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Abstract: Colloidal  CdSe  quantum  dots  (QDs)  are  promising  materials  for  solar  cells  because  of  their  simple  preparation  pro-
cess and compatibility with flexible substrates.  The QD radiative recombination lifetime has attracted enormous attention as it
affects the probability of photogenerated charges leaving the QDs and being collected at the battery electrodes. However, the
scaling  law  for  the  exciton  radiative  lifetime  in  CdSe  QDs  is  still  a  puzzle.  This  article  presents  a  novel  explanation  that  recon-
ciles this controversy. Our calculations agree with the experimental measurements of all three divergent trends in a broadened
energy window. Further, we proved that the exciton radiative lifetime is a consequence of the thermal average of decays for all
thermally accessible exciton states. Each of the contradictory size-dependent patterns reflects this trend in a specific size range.
As the optical band gap increases, the radiative lifetime decreases in larger QDs, increases in smaller QDs, and is weakly depend-
ent  on  size  in  the  intermediate  energy  region.  This  study  addresses  the  inconsistencies  in  the  scaling  law  of  the  exciton  life-
time and gives  a  unified interpretation over  a  widened framework.  Moreover,  it  provides  valuable  guidance for  carrier  separa-
tion in the thin film solar cell of CdSe QDs.
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 1.  Introduction

Owing  to  their  size-tuneable  optical  properties[1] and
high photoluminescence (PL) quantum yields at room temper-
ature[2],  colloidal  semiconductor  nanocrystals,  also  known  as
quantum  dots  (QDs),  have  been  widely  used  in  solar  cells[3],
lasers[4],  light-emitting  diodes[5],  and  bio/medical  labelling[6].
CdSe QDs are studied as prototypes[7–12] because of their ma-
ture synthesis methods[7] and tuneable emission wavelengths
covering  the  entire  visible  region[9].  Of  particular  interest  is
the influence of the nanocrystal  size (and hence emission en-
ergy)  on  the  radiative  recombination  lifetime.  For  purely  sci-
entific  reasons,  the radiative lifetime is  important for unravel-
ling  the  PL  mechanism[13];  from  a  practical  perspective,  it  af-
fects the probability that photo-induced charges in solar cells
will  leave  the  QDs  and  be  collected  at  the  battery
electrode[14].  However,  three  conflicting  lifetime–size  scaling
laws have been reported following different experiments, con-
tributing to a long-standing puzzle[15–20].

Javier et al.  were the first to conduct a systematic experi-
mental study of the influence of the nanocrystal size on the ra-
diative  lifetime  under  ambient  conditions  using  time-re-
solved  PL  spectroscopy[15].  They  explained  the  biexponential
PL decay as a combination of the decays of an intrinsic band-
edge  exciton  and  a  photoinduced  charged  exciton.  The  de-
duced  radiative  lifetimes  of  the  intrinsic  band-edge  excitons
are  linearly  correlated  with  the  nanocrystal  volume,  yet  are
up  to  hundreds  of  nanoseconds,  much  longer  than  the  cur-

rently accepted standard (tens of nanoseconds)[16–33].
Subsequently,  van Driel et al.[16] provided a more reason-

able  radiative  lifetime  scale.  They  fitted  the  kinetic  curves  of
their  high-quality  CdSe QDs to single  exponential  curves  and
found that within the emission frequency range of approxim-
ately  15  000–18  000  cm−1,  the  radiative  decay  rate  increased
supralinearly  with  the  emission  frequency.  Moreover,  de
Mello  Donega et  al.[17] reported  a  numerically  similar  result,
suggesting  that  the  spontaneous  emission  rate  increases  lin-
early  with  the  PL  peak  energy.  These  data  are  plotted  in
Fig.  1(a),  with  the  first  exciton  transition  energy  as  the  inde-
pendent variable.

Gong et  al.[18] questioned  this  lifetime–size  relationship
by  arguing  that  these  previous  studies  overrated  the  PL
quantum  yield  and  misestimated  the  QD  size.  Instead,  they
concluded that  the radiative  lifetime increases  as  the particle
size  decreases.  By  conducting  a  meta-analysis  of  the  avail-
able  experimental  studies[19, 23–25] and  performing  comple-
mentary  many-body  pseudopotential  calculations,  Califano
et  al.[21] also  revealed  a  slow  increase  in  the  radiative  life-
time  with  an  increase  in  the  excitonic  gap,  as  illustrated  in
Fig. 1(c).

Leistikow et al.[20] presented a third perspective. By meas-
uring  the  total  decay  rate  under  different  local  densities  of
states,  they revealed that,  in the energy range of 2.0–2.25 eV,
the  radiative  decay  rate  firstly  increases  and  then  decreases
with increasing emission energy within a modest overall  vari-
ation. This result also quantitatively coincided with the experi-
mental  observations  of  single  CdSe nanocrystals  obtained by
Brokmann et al.[26]. These data are presented in Fig. 1(b).

