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Abstract: The vibrational frequency (VF), the ground state (GS) energy and the GS binding energy of the weak electron-phonon
coupling polaron in a quantum well (QW) with asymmetrical Gaussian confinement potential are calculated. First we introduce
the linear combination operator to express the momentum and coordinates in the Hamilton and then operate the system
Hamilton using unitary transformation. The results indicate the relations of the quantities (the VF, the absolute value of GS en-
ergy and the GS binding energy) and the parameters (the QW barrier height and the range of Gaussian confinement potential in
the growth direction of the QW).
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1.  Introduction

Quantum  structures  in  low-dimensional  materials  (LDM)
have been employed powerfully  in  the  last  twenty  years  due
to their fundamental physical properties[1, 2] and wide applica-
tions[3].  There  are  many  forms  of  these  quantum  structures
such as quantum dots, quantum wires, quantum rods, superlat-
tices  and  quantum  wells[4–8] in  LDMs.  Among  the  quantum
structure  forms,  there  has  been  great  interest  in  the  physics
properties of quantum wells (QWs). QWs with very small dimen-
sions  have  been  manufactured  using  advanced  experimental
technologies. The size, shape and other physical and chemical
properties can be controlled well in the experiments. Ambach-
er et  al.[9] experimentally  observed  pyroelectric  effects  in  the
Al(In)GaN/GaN structures and QWs. Makino et al.[10] discussed
mainly  experimentally  the  exciton  optical  properties  in  ZnO-
based multiple quantum well (MQW) heterostructures. Aumer
et al.[11] reported on the luminescence properties of the tensile
and compressive strain in the AlInGaN/InGaN QW. From these
experiments, controlling the QW physical properties is interest-
ing  and  has  meaning  for  not  only  the  fundamental  physics,
but also for potential application because of the special physic-
al  properties  in  these  semiconductor  LDM  devices.  In  recent
years,  the  electron  and  polaron  properties  in  the  QW  have
been widely studied using various methods. The confinement
potentials  play  an  important  role  in  electronic  and  polaronic
properties in a variety of QWs. It is noteworthy that the confine-
ment potential is more important for the theoretical investiga-
tions of the polaron in the material quantum wells. It is known
that the confinement potential is usually chosen as a parabol-
ic  potential.  The  previous  works  concentrated  on  the  use  of
parabolic  potential  in  the  QWs.  So,  the  QWs  should  be  con-

sidered in other different potential forms (such as cylindrical, hy-
perbolic, Gaussian and spherical). However, the form of Gaus-
sian potential is closer to the actual circumstances in the QWs.

Recently,  using  a  Gaussian  potential,  many  researchers
have  studied  the  electronic  and  polaronic  properties.  For  ex-
ample, Nandi et al.[12] discussed the different features of a po-
tential in the form of a Gaussian well. Wu et al.[13] studied the ef-
fects of the nonlinear optical rectification polaron in QWs with
asymmetrical Gaussian confinement potential (AGCP) and elec-
tric field.  Xiao[14] investigated that the hydrogen-like impurity
and temperature influence on the bound strongly-coupled po-
laron’s  state levels  and transition frequency in AGCP QWs us-
ing the Pekar variation.

Based on these investigations, we found that a new confin-
ing  potential  is  proposed  as  the  Gaussian  potential.  The  new
potential,  which contains AGCP, is practical for calculating GS
energy  and  the  GS  binding  energy.  However,  considering
AGCP to study the VF,  the GS energy and the GS binding en-
ergy isn’t investigated.

In the present article, we use simple methods (linear com-
bination operator and twice unitary transformation) to investig-
ate the polaron’s VF, GS energy and GS binding energy in the
AGCP QWs.  Our  results  provide a  theoretical  basis  for  low di-
mensional nanomaterials.

