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Abstract: Excitons have significant impacts on the properties of  semiconductors.  They exhibit  significantly different properties
when  a  direct  semiconductor  turns  in  to  an  indirect  one  by  doping.  Huybrecht  variational  method  is  also  found  to  influence
the  study  of  exciton  ground  state  energy  and  ground  state  binding  energy  in  AlxGa1−xAs  semiconductor  spherical  quantum
dots. The AlxGa1−xAs is considered to be a direct semiconductor at Al concentration below 0.45, and an indirect one at the con-
centration above 0.45. With regards to the former, the ground state binding energy increases and decreases with Al concentra-
tion and eigenfrequency, respectively;  however,  while the ground state energy increases with Al concentration, it  is  marginally
influenced by eigenfrequency. On the other hand, considering the latter, while the ground state binding energy increases with
Al  concentration,  it  decreases  with  eigenfrequency;  nevertheless,  the  ground  state  energy  increases  both  with  Al  concentra-
tion and eigenfrequency. Hence, for the better practical performance of the semiconductors,  the properties of the excitons are
suggested to vary by adjusting Al concentration and eigenfrequency
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1.  Introduction

Numerous  experimental  and  theoretical  research  works
have been conducted in recent years on semiconductor quan-
tum  well,  quantum  well  lines  and  quantum  dots[1−4].  More-
over, the limitation of carrier motion in all three spatial dimen-
sions  is  considered  to  be  an  essential  property  of  quantum
dots.  Special  property  can  be  widely  used  in  technological
applications[5−7].  Furthermore,  the  reduction  in  the  size  of  a
quantum  dot  is  demonstrated  to  lead  to  partial  or  complete
quantization  of  energy  levels,  which  ameliorate  the  physical
properties  of  these  systems.  Hence,  various  quasi-particles  in
quantum  dots  have  been  the  focus  of  numerous  research-
ers[8−11].

The  state  of  the  exciton  in  semiconductors  have  been
shown to play a key role in the absorption and luminescence
spectra  understanding  the  basic  photoelectric  properties  of
artificial  layered  materials[12−16].  Accordingly,  exciton  proper-
ties  in  semiconductor  quantum  devices  have  become  an
important topic of research in condensed matter physics. More-
over,  studies  on  the  state  of  exciton  in  quantum  dots  have
mainly  considered  the  confinement  effect  of  potential  well,
such  as  the  finite  barrier  potential[17, 18],  valence-band
mixing[19],  dispersion  relation[20, 21],  mass[22−24],  dielectric  con-
stant  mismatch[25, 26],  etc.  Qualitative  and  quantitative  results

obtained  from  exciton  binding  energy  and  energy  level  are
consistent  with  the  experimental  results[27−29].  In  addition,
adopting  the  effective  phonon  approximation  method,  the
exciton-phonon  interaction  has  been  extensively  investi-
gated[30−32].  This  is  while  the  linear  combination  operator
method has been rarely utilized in studying excitons in quan-
tum  dots.  Hence,  using  the  linear  combination  operator
method,  the present  study aims at  investigating the effect  of
exciton in the AlxGa1−xAs crystals.

In  addition,  Huybrecht  variational  method  was  used  in
the  present  research  to  study  the  ground  state  energy  and
ground  state  binding  energy  of  exciton  in  quantum  dots  in
AlxGa1−xAs  crystals.  Numerical  simulation  was  also  applied  to
study the relationship between exciton energy level and bind-
ing energy with eigenfrequency and Al concentration. Hence,
with  regards  to  low-dimensional  semiconductor  materials,
the obtained results are expected to have important theoreti-
cal significance. 