According  to  these  studies,  the  widespread  controversy
does not seem to be attributable to the diversity of measure-
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ments  (e.g.,  different  sizing[17, 34–36] or  lifetime[37] techniques)
or  the  inhomogeneities  of  samples[12, 17, 18, 38].  This  observa-
tion  inevitably  leads  to  considerations:  (i)  some  typical  stud-
ies  are  based  on  single  nanocrystal  fluorescence  spectro-
scopy[23–26] and/or  photon  correlation  techniques  (which  dir-
ectly determine the radiative lifetime of a single exciton)[24, 25, 39];
(ii)  most  samples,  especially  well-passivated  ZnS-coated  QDs,
manifest  high  luminescence  efficiency[16, 17, 26];  and  (iii)  the
emission  energy  or  frequency,  rather  than  physical  size,  is
used as the independent variable in numerous studies[16, 17, 20].
Therefore,  we attempted to identify  the underlying causes  of
this dispute.  Specifically,  a critical  factor that has been gener-
ally overlooked attracted our attention; i.e., the band-edge ex-
citon energy coverage may vary in  different  experiments.  We
replotted Figs.  1(a)–1(c)  in  one  coordinate  system,  as  shown
in Fig.  1(d).  We found that,  within the allowed error range, as
the  excitonic  gap  increases,  the  general  trend  of  the  radiat-
ive lifetime is an initial decrease followed by an increase, with
subtle variations in the intermediate region of 2.1–2.3 eV. Ac-
cordingly,  the  long-running  debate  can  be  reconciled:  differ-
ent  trends  are  derived  from  different  band  gap  energy

ranges.
For  a  more  comprehensive  understanding,  we  calcu-

lated  the  room-temperature  exciton  lifetime  of  CdSe  QDs
over a wide size range using the atomistic many-body pseudo-
potential approach[21, 22, 40, 41]. Our results are in excellent agree-
ment  with  most  published  experimental  values[16, 17, 20, 23–29].
In  the  wide  energy  window  for  the  QD  optical  gap,  we  can
identify  all  three  previously  reported  conventional  scaling
laws.  We show that the exciton radiative lifetime results from
the thermal  average of  decays for  all  thermally  accessible  ex-
citon  states.  Each  of  the  three  seemingly  inconsistent  scaling
laws represents the trend in a specific size range; as the optic-
al  gap increases,  the radiative lifetime decreases in large QDs
and  increases  in  small  QDs,  while  exhibiting  minor  variations
for  intermediate-sized  QDs.  Our  study  effectively  reconciles
the previous standpoints and draws a unified conclusion.

 2.  Methods

a b

(D/) = ba

The  CdSe  QDs  were  modelled  in  the  three  most  com-
mon  shapes  of  nanocrystals:  spherical[17],  prolate
ellipsoidal[42, 43] and  oblate  ellipsoidal[44].  All  ellipsoidal  mod-
els  were  axially  symmetric.  For  the  prolate  QDs,  we  subject-
ively chose an aspect ratio (ratio of the length of the longitud-
inal  axis  to  that  of  the  transverse  axis )  of  1.15  :  1.  This
value is equal to that observed by Moreels et al.[43] and is con-
sistent  with  the  previous  experimental  results  of  Murray
et al.[8] of 1.0–1.3. Correspondingly, the aspect ratio of the ob-
late QDs was set  to 1 :  1.15,  which is  also close to that repor-
ted by Chamarro et al.[44]. In the following, the effective diamet-
er D is  defined  as  the  diameter  of  a  sphere  with  the  same
volume as the ellipsoid [44, 45].

vide infra

Although  most  reported  CdSe  QDs  have  a  wurtzite  (WZ)
crystal structure[2, 8–10],  we instead considered the zinc blende
(ZB) structure in this study to facilitate the comparison of the
exciton  fine  structures  under  different  hole-level  splittings
(  )[33, 43–46].  The  dot  surfaces  were  fully  passivated  via
ligand potentials to remove the localised surface states associ-
ated  with  dangling  bonds  away  from  the  band  gap[41, 47].  At
low excitation density, the radiative lifetime is mainly determ-
ined by the spontaneous emission decay of single neutral ex-
citons (e–h pairs)[16, 22]. Hence, we used the monoexciton radi-
ative  decay  time  as  the  QD  radiative  lifetime  in  our  calcula-
tions.

εe,h ψe,h

ö

The  single-particle  energies  and  wave  functions 
were obtained by solving the atomic empirical  pseudopoten-
tial  Schr dinger  equations  via  the  folded  spectrum
method[48, 49]: 

(Ĥ − εref)ψe,h = (εe,h − εref)ψe,h, (1)

Ĥ = − h̵

m
∇ + V(rrr)

σ
↑, ↓

εref

where  is  the  semiempirical  nonlocal  pseudo-
potential Hamiltonian (including spin-orbit coupling) and  =

 is  the  spin  variable[40, 41].  By  placing the reference energy
 in  the  physically  interesting  range,  one  can  calculate  the

energy states close to it, removing the need for orthogonalisa-
tion[48, 49].

Eγ
Ψ

(γ)The  many-body  excitonic  energies  and  wave  func-
tions  were  obtained  in  the  framework  of  the  configura-
tion interaction (CI) scheme[40, 41]: 

 

Fig. 1.  (Color online) (a)–(c) Three trends in the relationship between
the radiative lifetime and excitonic gap of CdSe QDs at room temperat-
ure. (d) Overall trend in a wider energy range. The small energy differ-
ence  (millielectronvolt  order)  between  the  optical  band  gap  and  PL
peak energy (electronvolt order) is ignored. Solid dots: calculated res-
ults  obtained  by  Califano et  al.[21];  circles:  experimental  values  for
CdSe  QDs[16, 17, 20, 24];  hollow  diamonds:  experimental  values  for
CdSe/ZnS  core/shell  QDs[23, 25, 26];  dashed  curves:  polynomial  fitting
curves; shaded region: permitted deviation.
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Ψ
(γ) = Nh