2.  Theory model

An  electron  is  confined  in  the  QW  with  AGCP.  The  elec-
tron  is  moving  in  a  GaAs  semiconductor  crystal  and  interact-
ing  with  bulk  longitudinal  optical  (LO)  phonons.  The  system
Hamiltonian has the following forms:
 

H =
p2

2m
+V (z)+

∑
q

h̄ωLOa+q aq

+
∑

q

(
Vqaq exp(iq · r)+h · c

)
, (1)
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where
 

V (z) =

−V0 exp
− z2

2R2

 , z ⩾ 0,

∞, z < 0.

(2)

a+q
(
aq

)
V (z)

V0
Vq α

In  the  above  equation, m is  the  electron  band  mass,
 denotes  the  creation  (annihilation)  operator  of  the

bulk  LO  phonon. q, p and r are  the  wave  vector,  momentum
and position vector of the electron, respectively.  is the z-
directional  AGCP  that  represents  the  growth  direction  of  the
QWs[15].  and R are the QW’s barrier height and the range of
the AGCP, respectively.  and  in Eq. (1) are
 

Vq = i
(

h̄ωLO
q

)(
h̄

2mωLO

) 1
4
(

4πα
v

) 1
2
,

α =

 e2

2h̄ωLO

(2mωLO
h̄

) 1
2
(

1
ε∞
− 1
ε0

)
. (3)

We  operate  the  twice  unitary  transformations  to  the
Hamiltonian in Eq. (1)[16]:
 

U1 = exp

−i
∑

q
q · ra+q aq

 , (4a)

 

U2 = exp

∑
q

(
a+q fq−aq f ∗q

) , (4b)

fq
(

f ∗q
)

b+j b j

 is  the  variational  function,  then  we  introduce  the

linear combination operator  and [17]:
 

p j =

(
mh̄λ

2

) 1
2 (

b j+b+j
)
,

r j = i
(

h̄
2mλ

) 1
2 (

b j−b+j
)
, (5)

λwhere  is the variational parameter. The GS wave function is
expressed as
 

|ψ0⟩ = |0⟩a|0⟩b, (6)

|0⟩b |0⟩awhere   is  the  vacuum  state  of  b  and   is  the  unper-
turbed zero-phonon state. The expectation value of the sys-
tem Hamiltonian can be denoted as
 

F0
(
λ, fq

)
=

⟨
ψ0

∣∣∣U−1
2 U−1

1 HU1U2
∣∣∣ψ0

⟩
. (7)

F0(λ, fq) λThe variation of  with respect to  is given as
 

λ =

(
V0

3mR2

)1/2
(8)

λwhere  is VF. The GS energy and the GS binding energy are
obtained by
 

E0 =
3
2

h̄
(

V0
3mR2

)1/2
−V0−αh̄ωLO, (9)

 

Eb = 2αh̄ωLO+V0−
3
4

h̄
(

V0
3mR2

)1/2
. (10)

3.  Results and discussions

h̄ωLO

The  effective  mass  of  GaAs  is  taken  to  be  a  value  of
0.0675m0,  the strength of electron-LO-phonon coupling is set
to 0.068, and the phonon energy is  = 36.184 meV[18].

V0

V0
V0 V0 V0

Fig.  1 depicts  the  VF  of  the  polaron  changing  with  the
barrier height of the QW  and the range of the AGCP R. The
five lines correspond to the range of the different values of the
AGCP: R = 10 nm, R = 15 nm, R = 20 nm, R = 25 nm and R =
30  nm.  From Fig.  1 one  can  easily  see  that  the  VF  increases
with increasing barrier height of the QW, whereas it decreases
with increasing range of the AGCP. Fig. 2 plots the GS energy
as  a  function  of  the  barrier  height  of  the  QW  and  the  AGCP.
The four lines correspond to the barrier height of the QW  =
15.0 meV,  = 18.0 meV,  = 20.0 emV and  = 22.0 emV.