2.  Theoretical model

As can be seen in Fig.  1(a),  aluminum gallium arsenide is
an  atomic  semiconductor  material  formed  by  doping  Al
atoms  into  GaAs.  In  the  above  formula, x is  a  number  rang-
ing  from  0  to  1,  which  shows  an  arbitrary  alloy  between  Ga
and Al atoms in AlxGa1−xAs. Moreover, due to the different elec-
tronegativity  and  atomic  size  of  Al  and  Ga  atoms  in
AlxGa1−xAs crystal, short range potential is generated in the lat-
tice  and,  accordingly,  bound  exciton  is  formed.  The  exciton
Hamiltonian in this system is formulated as: 
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While  first  and  the  second  terms  on  the  right-hand  side
of  Eq.  (1)  are  electron  and  hole  movements,  respectively,  the
third  term  describes  the  Coulomb  potential  between  elec-
tron−hole  interaction.  Moreover,  the  fourth  and  the  fifth
terms  define  the  phonon  energy  and  the  interaction  energy
of exciton−phonon coupling, (Fig.  1(b)),  respectively.  Further-
more, while the parabolic potentials of electrons is expressed
by  the  sixth  term,  holes  are  described  by  the  seventh  term
(Fig. 1(c)). In addition,  and  can be written as： 
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ε∞ (ε)Here  denotes  the  high  frequency  (static)  permittivity
of the material.

In  order  to  transform  the  Hamiltonian  into  a  Hamilto-
nian  in  centroid  coordinates,  the  following  definition  is  pro-
vided： 
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μe
M

re +
μh
M

rh, (6)
 

μ =
μeμh

μe + μh
, r = re − rh, (7)

 

βe =
μe
M

, βh =
μh
M

, (8)
 

ξW = (e−iβeW⋅r − eiβhW⋅r) . (9)

M R

μ r

Here  denotes  the  total  mass  of  exciton,  represents  the
coordinate  of  the  center-of-mass  describing  the  motion  of
the center of mass,  stands for the reduced mass, and  signi-
fies  the  relative  coordinate  relating  to  the  internal  relative
motion of  exciton.  Accordingly,  the Hamiltonian at  center-of-
mass coordinates can be formulated as: 
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Subsequently,  the  following  two  unitary  transforma-
tions[33] are performed for Eq. (10). 
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Here  represents  the  variational  parameters  of  unitary
transformation.  Meanwhile,  the  following  relations  introduce
the  linear  combination  operators  of  the  creation  (annihila-
tion)  operator  of  the  electron  and  variational  parame-
ter [34]
 

Pj = [Mh̵λ


] 
 (Bj + B†

j ) , (13)
 

Rj = i[ h̵
Mλ

] 
 (Bj − B†

j ) . (14)

 

(a) (b)

(c)

Fig. 1. (Color online) (a) Schematic diagram of AlxGa1−xAs ground state lattice; (b) schematic diagram of exciton−phonon coupling in AlxGa1−xAs
crystals; (c) schematic diagram of an exciton subject to parabolic potential.
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j = x, y, z. (15)
The transformed Hamiltonian of the system can be expressed as:
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Now,  let  us  assume  that  the  ground  state  normalized  wave  function  is  chosen,  where  satisfies

.  is  wave  function  describing  the  relative  motion  of  the  system.  Due  to  the  influence  of  the  parabolic
potential,  can be written as: ∣φ(r)⟩ = (π)− 
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Fig. 2. (Color online) (a) Schematic diagram of exciton energy band. (b) Relationship between exciton and phonon coupling coefficient and Al con-
centration.
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λ, λ F (λ, λ, r)The  ground  state  binding  energy  of  the  exciton
(Fig. 2(a)) is obtained by bringing  back to : 
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The exciton ground state energy (Fig. 2(a)) is: 
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3.  Discussion