∑
h=

Ne

∑
e=

C(γ)
h,eΦh,e , (2)

 

Nh

∑
h′=

Ne

∑
e′=

Ĥhe,h′e′ C
(γ)
h′,e′ = EγC

(γ)
h,e , (3)

Ne Nh

{Φh, e}
ψe ψh C(γ)

h, e

Ĥhe,h′e′{Φh, e} E

where  and  are  the  total  number  of  single-particle  elec-
tron and hole states included in the expansion of the exciton
wave functions, respectively. The single-substitution Slater de-
terminants  are constructed from the single-particle elec-
tron  ( )  and  hole  ( )  wave  functions.  The  coefficients 
are  the  eigenstates  of  the  CI  Hamiltonian  in  the  basis
set .  The  excitonic  gap ,  also  known  as  the  optical
band  gap[50],  is  defined  as  the  energy  of  the  lowest  excited
state.

τγ Ψ
(γ)In  the  time-dependent  perturbation  theory  framework,

the  radiative  decay  time  for  the  transition  from  to  the
ground state can be computed as[21, 22, 51]
 


τγ

=
nFlocαω


γ

c
»»»»»MMM(γ)»»»»» , (4)

α
c ωγ

Floc = n/(n + εQD)
εQD

MMM(γ)
C(γ)
h, e

where n is  the  refractive  index  of  the  surrounding  medium
(we  took n =  1.496,  the  refractive  index  of  toluene,  the  most
common  solvent  for  dissolving  CdSe  nanocrystals);  is  the
fine structure constant;  is the speed of light in a vacuum; 
is  the  frequency  of  the  emitted  light;  is
the local-field correction factor based on the 'nanocrystal'-cav-
ity  model,  which  takes  into  account  both  the  dielectric  con-
stants of the medium and the semiconductor, and  repres-
ents  the  high-frequency  dielectric  constant  of  the  QD  calcu-
lated  using  a  modified  Penn  model[21, 22, 51, 52];  and  is  the
dipole  matrix  element  that  can  be  established  after  obtain-
ing  the  exciton  eigenstates  by  directly  diagonalising  the
CI Hamiltonian[40]: 

MMM(γ) = ∑
h,e

C(γ)
h,e ⟨ψh ∣̂rrr∣ψe⟩ . (5)

τR(T)
T = 

The radiative lifetime  at temperature T (this text ad-
opted  room  temperature  K)  was  calculated  through
Boltzmann statistics, as follows[21, 51]: 


τR(T) =

∑
γ


τγ
e−(Eγ−E)/kBT

∑
γ

e−(Eγ−E)/kBT , (6)

kBwhere  is the Boltzmann constant.

 3.  Results and discussion

 3.1.  Exciton fine structure

aB

Td
Se
sz = ±/

Td
S/

M = ±/,±/ Jh = /

The optical properties of semiconductors depend princip-
ally on their electronic structures. In semiconductor nanocrys-
tals  smaller  than  the  diameter  of  the  bulk  Bohr  exciton,  the
electrons and holes are highly confined, and their energies ex-
hibit discrete levels analogous to those of atoms (Ref.  [1]  and
Fig.  2(a)).  This  condition  is  fulfilled  for  colloidal  CdSe  QDs
with conventional sizes of 1.5–10 nm, as the exciton Bohr radi-
us  of  bulk  CdSe  is  5.6  nm[9].  Thus,  the  QD  quantum  states
can be described using the  notations  employed to  name the
quantum states of  atomic systems[53].  Moreover,  at  the atom-
ic  level,  nanocrystals  are  structurally  identical  to  their  bulk
counterpart; spherical CdSe QDs with a cubic (zinc blende) lat-
tice  structure  preserve  the  symmetry  in  the  underlying
bulk[40].  The  lowest  electronic  state  is  doubly  degenerate
with  respect  to  its  spin  projection [45],  mainly  trans-
formed  from  the  conduction  band  bottom  of  bulk  CdSe  ac-
cording to the irreducible  representation Γ6 (in  double group
notation[54]) of the point group [40]. Similarly, the highest hole
state  is  quadruple  degenerate  regarding  projections

 of  its  total  angular  momentum [53, 55],
mostly  transformed  from  the  valence  band  maximum  of  the
bulk  material  according  to  the  irreducible  representation  Γ8

(Ref. [40] and Fig. 2(a)).
The energy-lowering Coulomb attraction binds the band-

edge  electron  and  hole  together,  giving  rise  to  an  exciton

 

S/Se P/Se
F Jh Se

K =  K ≠  Δ > 

Δ < 

Fig. 2. (Color online) (a) Schematic of the near-edge single-particle levels of ZB-CdSe QD. The P hole states are indicated by short-dashed lines.
(b) Scheme of band-edge exciton levels. (c) Diagram showing the exciton fine structures of  and  states. The dotted lines represent
the 'dark'  states,  whereas the solid lines represent the 'bright'  states.  The numbers in brackets represent the degeneracy of energy levels.  The
total angular momentum of an exciton ( ) is the sum of the total angular momentum of the hole ( ) and electron ( ). From left to right are the ex-
citon states that exclude the exchange interaction ( ), include the exchange interaction ( ), and consider the anisotropic effect (  and

).
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S/Se Γ ⊗ Γ Γ ⊕ Γ ⊕ Γ

K

F = 
ΔEX

F = 

state  (  =  in  the  language  of  gro-
up  theory[54, 56])  with  eight-fold  degeneracy  (Ref.  [53]  and
Fig.  2(b)).  Such  degeneracy  is  lifted  by  the  electron–hole  ex-
change interaction ,  which typically has a short-range and a
long-range  component,  resulting  in  an  'exciton  fine
structure'[33, 40, 57].  The  optically  active  ('bright')  three-fold  Γ5

state with a total angular momentum of  has a higher ex-
change energy  than the optically passive ('dark') degener-
ate  three-fold  Γ4 and  two-fold Γ3 states  with [33, 56].  This
two-level  exciton  structure  is  shown  schematically  in  the  left
column of Fig. 2(c).