V0
V0 V0 V0∣∣∣E0

∣∣∣
Eb

V0 R

In Fig. 3, we illustrate the GS binding energy varying with
the barrier  height of  the QW and the range of  the AGCP. The
four  lines  correspond  to  the  barrier  height  of  the  QW:  =
15.0 meV,  = 18.0 emV,  = 20.0 meV and  = 22.0 meV. It
turns out that the absolute value of GS energy  and the GS
binding energy  increase with the barrier height of the QW

 and the range of the AGCP, .
From Figs.  1, 2 and 3 one  can  easily  find  that  the  VF  de-

creases  with  the  range  of  the  AGCP,  whereas  the  absolute
value of GS energy and the GS binding energy increase with it
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Fig. 1. Relational curves of the vibrational frequency (VF) λ with the bar-
rier height of the quantum well (QW) V0 and the range of the asymmet-
rical Gaussian confinement potential R.
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Fig. 2. Relational curves of the GS energy E0 with the barrier height of
the QW V0 and the range of the AGCP R.

2 Journal of Semiconductors     doi: 10.1088/1674-4926/40/4/042901

 

 
W Xiao et al.: The energy-level and vibrational frequency properties of a polaron weak-coupled ......

 



because the electron motion is confined by the AGCP. The de-
crease of the confinement potential and z results in the reduc-
tion of the particle motion range, the electron energy and the in-
teraction  of  the  electron  with  the  phonons  around  it  are  en-
hanced. So, the VF is increased. These physics properties con-
tribute to the interesting quantum confining effect.

However, from the first term in Eq. (9), due to the range of
the AGCP term, the GS energy is a positive value, whereas the
total  GS  energy  is  negative.  Moreover,  from  the  last  term  in
Eq. (10), due to the range of the AGCP term, the GS binding en-
ergy is  a negative value.  It  is  clear that the absolute values of
GS energy and the GS binding energy increase with range of
the AGCP. Here we can find that the VF, the GS energy and the
GS binding energy in the QW can be adjusted by changing the
barrier height of the QW and the range of the AGCP .

In summary, it is well known that the barrier height of the
QW and the range of AGCP in the growth direction of the QW
are vital factors for polaron research in the QW with AGCP.

z

z ⩾ 0
z = 0

The asymmetric Gaussian type QW is a new type of low-di-
mensional  nano-quantum  system.  Due  to  its  special  proper-
ties,  this  new  structure  has  attracted  the  attention  of  many
scholars. This structure is characterized by the existence of a lim-
ited potential in the direction of growth  of the QW in which
electrons can’t exist at all. The limited potential in the range of

 is the Gaussian function potential. We can see that the re-
stricted potentials on both sides of  are asymmetrical, so
it is called the asymmetric Gaussian restricted potential. Since
the  Gaussian  function  itself  is  characterized  by  a  rapid  de-
crease to zero as z increases from 0, which shows that the Gaus-
sian function has a strongly restricted property in the z direc-
tion. This point indicates that there is a strongly restricted char-
acteristic in the growth direction of the QW, that is, in the z-ax-
is direction. This is why we call this new type of low-dimension-
al nano-quantum system an asymmetric Gaussian type QW.

Through the above discussions, we find that the QW barri-
er height and the range of Gaussian confinement potential in
the growth direction of the QW are important physical quantit-
ies for studying the properties of the energy-level and vibration-
al frequency of weak -coupling polarons in a QW with AGCP.

4.  Conclusions

In conclusions, the VF, the GS energy and the GS binding
energy  of  the  polaron  weakly-coupled  in  the  QW  with  AGCP
are investigated by the above-mentioned methods. They have

the following properties: (1) The VF, the absolute value of GS en-
ergy and the GS binding energy will  increase with the barrier
height  of  the  QW.  (2)  The  VF  will  decrease  with  the  range  of
the AGCP in the QW, whereas the absolute value of GS energy
and the GS binding energy increase with it.  Here we can find
that  changing the  barrier  height  of  the  QW and the  range of
the  AGCP  can  adjust  the  three  physics  quantities  in  the  spe-
cial QW.

