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Within the framework of the linearized theory of electroelastic wave propagation, a model of a piezoelectric structure with a
prestressed functionally graded coating made of piezoceramics of a trigonal system with a symmetry class of 3m is considered. The
ferroelectric LiNbO3 is used as the main material of the structure. The initial deformed state of the coating material is homogeneous,
induced by the action of initial mechanical stresses and an external electrostatic field, the properties of the coating continuously
change in thickness. By the example of the problem of the propagation of SH-waves from a remote source for structures with an
inhomogeneous prestressed coating in the case of an electrically free and short-circuited surface, the influence of the nature and
localization of the inhomogeneity of the coating on the features of SAW propagation is studied. The separate and combined effects
of initial actions on changes in the physical properties of the structure, the transformation of the surface wave field, and the change
in the SAW velocities in a wide frequency range is studied. The results obtained in this work are useful for understanding the
dynamic processes in prestressed piezoelectric structures, in the optimization and design of new structures and devices on SAW
with high performance characteristics.

Keywords: Piezoelectric structure; lithium niobate (LiNbO3); functionally graded piezoelectric material (FGPM); surface acoustic
waves (SAW); Bluestein–Gulyaev wave (WBG); initial deformed state (IDS).

1. Introduction

The foundations for the use of piezoactive materials for the
creation of acoustoelectronic devices were laid in the 60–70s
of the last century.1–3 The area of application and the range of
problems solved with the help of acoustoelectronic devices is
determined by the velocity, characteristics of propagation and
localization of (SAW).4–6 The development of technologies
for the production of artificial piezoelectric materials makes it
possible to create a wide range of microelectromechanical
systems (MEMS), sensors and actuators for various purposes,
such as high-precision sensors, filters, converters, generators,
power transmission devices, etc. The variety of problems
solved using modern electronic and electromechanical sys-
tems, the need for an adequate assessment of the properties
and performance of the structures used, depending on the
operating conditions, necessitate the development of struc-
tural modeling using functionally graded components,7–12

layers, shapes with various inclusions and coatings,13–15

designs from synthetic bi- and multimaterials. The majority

of piezoelectric ceramics (ferroelectric ceramic materials -
FPM), commercially available in the world, are multicom-
ponent systems of lead-containing complex oxides based on
solid solutions of lead zirconate-titanate (PZT). In accordance
with environmental requirements for these piezoceramics, it
is necessary to exclude toxic lead oxide from the techno-
logical process and to find new piezoelectric materials that
are not inferior in properties to PZT ceramics. Long-term
experience in the development of highly efficient FPMs
makes it possible to obtain a group of lead-free materials
based on alkali metal niobates - lithium and sodium, which
have a number of unique properties that are not realized in
PZT compositions.16–20

The advantages of such FPMs are as follows:

— high velocity of sound, which determines the high-fre-
quency (HF) range of operation of the transducer, as well
as the ability to obtain a given frequency on less thin
plates, which simplifies the manufacturing technology
of HF devices due to the possibility of increasing their

zCorresponding author.

This is an Open Access article published by World Scientific Publishing Company. It is distributed under the terms of the Creative Commons Attribution 4.0 (CC
BY) License which permits use, distribution and reproduction in any medium, provided the original work is properly cited.

OPEN ACCESS
JOURNAL OF ADVANCED DIELECTRICS
Vol. 11, No. 5 (2021) 2160007 (10 pages)
© The Author(s)
DOI: 10.1142/S2010135X21600079

2160007-1

https://dx.doi.org/10.1142/S2010135X21600079


resonant dimensions, which, in turn, is beneficial from the
point in terms of reducing the capacity of the converter;

— low density, leading, on the one hand, to a significant
reduction in the weight of products, and on the other, to a
decrease in acoustic impedance;

— very low dielectric constant, which is important for elec-
trical matching with the generator and load;

— increased thickness coefficient of electromechanical
connection;

— sufficient anisotropy of piezoelectric properties, which
allows improving the signal-to-noise ratio and simplifying
the production technology, excluding the operation of
cutting the material;

— low dielectric and moderate mechanical losses, which is
important for obtaining short pulses and uniform ampli-
tude-frequency characteristics.

The crystal structure, electro physical and thermal properties
of the solid solution Na0:875Li0:125NbO3, modified with
strontium and other elements,18 were studied in a wide range
of temperatures and frequencies of an alternating electric
field. The effects of low-frequency dispersion of the dielectric
constant, caused by the influence of electrical conductivity,
are revealed. The dielectric properties of solid solutions of
binary systems based on sodium–potassium and sodium–