Td

S/ M = ±/
M = ±/

MF

F
MF =  U MF = ± ±U

MF = ± ± MF = ± ±L MF =  L

U L
±L ±U U

± L Δ

± Δ >  L Δ < 
Δ = Δin + Δsh Δin

Δsh

Δin =  Δsh >  Δsh < 

c Δin > 

Δin Δsh

K ≠ 

Δ

The  symmetry  can  be  broken  by  the  intrinsic  asym-
metry of the hexagonal crystal field (in the wurtzite structure)
and the non-spherical shape of QDs. These nanocrystal aniso-
tropies  split  the  hole  state  into  the  'heavy'  ( )
and 'light'  ( )  hole sublevels,  further removing the de-
generacy  of  exciton  states[33, 46].  Labelling  the  exciton  fine
levels  in terms of  the projection  of  their  total  angular  mo-
mentum [55],  the  high-lying Γ5 state  evolves  into  one  level
with  (marked  by )  and  another  with  ( ),
whereas  the  low-lying  Γ3,4 states  split  into  one  level  with

 ( ),  one  with  ( ),  and  one  with  ( ).
Here  and  correspond to the 'upper'  and 'lower'  states,  re-
spectively.  States , ,  and  are  optically  active,  where-
as  states  and  are  optically  passive.  The  net  value  of
the  light–heavy  hole  level  splitting  determines  which  of  the
above  states  is  the  exciton  ground  state;  i.e.,  the  lowest  en-
ergy exciton state is  for  and  for . The net split-
ting  is  the  sum  of  a  crystal  field  component 
and  a  non-spherical  component .  In  the  case  of  ZB-CdSe
QDs, ;  for  oblate  crystals  and  for  pro-
late crystals. In the case of WZ-CdSe QDs, the growth axis coin-
cides  with  the  wurtzite -axis, ;  for  oblate  and  spheric-
al crystals, the order of exciton levels is the same as that in ob-
late ZB-CdSe QDs; for elongated crystals,  and  are oppos-
ite  in  sign  and  mutual  restraint,  and  the  order  of  fine  states
may  be  one  of  the  three  cases  when  in Fig.  2(c)[33, 46].
Note  that  the  dependence of  the  spacing and order  of  these
levels  on  the  dimension,  shape,  and  crystal  structure  has
been  debated  extensively[33, 58–60].  As  the  main  purpose  of
this article is  to elucidate the size scaling law of radiative life-
time in spheroid CdSe QDs, we simulated only a specific class
of  systems  in  each  case.  ZB-CdSe  QDs  are  clearly  the  more
convenient  candidates.  By  designing  the  size  and  aspect  ra-
tio  of  ZB-CdSe QDs,  one can simulate  the  band-edge exciton
fine structure of WZ-CdSe QDs[46]. In fact, in the strong confine-
ment regime, the hexagonal crystal  field effect is  easily offset
or  masked  by  the  deviations  from  sphericity.  Specifically,  the
small  prolate  WZ-  and  ZB-CdSe  QDs  with  an  aspect  ratio  of
1.15 : 1 have similar exciton fine structures and are optically in-
distinguishable on the nanosecond time scale[43].

P/ S/
P/Se

S/Se P/Se
S/ Td

P/
Se

It  has  long  been  known  that  in  CdSe  QDs,  the  hole  sta-
te  is  energetically  the  closest  to  the  hole  state 
(Ref.  [53]  and Fig.  2(a)).  Accordingly,  in  the  two-particle  pic-
ture Fig.  2(b),  the  energy  level  for  the  exciton is  close
to  that  for  the  exciton.  Therefore  may  play  a
role in the optical transition process[18, 33], and a related discus-
sion is necessary. Similar to the hole state , in the  point
group,  the  hole  state  also  originates  from  the Γ8 bulk
valence  bands[40].  Considering  that  the  electron  state 