Acknowledgement

This  work  was  supported  by  the  National  Science  Foun-
dation of China (Nos. 11464033, 11464034).

References

Ozturk O, Ozturk E, Elagoz S. The effect of barrier width on the
electronic properties of double GaAlAs/GaAs and GaInAs/GaAs
quantum wells. J Mol Struct, 2018, 1156, 726

[1]

Samokhvalov P S, Linkov P A, Zvaigzne M A, et al. Optical proper-
ties of core-multishell quantum dots. KnE Energy Phys, 2018, 3(2),
449

[2]

Cai Z, Liu B, Zou X, et al. Chemical vapor deposition growth and
applications of two-dimensional materials and their heterostruc-
tures. Chem Rev, 2018, 118(13), 6091

[3]

Belitsch M, Gruber C, Ditlbacher H, et al. Gray state dynamics in
the blinking of single type I colloidal quantum dots. Nano, 2018,
13(04), 1850039

[4]

Müßener J, Ludwig A T, Kalinowski S, et al. Optical emission of
GaN/AlN  quantum-wires–the  role  of  charge  transfer  from  a
nanowire template. Nanoscale, 2018, 10(12), 5591

[5]

Chen L J.  Synthesis and optical properties of lead-free cesium
germanium  halide  perovskite  quantum  rods.  RSC  Adv,  2018,
8(33), 18396

[6]

Moon P, Forsythe C, Zhou X, et al. Electronic structure engineer-
ing of graphene using patterned dielectric superlattices. Bull Am
Phys Soc, 2018

[7]

Wu  X,  Li  J,  Briggeman  M,  et  al.  Breaking  electron  pairs  in
pseudogap state in SmTiO3/SrTiO3/SmTiO3 quantum wells. Bull
Am Phys Soc, 2018

[8]

Ambacher O, Majewski J, Miskys C, et al. Pyroelectric properties
of Al (In) GaN/GaN hetero-and quantum well structures. J Phys:
Conden Matter, 2002, 14(13), 3399

[9]

Makino T, Segawa Y, Kawasaki M, et al. Optical properties of ex-
citons in ZnO-based quantum well heterostructures. Semicond
Sci Technol, 2005, 20(4), S78

[10]

Aumer M E, Leboeuf S F, Bedair S M, et al. Effects of tensile and
compressive  strain  on  the  luminescence  properties  of
AlInGaN/InGaN quantum well structures. Appl Phys Lett, 2000,
77(6), 821

[11]

Nandi S. The quantum Gaussian well.  Am J Phys, 2010, 78(12),
1341

[12]

Wu J, Guo K, Liu G. Polaron effects on nonlinear optical rectifica-
tion in asymmetrical Gaussian potential quantum wells with ap-
plied electric fields. Physica B, 2014, 446(9), 59

[13]

Xiao J L. The effects of hydrogen-like impurity and temperature
on state energies and transition frequency of strong-coupling
bound polaron in an asymmetric gaussian potential quantum
well. J Low Temp Phys, 2018, 192(1/2), 41

[14]

Xiao J L. Properties of strong-coupling polaron in an asymmetric-
al gaussian confinement potential quantum well. Journal of In-
ner Mongolia University for Nationalities, 2015, 30, 369

[15]

Lee T D, Low F E, Pines D. The motion of slow electrons in a polar
crystal. Phys Rev, 1953, 90(2), 297

[16]

Huybrechts W J. Note on the ground-state energy of the Feyn-
man polaron model. J Physs C, 1976, 9(8), L211

[17]

Devreese J T. Polarons in ionic crystals and polar semiconductors.
Elsevier Science Publishing Co Inc., 1972

[18]

 

10 20 30 40 50 60 70 80 90 100
3

6

9

12

15

18

21

24

27

E
b

 (m
e

V
)

R (nm)

 V0 = 15.0 meV

 V0 = 18.0 meV

 V0 = 20.0 meV

 V0 = 22.0 meV
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