lithium niobates were studied in a wide range of external
influences19: temperature 25○C–750○C, alternating frequen-
cy 25Hz–106Hz and constant electric field strength up to
30 kV/cm. The features of the microstructure and elastic
properties of ceramic solid solutions LixNa1�xTayNb1�yO3,
depending on the composition and synthesis temperature, were
studied for the first time.20 A specific feature of the change in
the mechanical properties of Li0:17Na0:83TayNb1�yO3 solid
solutions depending on the parameters of the technological
process is shown. The complexity of modeling functional-
gradient materials (FGM) lies in the impossibility of obtain-
ing a rigorous analytical solution, which leads to the need to
simplify the model. It is often assumed that the properties of a
material change with the same intensity according to the same
law and one spatial variable. Such assumptions make it
possible to obtain an analytical solution, but to study the
heterogeneity of the properties of materials, their use is ef-
fective only in certain special cases. When modeling FGM,
various approaches are used: division into layered elements
with linear or quadratic changes in properties; as functional
dependencies, either power series expansions or easily dif-
ferentiable functions and polynomials are used. When
modeling bi- and multimaterials, as a rule, numerical methods
are used. To study the propagation of surface waves in pre-
stressed piezoelectric structures, a generalized model of a
homogeneous half-space with an inhomogeneous layer of a
functionally graded piezoelectric material (FGPM) is pro-
posed.21–26 Boundary and mixed dynamic problems of
electroelasticity are considered, the solution of which is
presented in Fourier transforms. A combination of an

analytical solution for a homogeneous half-space with a nu-
merical reconstruction of the solution for an inhomogeneous
layer is used. Within the framework of the proposed model,
the influence of the nature, the area of localization and the
intensity of changes in various physical parameters of inho-
mogeneity on the propagation of surfactants with monotonic
and nonmonotonic changes in the properties of coatings from
FGPM is investigated. The development of the model is as-
sociated with the complication of the coverage, which is
modeled either by an FGPM layer, or by a package of both
homogeneous and heterogeneous layers.21–26 The features of
the propagation of surfactants and the coefficient of electro-
mechanical coupling in piezoelectric structures with a func-
tionally graded coating, the properties of which change in
a piecewise-continuous manner, have been investigated in
detail.22–25 The influence on the distribution of SAW, char-
acteristics, localization, intensity of change of various phys-
ical modules relative to one reference material was studied.
The proposed model is improved for the study of heteroge-
neous coatings of two or more piezoelectric materials.24–26

The regularities of the influence of the combination of the
properties of coating materials and the localization of inho-
mogeneity on the features of the propagation of surface shear
horizontally polarized waves have been established. In this
paper, we consider a piezoelectric structure consisting of a
homogeneous half-space with a prestressed functionally
graded coating, the properties of which vary throughout
the thickness in a continuous nonmonotonic manner. For
problems with an electrically open or closed free surface,
the influence of the gradient of changes in the elastic, pie-
zoelectric and dielectric properties of the coating material and
the localization of inhomogeneity on the SAW velocities in a
wide frequency range were investigated. The features of the
effect of the initial mechanical and electrical actions on the
change in the properties of a functionally graded coating
made of a piezoelectric material of a trigonal system with
a symmetry class of 3m were investigated. The results of
calculating the SAW velocities depending on the type and
magnitude of the initial actions for structures with different
types of inhomogeneity were presented.

2. Statement of the Problem

We consider the problem of propagation in the direction x1 of
SH-waves over the surface of a composite piezoactive medium,
which is a homogeneous half-space x2 • 0, jx1j; jx3j•1 with a
coating 0 < x2 • H (Fig. 1).

The coating is made of a functionally graded piezoelectric
material (FGPM), the properties of which are continuously
changing in thickness:

�ð1Þ ¼ �0 f
ð1Þ
� ðx2Þ; c ð1Þij ¼ c0ij f

ð1Þ
c ðx2Þ;

e ð1Þij ¼ e0ij f
ð1Þ
e ðx2Þ; "

ð1Þ
ij ¼ " 0ij f

ð1Þ
" ðx2Þ

ð1Þ
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�0; c
0
ij; e

0
ij; "

0
ij-respectively, the density and elastic, piezoelec-

tric and dielectric modules of the half-space material, for
which LiNbO3 is used — a piezoelectric of the 3m class with
the symmetry axis directed along the axis x3, the polarization
vectors of the half-space and the coating coincide. The IDS of
the coating is homogeneous and is induced due to the action
of the initial mechanical stresses and a homogeneous elec-
trostatic field:21,23,25,26

R ¼ r � Λ; G ¼ Λ � ΛT; Λ ¼
v1 0 0
0 v2 0
0 0 v3

0
@

1
A;

’0 ¼ �E0 � R; vi ¼ const

ð2Þ

Here R; r are the radius vectors of the point of the medium
in the IDS and the natural state (NS), respectively, vi ¼
1þ δi; δi are the main relative elongations, ’0 is the electric
potential, E0 is the intensity of the electric field in the IDS.