Γ ⊗ Γ

Td Γ ⊕ Γ ⊕ Γ

P/Se F = 
F =  Γ

Γ, P/Se
S/Se

Γ Γ

P/Se
S/Se

Γ

Γl Γt

Γ Γ

Γl Γl Γt Γt

P/Se
P/Se

has Γ6 symmetry, the direct product  leads to three irre-
ducible  representations .  As  pointed  out  by
Ajiki et al.[61] and Sercel et al.[33], the long-range exchange inter-
action for the eight-fold states  shifts the five-fold 
(Γ3 and Γ4 ) level above the three-fold  ( ) level. Our atom-
ic calculations show that the  states in  are pre-split
for spherical ZB-CdSe QDs, contrary to the  exciton mani-
fold, where the  states are unsplit from the  states. Further-
more,  the  sublevels  of  exciton  are  more  densely
packed  than  those  of [33].  Consequently,  additional
split  fine  levels  due  to  anisotropic  effects  can  easily  cross  or
overlap  with  each  other.  Continuing  to  use  the  total  angular
momentum  projection  to  denote  the  fine  energy  levels
would  cause  confusion,  because  it  is  difficult  to  clearly  refer
to  'upper'  and  'lower'.  Labelling  the  exciton  fine  levels  with
Koster's notation[54] is more convenient. As shown in Fig. 2(c),
in the presence of nanocrystal asymmetries, the  states split
into  a  longitudinal  exciton  and  a  transverse  exciton ,
whereas the  and  states each split into a longitudinal sing-
let  ( , )  and  a  transverse  doublet  ( , )[56].  It  is  note-
worthy  that  the  exciton  fine  structure  depends  strongly  on
the  size  and  shape  of  the  QD,  the  actual  order  of  the 
sublevels may not exactly coincide with those depicted in the
figure.  Although  the  exciton  states  are  dipole  prohib-
ited  due  to  parity[33, 53],  these  states  are  not  completely  zero,
because  of  the  atomic  characteristics  of  single-particle  wave-
functions  and  the  interactions  between  exciton  configura-
tions[22].

 3.2.  Optical band gap sizing curve

The excitonic gap is often regarded as a substitute meas-
urement  for  the  QD  size  because  of  their  one-to-one  corres-
pondence[17].  Considering  that  the  band  gap  can  be  directly
observed in optical measurements of the exciton radiative life-
time[37] and that excitonic gap measurements are more accur-
ate  and repeatable  than QD size  measurements[17],  it  is  more
suitable to use a scaling law for the radiative lifetime as a func-
tion of the optical band gap, as shown in Fig. 1.

Č

Correct estimation of the optical band gap is a prerequis-
ite  for  the  energy-dependent  reliability.  As  a  function  of  the
QD effective  diameter  (in  nanometers),  our  calculation of  the
excitonic  gap  (in  electronvolts)  of  ZB-CdSe  QDs  is  compared
with the available experimental data[62–68],  as shown in Fig.  3.
Notably,  within  the  size  range  considered  in  this  study,  most
calculated values  and experimental  data  fall  on the empirical
curve proposed by apek et al.[63]: 

EQD
g (D) = . +


.D − .D + .

. (7)

This  fitting method is  derived from the tight-binding calcula-
tion of PbSe nanocrystals by Allan et al.[69]: 

EQD
g (D) = Eg(∞) + 

ζ D − ζD + ζ
, (8)

ζ  ζ ζ

D ⩽ aB aB

where , ,  and  are  fitting parameters.  This  calculation fo-
cuses  on  the  size  range  corresponding  to  strongly  con-
strained  systems  ( ,  is  46  nm  for  bulk  PbSe[69] and
5.6  nm  for  bulk  CdSe[50]).  For  comparison,  under  strong  con-
finement  conditions,  the  first  exciton  transition  energy  of  a
spherical  QD  of  diameter D,  calculated  using  the  effective
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mass approximation (EMA),  is  as  follows[8, 42] (dash–dot  curve
in Fig. 3): 

EQD
g (D) = Eg(∞) + πh̵

D [ 
m∗

e
+


m∗

h
] − .e

ε∞D/ . (9)

In  the  large-size  limit,  this  approximation  agrees  reasonably
well with the ZB-CdSe empirical curve; however, it overestim-
ates  the  results  for  smaller  nanocrystals.  The  unjustified  as-
sumption  of  the  infinite  potential  barrier  at  the  surface  and
the  over-approximation  of  the  parabolic  shape  of  energy
bands  at  even  higher  wave  vectors  are  primarily  responsible
for the deviation[43, 70].

By contrast, the fitting curves by de Mello Doneg et al.[17],
Yu et al.[35], and Jasieniak et al.[71] for WZ-CdSe QDs closely ap-
proximate  the  empirical  curve  for  ZB-CdSe  QDs  for  dot  sizes
smaller than 3.8 nm. However, divergences are gradually not-
able  for  diameters  greater  than  4  nm  because  of  the  interior
bonding geometry of the lattice structures[43, 60]. These curves
are  graphically  indistinguishable  in  the  high-energy  region,
as the crystal field effect found exclusively in the wurtzite struc-
ture  is  negligible  compared  to  the  limit  of  strong  confine-
ment[60].  The  differences  in  the  sizing  curves  further  support
the  appropriateness  of  describing  the  quantum  confinement
effect in terms of energy dependence rather than size depend-
ence.

 3.3.  Size dependence of the exciton radiative lifetime

at room temperature

Based  on  the  established  'particle  size–optical  gap'  rela-
tionship,  we  compared  the  room-temperature  radiative  life-
time (in nanoseconds) of CdSe QDs predicted by our method

with the experimental  results from previous study.  It  is  worth
notifying that we deliberately chose the results for single QDs
or diluted solutions of  QDs with narrow particle  size distribu-
tion  when  collecting  experimental  data.  As  shown  in Fig.  4,
our  theoretical  values  agree  well  with  most  experimental
results[16, 17, 20, 23–29].  The  complexity  of  the  dielectric  environ-
ment[20] and the presence of nonradiative recombination chan-
nel[18] may  be  the  major  factors  in  the  deviation  of  our  res-
ults from the experiments. In addition, the lack of experiment-
al  data  in  high-energy  regions  is  due  to  the  inability  to  de-
tect PL signals effectively at room temperature. This section il-
lustrates  how  the  exciton  fine  structure  of  the  QDs  determ-
ines the non-monotonic variation.

