5.  Effects of pH value on the degradation of SA: (a) pH=4.5, (b) pH=7 and (c) pH=9.5. Reusability for SA removal: (d) cycle 1,  
(e) cycle 2 and (f) cycle 3. Solid lines are for fitting with either JWS or HN model and square symbols are for experimental data.16
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(c) (d)

(e) (f)

Fig. 5.  (Continued)

in Figs.  5(d)–5(f). All the JWS-type degradations by Co–
CuBi2O4 are quite close as the integer first-order chemical 
reaction kinetics, denoted as solid circles in Fig. 2. This also 
can be easily seen from the last six rows in Table 1, where 
both a and g are equal or quite close to 1 for the degradations 
in these cycles.

Together with previous works,1–3 all the kinetic types are 
identified in the photocatalytic degradation processes. That 
means that photocatalytic degradation process can be well 
analyzed by fractional calculus. Different degradation types 
of a photocatalytic process can be easily determined from the 
Jonscher index and Jonscher diagram.

3. � Summary

Chemical reaction kinetics of the Jurlewicz–Weron–
Stanislavsky type has been identified in photocatalytic deg-
radations. The obtained Jonscher indices are shown in the 
Jonscher diagram, which includes all the fractional kinetic 
types. Photocatalytic degradations can be well described by 
fractional first-order kinetics. Degradation characteristic time 
as well as Jonscher index can serve as well-defined material 
constants for the degradation of photocatalysts.
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