Harmonic steady vibrations of the medium are caused by
the action of a remote source, the dynamic process satisfies
the conditions (k ¼ 3; 4; n ¼ 1; 2)

u ðnÞ
1 ¼ u ðnÞ

2 ¼ 0; ∂=∂x3 ¼ 0; u ðnÞ
k ¼ u ðnÞ

k ðx1; x2Þ; ð3Þ
The problem of the propagation of SAW in a composite

prestressed electroelastic medium is described by the equa-
tions (�ð1Þ ¼ ¦ð1Þ þmð1ÞÞ:21,26

r0 ��ðnÞ ¼ �
ðnÞ
0 u::eðnÞ; r0 � dðnÞ ¼ 0: ð4Þ

The equation for vacuum has the form

Δ’ð0Þ ¼ 0: ð5Þ
The boundary conditions are as follows:

on a surface x2 ¼ H:
absence of mechanical stresses

n ��ð1Þ ¼ 0; ð6Þ
electrically “open” case

n � dð1Þ ¼ n � dð0Þ; ’ð1Þ ¼ ’ð0Þ ð7Þ
or electrically “short” case

’ð1Þ ¼ 0; ð8Þ
on a surface x2 ¼ 0

continuity of mechanical and electrical characteristics of the
layer and half-space

ue
ð1Þ ¼ ue

ð2Þ
; n ��ð1Þ ¼ n ��ð2Þ; ’ð1Þ ¼ ’ð2Þ;

n � dð1Þ ¼ n � dð2Þ
ð9Þ

damping of oscillations at infinity

ue
ð2Þ jx2!�1 ! 0; ’ð0Þjx3!1 ! 0: ð10Þ

Herer0 is the Hamilton operator, ue
ðnÞ ¼ fu ðnÞ

3 ; u ðnÞ
4 ¼ ’ðnÞg

is the extended displacement vector, ’ðnÞ is the electric
potential, n is the vector of the outer normal to the surface
of the structure in the coordinate system associated with the

NS; � ðnÞ
0 - material density n - component of structure in NS

(n ¼ 1, 2 - coating and half-space); Δ - Laplace operator. The
components of the linearized tensor Piola ¦ðnÞ, Piola–Max-
well stress tensors mðnÞ and the “material” induction vector
dðnÞ are represented as (k; l; s; p ¼ 1; 2; 3; n ¼ 1; 2Þ:21,26

�
ðnÞ
lk ¼ �

ðnÞ
lk þ m ðnÞ

lk ; �
ðnÞ
lk ¼ c ðnÞ�lksp u

ðnÞ
s;p þ e ðnÞ�lkp ’

ðnÞ
;p ;

m ðnÞ
lk ¼ ζ ðnÞ�

lksp u
ðnÞ
s;p þ  

ðnÞ�
lkp ’

ðnÞ
;p ;

d ðnÞ
l ¼ g ðnÞ�

lsp u ðnÞ
s;p � ηðnÞ�lp ’

ðnÞ
;p

ð11Þ

Further, for convenience of presentation, we use a more
compact representation of the stress tensor and the induction
vector

�
ðnÞ
lk ¼ θ ðnÞ

lkspu
ðnÞ
s;p þ θ ðnÞ

lk4p’
ðnÞ
;p ;

d ðnÞ
l ¼ θ ðnÞ

l4spu
ðnÞ
s;p þ θ ðnÞ

l44p’
ðnÞ
;p

ð12Þ

with denotation (k; l; s; p ¼ 1; 2; 3)

θ ðnÞ
lksp ¼ c ðnÞ�lksp þM ðnÞ

lksp; θ ðnÞ
lk4p ¼ e ðnÞ�lkp þM ðnÞ

lk4p

θ ðnÞ
l4sp ¼ e ðnÞ�lsp þM ðnÞ

l4sp; θ ðnÞ
l44p ¼ �ηðnÞ�lp

M ðnÞ
lksp ¼ ζ ðnÞ�

lksp ; M ðnÞ
lk4p ¼  

ðnÞ�
lkp ; M ðnÞ

l4sp ¼  
ðnÞ�
lsp :

ð13Þ

The form of the coefficients c ð1Þ�lksp , e
ð1Þ�
lsp , ζ ð1Þ�

lksp ,  
ð1Þ�
lkp , ηð1Þ�lp

and g ð1Þ�
lsp ¼ e ð1Þ�lsp þ  

ð1Þ�
lsp for the general case of prestressed

coating is given in Refs. 21 and 26. It should be noted that the

coefficients c ð1Þ�lksp , e ð1Þ�lsp and ηð1Þ�lp are functions of x2; the

components M ð1Þ
lksp do not depend of x2 and are determined by

the direction and magnitude of the intensity of the initial

electrostatic field; components θ ð1Þ
lksp and M ð1Þ

lksp depend on the
nature and magnitude of the induced initial deformations. For
a homogeneous substrate material in the NS, the following
relations are executed:

c ð2Þ�lksp ¼ c ð2Þlksp; e ð2Þ�lsp ¼ g ð2Þ�
lsp ¼ e ð2Þlsp ;

ηð2Þ�lp ¼ "
ð2Þ
lp ; M ð2Þ

lksp ¼ 0:

Fig. 1. Scheme of the problem.
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Within the framework of assumptions (1)–(3), problem (4)–
(10) on vibrations of a composite electroelastic medium with
a prestressed inhomogeneous coating has the form:21–26

for inhomogeneous coating 0 < x2 •H

X2
k¼1

½θ ð1Þ
k33ku

ð1Þ
3;kk þ θ ð1Þ

k34ku
ð1Þ
4;kk�

þ
X4
k¼3

θ ð1Þ
23k2;2u

ð1Þ
k;2 ¼ �

ð1Þ
0

∂2u ð1Þ
3

∂t 2

X2
k¼1

½θ ð1Þ
k43ku

ð1Þ
3;kk þ θ ð1Þ

k44ku
ð1Þ
4;kk�

þ
X4
k¼3

θ ð1Þ
24k2;2u

ð1Þ
k;2 ¼ 0 ð14Þ

for substrate x2•0

X2
k¼1

½θ ð2Þ
k33ku

ð2Þ
3;kk þ θ ð2Þ

k34ku
ð2Þ
4;kk� ¼ �

ð2Þ
0

∂2u ð2Þ
3

∂t 2

X2
k¼1

½θ ð2Þ
k43ku

ð2Þ
3;kk þ θ ð2Þ

k44ku
ð2Þ
4;kk� ¼ 0

ð15Þ

For vacuum x2 > H

X2
k¼1

u ð0Þ
4;kk ¼ 0: ð16Þ

The boundary conditions are represented as follows:
x2 ¼ H

�
ð1Þ
23 ¼

X4
k¼3

½θ ð1Þ
23k2u

ð1Þ
k;2� ¼ 0 ð17Þ

d ð1Þ
2 ¼

X4
k¼3

½θ ð1Þ
24k2u

ð1Þ
k;2� ¼ d ð0Þ

2 ; u ð1Þ
4 ¼ u ð0Þ

4 ð18Þ

u ð1Þ
4 ¼ 0 ð19Þ

x2 ¼ 0

ueð1Þ ¼ ueð2Þ; �
ð1Þ
23 ¼ �

ð2Þ
23 ;

’ð1Þ ¼ ’ð2Þ; d ð1Þ
2 ¼ d ð2Þ

2 ð20Þ
x2 ! �1 : ueð2Þ ! 0; x2 ! 1 : u ð0Þ

4 ! 0: ð21Þ
Taking into account the properties of the material and

conditions (2), the coefficients θ ðnÞ
lksp in relations (14)–(21)

take the form

θ ð1Þ
1331 ¼ c ð1Þ44 v

2
3 þ P11 � "0

v2v3
v1

E 2
3;

θ ð1Þ
2332 ¼ c ð1Þ44 v

2
3 þ P22 � "0

v1v3
v2

E 2
3;

θ ð1Þ
1341 ¼ θ ð1Þ

1431 ¼ e ð1Þ15 v3 � "0
v2v3
v1

E3;

θ ð1Þ
2342 ¼ θ ð1Þ

2432 ¼ e ð1Þ15 v3 � "0
v1v3
v2

E3;

θ ð1Þ
1441 ¼ �"0

v2v3
v1

� β ð1Þ
11 ; θ ð1Þ

2442 ¼ �"0
v1v3
v2

� β ð1Þ
11 ;

β ð1Þ
kn ¼ "

ð1Þ
kn � "0δkn; Ek ¼ v�1

k Wk

here Pij are the components of the Kirchhoff initial stress
tensor6–8; δkn- Kronecker symbol.

Further, the dimensionless parameters are used21–26: l 0 ¼ l=H,

� 0ðnÞ ¼ �ðnÞ=� ð2Þ, c 0ðnÞij ¼ c ðnÞij =c
ð2Þ
44 , e

0ðnÞ
ij ¼ e ðnÞij �=c

ð2Þ
44 , "

0ðnÞ
ij ¼

"
ðnÞ
ij "

ð0Þ�2=c ð2Þ44 , ’
0ðnÞ ¼ ’ðnÞ=ð�HÞ, E 0

k ¼ Ek=�, � ¼ 1010 V/

m; "ð0Þ ¼ "0 — dielectric constant of vacuum; κ2 ¼ ωh=V ð2Þ
S

and κ2e ¼ ωh=V ð2Þ
Se — dimensionless frequencies, V ð2Þ

Se ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc ð2Þ44 þ ðe ð2Þ15 Þ2=" ð2Þ11 Þ=� ð2Þ

q
and V ð2Þ

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c ð2Þ44 =�

ð2Þ
q

—

velocity of bulk shear waves with and without piezoelectric
properties. Further strokes are omitted.

Next, we consider two problems:
problem I — “open case” is described by Eqs. (14)–(16)

with the boundary conditions (17), (18), (20) and (21);
problem II— “short case” is described by Eqs. (14), (15)

with the boundary conditions (17), (19)–(21).