As described in Section 3.2,  although CdSe QDs of  differ-
ent  shapes  may  have  different  exciton  fine  structures,  all  the
lowest  exciton  states  are  optically  passive,  followed  by  high-
er-lying optically  active states[17, 60].  Accordingly,  a  three-level
thermal  equilibrium  model  can  be  extracted,  which  includes
a  ground-state  level,  lower  (dark)  energy  level,  and  higher
(bright) energy level.

Eγ

pγ = e−(Eγ−E)/kBT

de  Mello  Donega et  al.[17] argued  that  only  the  higher
bright  level  should  be  considered  because  of  the  inappre-
ciable  contribution  of  the  dark  states  to  light  emission.
However, as the exciton population follows the Boltzmann dis-
tribution[21, 51],  the  bright  excitonic  level  of  energy  is  not
completely  thermally  occupied,  but  rather  has  an  excitation
probability  relative  to  the  lowest  dark  level.
The  dark  level,  playing  the  role  of  a  storage  tank  of  the  ex-
citon  population[18, 72],  could  prolong  the  measured  appar-
ent  radiative  lifetime  several  times.  Thus,  it  should  not  be  ig-
nored.

Notably,  van Driel et al.[16] reported a similar result based
on an exciton fine structure model. They held that the radiat-
ive recombination rate is  determined by the thermal occupa-

 

Č

Fig. 3. (Color online) Excitonic gap of ZB-CdSe QDs as a function of the
effective diameter. The current calculation results are represented by
purple  points,  where  the  regular  triangles,  dots,  and  inverted  tri-
angles denote the data for prolate, spherical, and oblate QDs, respect-
ively. Experimental data: ■ from Ref. [67]; ●, □, and ○ from Ref. [63]; ◆
from Ref.  [65];  ◇ from Ref.  [62];  ● from Ref.  [68]; ◆ from Ref.  [66]; ■
from  Ref.  [64].  An  empirical  fitting  curve  for  ZB-CdSe  QDs  by apek
et al.[63],  (purple solid curve) and WZ-CdSe sizing curves according to
Jasieniak et  al.[71] (black  dotted  curve),  Yu et  al.[35] (black  dashed
curve), and de Mello Donega et al.[17] (black solid curve) are displayed.
Dash –dot  curve:  prediction  of  EMA  by  Brus et  al.[42];  purple  dashed
line: band gap of bulk CdSe at room temperature[50].

 

n = .

Fig.  4.  (Color  online)  Comparison  of  our  simulated  QD  radiative  life-
times with experimental data over a wide energy window. Purple sol-
id points: present calculated values, where the regular triangles, dots,
and inverted triangles represent the data for prolate, spherical, and ob-
late QDs, respectively. Green solid dots: calculated results by Califano
et  al.[21];  circles:  experimental  values  for  CdSe  QDs[16, 17, 20, 24, 27];  dia-
monds: experimental values for CdSe/ZnS core/shell QDs[23,25, 26, 28, 29];
purple curve: polynomial fitting curve; shaded region: permitted devi-
ation.  Note:  *  All  experiments  were  conducted  in  a  medium  with

, except for Kasier's measurement in water[28].
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tion  of  a  dark  exciton  state,  whose  position  is  higher  than
that of a bright state. This model contradicts the confirmed ex-
perimental  facts[45, 73] leading  to  their  complementary  tight-
binding calculated decay rates being approximately 75% smal-
ler than the experimental observations.

P/Se

The  'dark–bright'  exciton  fine  structure  model  we  dis-
cussed  in  the  preceding  section  was  proposed  by  Efros et  al.
and was strongly supported by measurements of the time de-
cay of dark excitons in CdSe nanocrystals under low-temperat-
ure  external  magnetic  fields[45].  Nevertheless,  Gong et  al.[18]

noted  that  the  model  is  inaccurate  in  the  high-temperature
limit  (including  at  room  temperature),  as  the  higher-energy

 exciton  manifold  is  also  thermally  accessible.  Further-
more, Califano et al.[21, 22] found that the contributions of high-
er  exciton  states  should  be  included  when  calculating  the
room-temperature thermal average of the radiative rate.

τ S/Se
τ S/Se
τ

S/Se P/Se τ

To address these contraries, we calculated the room-tem-
perature radiative lifetime at different levels of complexity cor-
responding  to  (i) :  only  the  bright  states  in  the  ex-
citon  manifold,  (ii) :  the  thermal  average  of  the  ex-
citon manifold, (iii) : the thermal average of exciton states de-
rived  from  and ,  and  (iv) :  the  thermal  aver-
age  of  all  thermally  accessible  states.  Our  results  are  organ-
ised in Fig. 5.