The  numerical  results  obtained  from  the  analytical
research of selecting AlxGa1−xAs crystal are discussed. In the fol-
lowing,  the  exciton  parameters  in  the  AlxGa1−xAs  crystal[35−37]

are shown in Table 1.
Despite  that  all  the  exciton  energies Eb, E1 and Eg

increased  with  an  increase  in  the  Al  concentration  of
AlxGa1−xAs crystals,  certain  differences  were  observed.  As  can
be seen in Fig. 3(a), GaAs and AlAs are direct and indirect semi-
conductors, respectively. Moreover, an increase in the Al con-
centration  leads  the  AlxGa1−xAs  crystal  to  change  from  a
direct  to  an  indirect  semiconductor  when x >  0.45  (Fig.  3(b)).
Furthermore,  the  comparison  of  the  bandgap  energy Eg

when x <  0.45  with  the  bandgap  energy Eg when x >  0.45,
revealed  a  rapid  increase  in  the  bandgap  energy Eg when
AlxGa1−xAs  is  a  direct  semiconductor;  this  is  while  the  rate  of
the  increase  was  found  to  slow  down  when  AlxGa1−xAs  is  an
indirect semiconductor. Furthermore, an increase in the Al con-
centration  was  observed  to  uniformly  increase  the  exciton
ground  state  binding  energy Eb,  which  did  not  vary  by  the
properties  of  semiconductor.  In  addition,  the  exciton  ground

state  energy E1 was  found  to  rapidly  increase  when x <  0.45,
but  remains  almost  unchange  when x >  0.45.  In  the  follow-
ing,  the  underlying  reasons  for  this  phenomenon  are  dis-
cussed and investigated.

As can be seen in Figs. 4(a) and 4(b), an increase in the Al
component  was  found  to  lead  to  an  increase  in  the  ground
state binding energy and ground state energy of exciton. How-
ever,  the  opposite  trend  was  observed  for  the  ground  state
energy  and  the  ground  state  binding  energy  of  exciton.  This
is to say that while an increase in the eigenfrequency led to a
decrease in the ground state binding energy of the exciton, it
resulted in an increase in the ground state energy. More impor-
tantly,  while  varying  material  properties  did  not  change  the
ground  state  binding  energy,  this  was  not  the  case  for  the
ground state energy. The ground state binding energy repre-
sents  the  energy  that  binds  electrons  and  holes  together.  As
can  be  seen  in Fig.  2(b),  coupling  between  the  exciton  and
phonon  is  enhanced  with  with  an  increase  in  Al  concentra-
tion.  This,  accordingly,  enhances  the  exciton  self-trapping
effect,  which in turn inhibits  the ability of  the exciton to pass
through  the  crystal  and  raises  the  binding  energy.  As  can  be
seen  in Figs.  4(c)  and 4(d),  by  an  increase  in  the  eigenfre-
quency,  more  electrons  and  holes  are  bound  to  their  respec-
tive  positions,  which  accordingly,  causes  the  exciton  to  be
more  stable  and  more  difficult  to  recombine.  This,  in  turn,
leads  to  an  increase  and  a  decrease  in  the  binding  energy
and  the  ground  state  energy,  respectively.  Using  a  simple
approximation  method,  Chuu et  al.[36] studied  the  subband
structure  and  the  binding  energy  of  an  exciton  in  the
GaAs/AlGaAs  superlattice.  Both  the  exciton  binding  energy
and the subband energy were expressed as a function of well
width,  barrier  width,  and  Al  composition.  They  also  consid-
ered  the  influence  of  the  effective-mass  mismatch.  The
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Table 1.   Related parameters of AlxGa1−xAs crystals.