3. Dispersion Equations of Problems

The solution of problems I and II is generated using the
Fourier transform (α- the transformation parameter by coor-
dinate x1; p ¼ 3; 4):21–25

U ð1Þ
p ðα; x2Þ ¼

X4
k¼1

c ð1Þk y ð1Þkp ðα; x2Þ; ð22Þ

U ð2Þ
p ðα; x2Þ ¼

X2
k¼1

f ð2Þpk c ð2Þk e�
ð2Þ
k x2 ;

U ð0Þ
4 ðα; x2Þ ¼ c ð0Þ1 e�αx2 :

ð23Þ

Parameters �
ð2Þ
k and coefficients f ð2Þpk are given in

Refs. 21–25. The functions y ð1Þkp ðα; x2Þ in expression (22) are
linearly independent solutions of the Cauchy problem with

the initial conditions y ð1Þkp ðα; 0Þ ¼ δkp for the equation

Yð1Þ0 ¼ M ð1Þðα; x2ÞYð1Þ;

Yð1Þ ¼ Y1
§

Y 1
u

� �
; Y 1

§ ¼ �
Fð1Þ
23

DFð1Þ
2

�����
�����;

Y1
u ¼ U ð1Þ

3

U ð1Þ
4

�����
�����:

ð24Þ

Here �
FðnÞ
23 ;DFðnÞ

2 ;U ðnÞ
k — are the Fourier transforms of

the component of the stress tensor, induction vector, and
the extended displacement vector. The view of matrix Mð1Þ

ðα; x2Þ is given in Refs. 24–26. Unknown coefficients c ðnÞk
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in representations (22), (23) are determined when boundary
conditions are satisfied. The solution of system (20) is con-
structed numerically; a modification of the Runge–Kutta
method is used in the work.

The dispersion equations of problems I and II for a pie-
zoelectric structure with a functionally graded coating have
the form:23–26

detA ¼ 0: ð25Þ
Matrix A for problem I has the form

AI ¼

y ð1Þ11 y ð1Þ12 y ð1Þ13 y ð1Þ14 0 0 0

γy ð1Þ21 γy ð1Þ22 γy ð1Þ23 γy ð1Þ24 0 0 �"0α
γy ð1Þ41 γy ð1Þ42 γy ð1Þ43 γy ð1Þ44 0 0 �1

1 0 0 0 �l ð2Þ11 �l ð2Þ12 0

0 1 0 0 0 �l ð2Þ22 0
0 0 1 0 �1 0 0

0 0 0 1 �f ð2Þ41 �1 0

�����������������

�����������������

;

ð26Þ
Matrix A for problem II has the form

AII ¼

y ð1Þ11 y ð1Þ12 y ð1Þ13 y ð1Þ14 0 0

y ð1Þ41 y ð1Þ42 y ð1Þ43 y ð1Þ44 0 0

1 0 0 0 �l ð2Þ11 �l ð2Þ12

0 1 0 0 0 �l ð2Þ22
0 0 1 0 �1 0

0 0 0 1 �f ð2Þ41 �1

��������������

��������������

; ð27Þ

where

l ð2Þ11 ¼ c ð2Þ44 ð1þ ηÞ� ð2Þ
1 ; l ð2Þ12 ¼ e ð2Þ15 �

ð2Þ
2 ; l ð2Þ21 ¼ 0;

l ð2Þ22 ¼ �" ð2Þ11 �
ð2Þ
2 ; f ð2Þ41 ¼ e ð2Þ15

"
ð2Þ
11

; η ¼ ðe ð2Þ15 Þ2
"
ð2Þ
11 c

ð2Þ
44

; γ ¼ eαH :

4. Numerical Analysis

In this paper, piezoelectric structures made of ceramics based
on LiNbO3 with parameters are considered:27 ;28

� ¼ 4:7 � 103 kg=m3; c11 ¼ 20:3 � 1010 N=m2;

c12 ¼ 5:3 � 1010 N=m2; c13 ¼ 7:5 � 1010 N=m2;

c14 ¼ 0:9 � 1010 N=m2; c33 ¼ 24:5 � 1010 N=m2;

c44 ¼ 3 � 1010 N=m2; e15 ¼ 3:7C=m2;

e22 ¼ 2:5C=m2; e31 ¼ 0:2C=m2; e33 ¼ 1:3C=m2;
"11="0 ¼ 44; "33="0 ¼ 29; "0 ¼ 8:85 � 10�12 F=m:

It is assumed that the coating of the structure is made of a
functionally graded material, the properties of which vary in
thickness as follows:23–25

f ð1Þs ðx2Þ ¼ g1
s þ g2

s f ðx2Þ;

where, g1
s ; g

2
s , (s ¼ �; c; e; ")- are determined by the ratio of

the modules of the main material and materials of inclusions;
f ðx2Þ- determines the nature of the change in parameters over
the thickness of the coating, the localization of changes and
the size of the transition zone of one material into another
(Fig. 2). In Fig. 2, solid (curve 1), dashed (curve 11) and
dashed (curve 10) lines mark the curves of changes in prop-
erties when the heterogeneity is localized in the middle, at the
surface, and at the base of the coating.