Γ

F = 
S/Se

±L

±U U Γ

For  spherical  ZB-CdSe  QDs,  only  the  three-fold  state
( )  is  bright  among  the  energy  states  associated  with  the
optical  transitions.  For  the  ellipsoid  QDs,  although
state  is  also optically  allowed,  its  oscillator strength is  1–3
orders  of  magnitude  smaller  than  that  of  the  upper  excitons

 and  evolved  from  the  state.  Therefore,  we  decided

±L

τ

Γγ = τ−γ

∣M∣ ⟨ψe∣p̂pp∣ψh⟩ =
imωeh ⟨ψe ∣̂rrr∣ψh⟩ ⟨ψe∣p̂pp∣ψh⟩

Γγ ∝ ωγ

k ⋅ p

f

fγ ∝ ω−
γ

fγ ∝ Γγω
−
γ

Γγ = const ⋅ ωγ

to  address  only  these  upper  bright  states  in  this  paragraph,
leaving  the  lowest  bright  state  for  the  next  paragraph.  In
Fig.  5,  at  first  glance,  the  bright  exciton  radiative  lifetime 
shows little size dependence. However,  a sublinear relation is
presented  (inset)  when  the  data  are  replotted  as  the  radiat-
ive  rate  (in  ns–1)  versus  the  excitonic  gap.  According  to  Eq.
(4), the radiative rate  is the culmination of two oppos-
ite  trends  as  the  QD  size  is  reduced:  an  increase  in  the  ex-
citon transition energy (due to  the quantum confinement  ef-
fect) and a decrease in the overlap between the electron and
hole  wave  functions  (leading  to  smaller  dipole matrix  ele-
ments )[22].  On  the  basis  of  the  relationship  between  the
momentum  and  dipole  matrix  elements 

 and the assumption that  is independ-
ent  of  the  nanocrystal  size,  one can predict [16, 74].  For
the  same  reason,  de  Mello  Doneg et  al.  also  presented  a  lin-
ear  dependence  of  the  bright  exciton  radiative  rate  on  the
emission  frequency  in  the  framework  of  the  theory[17].
This  prediction  is  consistent  with  several earlier  EMA
studies[75, 76],  which  pointed out  that  the  oscillator  strength 
of  the  band-edge  excitons  has  a  weak  size  dependence:

. Considering that the emitted oscillator strength is re-
lated  to  the  spontaneous  emission  rate [77],  a  linear
relationship can be obtained: . Nonetheless, be-
cause  of  the  atomistic  character  of  single-particle  wave  func-
tions,  as  well  as  the  interstate  coupling  of  exciton  configura-
tions[22],  our  calculations  show that  many-body dipole  matrix
elements increase with increasing nanocrystal diameter, result-
ing in a sublinear band gap-dependent radiative rate.

τ
τ

S/Se

pγ = e−(Eγ−E)/kBT
S/Se

F = 

ΔEX ΔEX ΔE(SR)X

ΔE(LR)X

ΔE(SR)X D−

D ΔE(LR)X

ΔE(SR)X

ΔEX ∼ D−

±L ∣Δ/∣
Δ

±U

U

Although  decreases as  the QD diameter decreases,  the
thermally  averaged  lifetime  of  the  exciton  states  derived
from  increases  (Fig.  5).  As  mentioned  previously,  the
thermal  excitation  probability  of  a  bright  exciton  level  is  in-
versely  exponentially  related  to  the  energy  separation
between  it  and  the  lowest  dark  state: .  Within
the  exciton  manifold  in  spherically  symmetric  CdSe
QDs,  only  the  upper  state  ( )  is  bright,  and  its  distance
from  the  ground  dark  state  is  described  as  exchange  split-
ting . In general,  consists of a short-range ( ) and
a  long-range  ( )  component[33, 40, 57].  In  the  multiband
EMA represented by Efros et al.[33, 45],  scales as  with
the  nanocrystal  diameter ,  and  is  approximately  2.5
times larger than  in CdSe. Atomistic pseudopotential cal-
culations[40] showed  instead  the  total  exchange  splitting

,  which  was  confirmed  by  later  experiments[78].  For
the slightly prolate and oblate ellipsoidal  QDs,  asymmetry ef-
fects can be considered a perturbation to the exchange interac-
tion,  especially  when  the  dots  are  small.  The  distance
between  the  lowest  bright  state  and  the  ground  dark
state varies  less  with the QD size,  converging to  at  the
smallest  limit  (  is  the  total  value  of  the  light–heavy  hole
level  splitting)[33].  In  contrast,  the  size-dependent  behaviours
of  the energy distances from the upper  bright  states  and

 to the ground state are similar to that of the exchange split-
ting  in  spherical  ZB-CdSe  QDs.  Ultimately,  the  moderate  in-
crease in the radiative decay rate of the bright excitons is insuf-
ficient  to  balance  the  drastic  decline  in  the  corresponding
thermal  population as  the QD size is  reduced.  Hence,  the lat-
ter  should  be  responsible  for  increasing  the  weighted  aver-

 

τ
S/Se τ

S/Se τ
S/Se P/Se τ

S/Se

Fig.  5.  (Color online)  Dependence of  the room-temperature radiative
lifetime  on  the  optical  gap  for  different  levels  of  complexity  in  the
many-particle  treatment.  For  the  meanings  of  the  regular  triangles,
dots, and inverted triangles, see Fig. 4.  (blue points): only the bright
states in the  exciton manifold;  (green points): thermal aver-
age of the  exciton manifold;  (orange points):  thermal aver-
age  of  exciton  states  derived  from  and ;  (purple
points):  thermal average of all  thermally accessible states (same data
as denoted by the purple data points  in Fig.  4).  On the upper x-axis,
three representative QD effective sizes are shown. Inset: dependence
of  the  radiative  rate  of  the -derived  bright  exciton  on  the  ex-
citonic gap.
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τage lifetime  with the excitonic gap. These findings also con-
firm  that  the  integrated  extinction  coefficients  increase  with
increasing particle radius[18, 35, 71].