GaAs AlxGa1−xAs AlAs

me m (units of ) 0.067 0.067 + 0.083x 0.15
mh m (units of ) 0.62 0.62 + 0.14x 0.76

h̵ωLO  (meV) 36.25 36.25 + 38.3x + 17.12x2 −
5.11x3

50.09

ε 13.18 13.18 − 3.12x 10.06
ε∞ 10.89 10.89 − 2.73x 8.16

Eg  (eV) 1.424 1.424 + 1.247x, x < 0.45
1.9 + 0.125x + 0.143x2, x > 0.45

2.168
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energy  spacings  between  the  interband  or  the  intersubband
transitions  were  calculated  and  compared  with  the  observed
data,  which  revealed  a  good  agreement.  While  the  width  of
the  bandgap  is  considered  to  be  the  main  difference
between  the  direct  and  the  indirect  semiconductors,  the
ground state binding energy is almost unaffected by this fac-
tor. In other words, the binding energy is unaffected by varia-
tion  in  the  properties  of  the  material.  Furthermore,  since  the
ground  state  energy  of  an  exciton  determines  the  energy  of
the  exciton  recombination,  variation  in  the  bandgap  is
expected  to  directly  affect  the  ground  state  energy.  Also,  in
case of a direct semiconductor, an increase in the Al concentra-
tion  leads  to  the  enhancement  of  the  exciton  self-trapping
effect.  Consequently,  the  ability  of  the  exciton  to  pass
through the crystal  is  inhibited.  So,  the exciton is  limited to a
smaller  range,  resulting  in  the  reduction  of  the  energy
required  for  the  exciton  recombination.  Moreover,  electrons
and  holes  are  located  in  the  conduction  and  the  valence
bands,  respectively.  Therefore,  an  increase  in  the  eigenfre-
quency causes them to be more strongly restricted in the con-
duction and the valence bands (see Figs. 4(c) and 4(d)), result-
ing in more stable exciton. However, during the exciton recom-

bination process (see Fig. 4(e)), the presence of phonon extinc-
tion results  in  a  minimal  effect  of  exciton-phonon interaction
on  the  exciton  state.  Additionally,  the  exciton  recombination
is  accompanied  with  a  change  in  electron-hole  momentum,
which leads to a weak effect of the confined intensity. 

4.  Conclusion

Applying  the  linear  combination  operator  and  unitary
transformation  methods,  the  present  study  investigated  the
ground state binding energy and ground state energy of exci-
ton in AlxGa1−xAs semiconductor. The isotropic parabolic poten-
tial  and  the  Al  concentration  were  also  studied.  Accordingly,
the following results are drawn:

(1)  The  bandgap  energy  of  AlxGa1−xAs  semiconductor
was  observed  to  change  by  an  increase  in  Al  concentration.
Moreover,  while  the  AlxGa1−xAs  semiconductor  was  found  to
be  a  direct  semiconductor  at  Al  concentration  below  0.45,
the  AlxGa1−xAs  semiconductor  was  observed  to  be  an  indi-
rect one at Al concentration above 0.45;

(2)  While  the ground state binding energy of  the exciton
was  found  to  always  increase  with  an  increase  in  the  Al  con-
centration,  it  decreased  with  an  increase  in  the  eigenfre-

 

(a) (b)

(c)

(d)

(e)

Fig. 4. (Color online) (a) The influence of quantum dots and Al concentration on exciton ground state binding energy; (b) the dependence of exci-
ton ground state binding energy on quantum dots and Al concentration; (c) the parabolic potential of the electron; (d) the parabolic potential of
the hole; (e) schematic diagram of an exciton in an indirect semiconductor.
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quency  and,  accordingly,  not  influenced  by  variations  in  the
properties of the semiconductor;

(3)  When  the  AlxGa1−xAs  semiconductor  was  direct,  the
ground state energy of exciton increased with the increase of
Al concentration; however, in the case where the semiconduc-
tor  was indirect,  slight  changes were observed in the ground
state  energy  of  exciton  with  an  increase  in  the  Al  concentra-
tion.  Hence,  the  obtained  results  and  properties  can  signifi-
cantly  contribute  to  the  experimental  studies  on  correlation
exciton effect.

Moreover,  the  findings  of  the  study  can  potentially  be
used  in  adjusting  the  exciton  energy  level  in  band  gap  engi-
neering  of  semiconductor  doping  as  well  as  for  studying  the
luminescent properties of materials. 
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