The gradient coefficients of changes in the properties of
the coating are determined by the formulas

γs ¼ r ð1Þs =r ð2Þs ; r ðnÞc ¼ c ð2Þ44 ; r ðnÞe ¼ e ð2Þ15 ; r ðnÞ" ¼ "
ð2Þ
11 :

The paper considers the separate and combined effect of
the gradient coefficients of changes in the elastic, piezoelec-
tric and dielectric properties of the SAW velocity material in
the short and open case. The influence of the initial me-
chanical and electrical influences is shown on the example of
a structure with a two-component (m1=ms; s ¼ 2; 3; 4) coat-
ing. In the materials of inclusions, the gradient coefficients of
the parameter change were chosen from the condition
V m2

Se > V m3
Se > V m1

Se > V m4
Se .

4.1. Influence of the gradient coefficient of changes
coating properties on the SAW velocity

Figures 3–7 show the transformation of the relative velocities
of the SAW (V I;II

F =V ð2Þ
Se , where V

I;II
F ¼ κ2=�, � is the solution

of Eq. (25) with notations (26) for problem for problem I and
(27) for problem II) depending on the change in the prop-
erties of the coating material in the short (Figs. 3–6) and open
case (Fig. 7). In Figs. 3(b) and 4(b) for clarity of represen-
tation of the behavior of SAW velocities in case γc ¼ 0:6
(curves 5), the first and second modes of surface waves are
marked by dashed and dotted lines. Figure 3 shows the effect
of changes in elastic modules (γc; γe ¼ γ" ¼ 1) on SAW ve-
locity at localization of heterogeneity at the surface
(Fig. 3(a)), in the middle (Fig. 3(b)) and at the base of the
coating (Fig. 3(c)). The numbers 1–6 mark the curves cor-
responding to the values γc ¼ 2, 1.8, 1.5, 0.8, 0.6, 0.4.

Figure 4 illustrates the effect of piezoelectric modules
(γe; γc ¼ γ" ¼ 1) on the SAW velocity at localization of

Fig. 2. The laws of changing the properties of the coating.
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heterogeneity at the surface (Fig. 4(a)), in the middle
(Fig. 4(b)) and at the base of the coating (Fig. 4(c)). The
numbers 1–6 mark the curves corresponding to the values
γe ¼ 2, 1.8, 1.5, 0.8, 0.6, 0.4.

Figure 5 illustrates the effect of a change of dielectric
modules (γ"; γc ¼ γe ¼ 1) on the SAW velocity when the
heterogeneity is localized at the surface (Fig. 5(a)), in the
middle (Fig. 5(b)) and at the base of the coating (Fig. 5(c)).
Curves 1–6 correspond to the values γ" ¼ 2, 1.8, 1.5, 0.8, 0.6,
0.4.

As follows from the figures, the location of the inhomo-
geneity significantly affects the characteristics of the SAW.

The maximum effect on the SAW structure is exerted by a
change of the modules at the coating surface. An increase of
elastic modules leads to an increase of the velocity SAW and
a reduction of the region of its existence. A decrease of the
modules leads to a decrease of the velocity and the appear-
ance of second SAW modes (Fig. 3). Piezoelectric modules
have a similar effect on the SAW velocities, with the excep-
tion of the low frequency range. In this range, an increase of
the modules leads to a decrease of the SAW velocity, and a
decrease of the modules leads to an increase of the SAW
velocity (Fig. 4).

A similar effect on the SAW velocity has dielectric
modules. Their increase leads to a reduction, and a decrease

(a)

(b)

(c)

Fig. 3. Influence of the gradient coefficient of changes in the elastic
properties of the coating on the SAW velocity at different localization
of heterogeneity.

(a)

(b)

(c)

Fig. 4. Influence of the gradient coefficient of changes in the pie-
zoelectric properties of the coating on the SAW velocity at different
localization of inhomogeneity.
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to increase of the SAW velocity (Fig. 5). The location of the
heterogeneity in the middle or at the base of the coating
qualitatively changes the structure of the SAW. It can be seen
from the figures that the maximum range of velocity variation
is achieved when the heterogeneity is localized at the coating
surface. The moving of the inhomogeneity to the base of the
coating qualitatively changes the structure of the surface
wave field. The maximum effect on SAW velocity (Fig. 3) is
exerted by the elastic modules of the coating. Piezoelectric
coating modules have less impact. In the low-frequency re-
gion, an increase in the modules leads to a decrease in the
SAW velocity, a decrease in the values of piezoelectric

modules leads to an increase in the SAW velocity. The situ-
ation changes with increasing frequency (Fig. 4). A decrease
of dielectric modules leads to an increase of the SAW ve-
locity, an increase of modules leads to a decrease of the ve-
locity and the appearance of second SAW modes (Fig. 5). In
addition, in the case of surface localization of inhomogeneity,
an increase of both elastic and piezoelectric modules leads to
an increase of the velocity and a limitation of the frequency
range of the existence of SAW. In the first case, the frequency
range is significantly less. A decrease of the values of these
parameters leads to a decrease of the velocity and the ap-
pearance of second modes at high frequencies (Figs. 3(a)
and 4(a)). In the case γc;e < 1, there are two modes of SAW.
When the inhomogeneity moves to the base of the coating,
the deviation of the velocity of the first SAW mode from the
V ð2ÞII