kBT

P/Se

P/Se
P/Se

Γ Γ

Γ

Γ

Γ

P/Se
S/Se

It  is  also  noteworthy  that  some  new  features  emerged
when higher excitonic states were taken into account. For or-
dinary colloidal CdSe QDs, the exchange splitting is several to
tens  of  millielectronvolts  depending  on  the  particle  size,
comparable  to  or  even  smaller  than  at  300  K  (approxim-
ately  25.8  meV).  In  this  case,  the  higher  exciton  states  may
also  be  thermally  accessible.  Gong et  al.  also  stated  that  the

 exciton  should  not  be  ignored[18]. Figs.  6(a)–6(c)  de-
pict the single-exciton absorption spectra of the spherical ZB-
CdSe QDs with diameters of 2, 4, and 8 nm (corresponding to
the  three  regions  in Fig.  2)  and  the  thermal  population  of
these  exciton  states  at  room  temperature.  In  the  same  way,
Figs.  6(d)–6(f)  and Figs.  6(g)–6(i)  sketch  the  exciton  states  of
the  oblate  and  prolate  QDs  with  excitonic  gaps  similar  to
these spherical  QDs,  respectively.  It  can be seen that in these
nine nanocrystals, the  excitons are all thermally access-
ible.  Exchange  interaction  and  shape  asymmetry  split  the
eight-fold  exciton  state  into  five  partially  degenerate
dark  states  (of  and )  and  three  partially  degenerate
'bright'  states  (of ).  Here,  'bright'  appears  inside  quotation
marks because although the  symmetry is optically allowed,
the  parity  difference  of  electrons  and  holes  renders  the 
states in  with oscillator strength several orders of mag-
nitude smaller  than that of  the bright states in [53].  The

P/Se
τ

P/Se

τ
P/Se

τ
P/Se

participation of the optically inactive exciton manifold 
could  extend  the  calculated  average  lifetime .  When  the
nanocrystal  is  small,  the  probability  of  excitons  being
thermally occupied is very low, and their influence on the aver-
age  lifetime  is  negligible.  As  the  dot  size  increases,  however,
the  extension  to  the  total  lifetime  becomes  progressively
more significant  due to the increased involvement of .
Moreover,  tends  to  be  constant  at  the  large  size  limit  be-
cause  when  the  nanocrystal  is  large  enough,  will  be
close  to  the  ground  state,  and  its  thermal  population  will  al-
most  saturate.  This  result  is  also  consistent  with  the  recent
EMA calculations of Sercel et al.[33].

P/Se

S/Se

τ
τ

It is well known that higher-energy exciton states (includ-
ing,  but not limited to, )  approach the ground state as
the  nanocrystal  size  increases[53].  Thus,  the  number  of
thermally  accessible  states  increases  substantially  (Fig.  6),
indicating  more  significant  contributions  to  the  average  life-
time  for  larger  Boltzmann  populations.  In  addition,  the  life-
time  dramatically  increases  owing  to  the  dark  states  forming
the majority.  This  increase overcompensates for  the decrease
caused  by  the  bright  sublevels  that  are  closer  to  the
ground  state  under  the  larger  size  limit.  All  thermally  access-
ible exciton states ultimately induce the profile of the QD radi-
ative lifetime ,  as  shown in Fig.  5.  In  the low energy region,
the lifetime  decreases with the excitonic gap. However, it is
worth  noting  that  this  conclusion  does  not  support  the  as-
sumption  of  de  Mello  Donega et  al.,  that  is,  the  decays  of

 

S/Se
P/Se

Fig. 6. (Color online) Single-exciton absorption spectra of (a–c) the spherical ZB-CdSe QDs with diameters of 2 (left), 4 (middle), and 8 nm (right)
as well as those of (d–f) the oblate ZB-CdSe QDs and (g–i) prolate ZB-CdSe QDs with excitonic gaps similar to these spherical QDs. Blue dashed
line:  position of  the first  exciton transition energy;  blue solid line:  oscillator  strength line of  bright states in ;  green solid line:  oscillator
strength line of `bright' states in ; black solid line: oscillator strength line of higher-energy states; orange curve: Boltzmann population at
300 K. The transition intensity is logarithmic (left), whereas the distribution probability is linear (right). The QD radiative lifetime at 300 K is also
shown. Inset: 3D model of the QDs (to scale).
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bright  excitons  alone  lead  to  the  linear  increase  in  the  QD
spontaneous emission rate with emission energy. Our calcula-
tions show that the thermally averaged radiative lifetime is sev-
eral times longer than the bright exciton lifetime.

 4.  Conclusion

We  investigated  the  room-temperature  radiative  lifetime
of CdSe QDs over a wide size range using a fully atomistic the-
ory  that  accounts  for  many-body  effects.  Our  theoretical  val-
ues are in  good agreement with most  experimental  data.  We
showed  that  the  QD  radiative  lifetime  is  a  consequence  of
the thermal average of all  thermally accessible exciton states.
The  unified  size  scaling  law  described  herein  can  be  con-
sidered  globally  in  a  broader  energy  window,  in  contrast  to
the three contradictory local  trends seen in their  correspond-
ing energy windows. Accordingly, the exciton lifetime in each
emission  frequency  band  can  be  predicted  effectively.  This
study  resolves  a  long-standing  knowledge  gap  in  the  beha-
viour  of  CdSe  QDs.  Moreover,  it  provides  valuable  guidance
for  carrier  separation  in  the  colloidal  QDs  that  make  up  the
photovoltaic absorber material, opening the way for future en-
hancements and use of this technology.
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