BG (the velocity of the Bluestein–Gulyaev wave) and the
value of the frequency of occurrence of the second mode
decreases and depends on the gradient coefficients of the
change in properties and the area of the inhomogeneity lo-
calization. Figure 6 shows plots of SAW velocity for a
coating structure m1/m2 (curve 1), m1/m3 (curve 2), and
m1/m4 (curve 3). Inclusion materials m2 and m3 are rigid
materials with a combination of gradient coefficients, re-
spectively γc ¼ 1:5; γe ¼ 2; γ" ¼ 0:8 and γc ¼ 0:8; γe ¼
2γ" ¼ 2. Soft material m4 has gradient coefficients
γc ¼ 0:6; γe ¼ 1:5; γ" ¼ 4. The heterogeneity of the change of
properties is localized in the middle of the coating.

As follows from Figs. 6, 3(b), 4(b) and 5(b), the nature of
the change in the SAW velocity is determined by the choice
of materials for the inclusion, coating and substrate, the
gradient of inhomogeneity and its location over the thickness
of the coating. The influence of various gradient coefficients
of changes in material parameters on the SAW velocity can
be either enhanced or weakened by the choice of a certain
combination of materials. In the m1/m3 coating, greatest in-
fluence on the first mode has γc; the combination of γc and γ"
influences on the frequency of the second mode and the
character of behavior of its velocity.

Figure 7 shows the influence of the coefficients γc and γe
for different localization of the inclusion in the coating on
the SAW velocity in “open case”. In Fig. 7(a) curves 1 and 2

(a)

(b)

(c)

Fig. 5. Influence of the gradient coefficient of changes in the di-
electric properties of the coating on the SAW velocity at different
localization of inhomogeneity.

Fig. 6. SAW velocity for structures coated with materials with
various combinations of gradient ratios.
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correspond to the values γc ¼ 1:5; γe ¼ γ" ¼ 1 and γe ¼ 1:5;
γc ¼ γ" ¼ 1, in Fig. 7(b) curves 1 correspond to the
values γc ¼ 0:8; γe ¼ γ" ¼ 1. The superscripts 0, 1 mark the
localization of the heterogeneity in accordance with Fig. 2.

The analysis showed that for γc > 1 and γe > 1, the SAW
exists in a limited frequency range. The location of the
inhomogeneity within the coating does not affect the velocity
(Fig. 7 (a)). For γc<1 and γe<1, the SAWexists at any frequency.

4.2. Determination of the initial strain state of the coating

The initial stress state of the coating in the Lagrangian co-
ordinate system is determined by the Kirchhoff stress tensor
P, the material form of the electric induction vector d, and the
Piola–Maxwell electric stress tensor m. Their components in
the Cartesian coordinate system for materials of class 3m
have the form:21,26

P11 ¼ c ð1Þ11 S11 þ c ð1Þ12 S22 þ c ð1Þ13 S33
þ e ð1Þ22 W

0
2 � e ð1Þ31 W

0
3 þ m11;

P22 ¼ c ð1Þ12 S11 þ c ð1Þ11 S22 þ c ð1Þ13 S33
� e ð1Þ22 W

0
2 � e ð1Þ31 W

0
3 þ m22;

P33 ¼ c ð1Þ13 S11 þ c ð1Þ13 S22 þ c ð1Þ33 S33 � e ð1Þ33 W
0
3 þ m33;

d1 ¼ "
ð1Þ
11 W

0
1 þ de1;

d ð1Þ
2 ¼ �e ð1Þ22 S11 þ e ð1Þ22 S22 þ "

ð1Þ
11 W

0
2 þ de2;

d3 ¼ e ð1Þ31 S11 þ e ð1Þ31 S22 þ e ð1Þ33 S33 þ "
ð1Þ
33 W

0
3 þ de3;

Sii ¼ 1
2 ðv2k�1Þ-components of the strain tensor,W 0

k -components
of the electric field intensity vector

m11 ¼ "0
v2v3
2

ððW 0
1 v

�1
1 Þ2 � ðW 0

2 v
�1
2 Þ2 � ðW 0

3 v
�1
3 Þ2Þ;

m22 ¼ "0
v1v3
2

ððW 0
1 v

�1
1 Þ2 � ðW 0

1 v
�1
1 Þ2 � ðW 0

1 v
�1
1 Þ2Þ;

m33 ¼ "0
v1v2
2

ððW 0
1 v

�1
1 Þ2 � ðW 0

1 v
�1
1 Þ2 � ðW 0

1 v
�1
1 Þ2Þ;

dek ¼ "0
v1v2v3
v2k

W 0
k

In this paper, the following types of IDS coating are
considered:

1x1 : P11 ¼ P; P22 ¼ P33 ¼ 0; W ¼ f0; 0; 0g;
2Eþþ

23 : P11 ¼ P22 ¼ P33 ¼ 0; W ¼ f0;W 0
2 ;W

0
3g;

1x1E
þþ
23 : P11 ¼ P; P22 ¼ P33 ¼ 0; W ¼ f0;W 0

2 ;W
0
3g:

Note: the electric field intensity W 0
2 is clearly not present

in the coefficients θ ð1Þ
ikl involved in the representation of

equations of motion (14) and boundary conditions (17), (18),
(20), though, in contrast to structures with piezoceramic
coatings based on PZT,26 influence on IDS coating.

4.3. Influence of initial mechanical impacts and electrical
field on SAW velocities

Figures 8(a)–8(c) show the effect of the initial mechanical
action and external electric field on the SAW velocity for
structures with an inhomogeneous coating of materials m1/m2

(Fig. 8(a)), m1/m3 (Fig. 8(b)) and m1/m4 (Fig. 8(c)).
A short case is considered (problem II), the heterogeneity

of properties is localized in the middle of the coating. Dashed
and dotted lines 1 and 2 correspond to the 1x1 IDS coating
caused by the action of mechanical stresses with deforma-
tions v1 ¼ 1:03 and 0.97. Curves 3 and 4 correspond to the
IDS induced in the coating by the combined action of me-
chanical stresses and an electric field 1x1E

þþ
23

(v1 ¼ 0:97;W 0
2 ¼ W 0

3 ¼ 0:01) and the action of an electric
field 2Eþþ

23 in the absence of mechanical stresses. The
number 0 marks the SAW velocity curves for structures with
an inhomogeneous coating in the NS. The intensity of the
initial electric field W 0

i ¼ 0:01 in dimensional units corre-
sponds to 1 � 108 V/m.

It follows from the figures that the presence of uniaxial
mechanical tension (curves 1) leads to an increase of the
SAW velocity for the considered combinations of coating
materials, the presence of uniaxial mechanical compression
(curves 2) leads to a decrease of the velocity.

In contrast to the PZT-based coatings,26 an inhomoge-
neous structure of piezoceramic coating based on LiNbO3

resistant to the electric field (curves 3 and 4): high intensity
field effect leads to slight SAW velocity changes. A change in
the direction of the electric field intensity with a combined

(a)

(b)

Fig. 7. Influence of the gradient coefficients γc and γe of the coating
on the SAW velocity at different localization of the heterogeneity.
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mechanical impact and electrical field can enhance or weaken
the effect of mechanical stresses.

5. Conclusion

Within the framework of the linearized theory of electro-
elasticity, a model of a piezoelectric structure with a pre-
stressed functionally graded coating made of piezoceramics
of a trigonal system with a symmetry class 3m in the NS is
considered. Ferroelectric LiNbO3 was used as the main ma-
terial of the structure. It is assumed that the initially deformed
state (IDS) of the coating material is uniform, induced by
the action of initial mechanical stresses and an electric field,
and the properties of the coating change continuously in a

non-monotonous manner over the thickness. The properties
of the coating continuously change in thickness. Linearized
constitutive relations and equations of motion of the elec-
troelastic medium are used, which make it possible to take
into account the effect of the initial deformation on both the
elastic and piezoelectric and dielectric properties of the
coating material. The model takes into account both joint and
separate effects of mechanical influences and an electric field.
Problems of the propagation of SH-waves from a remote
source for structures with an inhomogeneous prestressed
coating in a “short” and “open” case are considered. The
analysis of the features of the structure of the SAW with
different structures of the coating and various types of IDS
was carried out on the basis of solving boundary value pro-
blems of the theory of electroelasticity for media with inho-
mogeneous coating, using the numerical–analytical method
for constructing the Green’s functions of the medium and
analyzing its dispersion properties. For heterogeneous coat-
ings in the NS, the influence of the gradient coefficients of
changes in the elastic piezoelectric and dielectric properties of
the coating material on the features of the propagation of
SAW is investigated. The transformation of the surface wave
field is shown depending on the location of the inhomoge-
neity inside the coating. The regularities of the influence of
IDS on the SAW rate for coatings with inclusions from var-
ious materials (m1, m2, m3, m4) have been established. A
significant change of the SAW velocity under a purely me-
chanical initial action is shown. In the case of m1/m2 coating,
it leads to the disappearance of the SAW in a certain fre-
quency range. With a combined mechanical and electrical
impact, due to a change in the direction of the electric field
intensity, it is possible to enhance or weaken the effect of
mechanical stresses. This phenomenon can have a large effect
in the vicinity of critical frequencies (frequencies of the dis-
appearance of SAW or the generation of new surface waves).
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