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Structured illumination microscopy (SIM) is an essential super-resolution microscopy technique
that enhances resolution. Several images are required to reconstruct a super-resolution image.
However, linear SIM resolution enhancement can only increase the spatial resolution of micros-
copy by a factor of two at most because the frequency of the structured illumination pattern is
limited by the cuto® frequency of the excitation point spread function. The frequency of the
pattern generated by the nonlinear response in samples is not limited; therefore, nonlinear SIM
(NL-SIM), in theory, has no inherent limit to the resolution. In the present study, we describe a
two-photon nonlinear SIM (2P-SIM) technique using a multiple harmonics scanning pattern that
employs a composite structured illumination pattern, which can produce a higher order harmonic
pattern based on the °uorescence nonlinear response in a 2P process. The theoretical models of
super-resolution imaging were established through our simulation, which describes the working
mechanism of the multi-frequency structure of the nonsinusoidal function to improve the reso-
lution. The simulation results predict that a 5-fold improvement in resolution in the 2P-SIM is
possible.
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1. Introduction

Super-resolution microscopy (SRM) enabled the
advancement of conventional light microscopy by
breaking Abbe's di®raction limit and realizing bio-
imaging at the nanoscale.1–7 There are currently
two primary ways to break the di®raction limit:
spatial and frequency modulations. The ¯rst type,
spatial modulation, uses illumination patterns to
modulate °uorescence emission and realize the
separation of these molecules in di®erent regions.
Conventional technologies in the spatial modulation
category are stimulated emission depletion (STED)
microscopy and reversible saturable optical linear
°uorescence transitions (RESOLFT).8–11 In STED
and RESOLFT, super resolution was achieved by
combining a Gaussian excitation beam and a de-
pletion beam similar to a donut shape in the spa-
tially patterned or photoswitching form, e®ectively
emitting °uorescence in the center area of the ex-
citation light spot, and counteracting excitation by
a depletion illumination pattern in the area of the
donut-shaped spot. Thus, the excitation point
spread function (PSF) is constrained. The second
technology in the spatial modulation category is
stochastic optical reconstruction microscopy
(STORM)12 or photo-activated localization mi-
croscopy,13,14 along with their derivatives. These
methods resolve quantum dot °uorescent source
distributions based on single-particle localization, in
which super resolution is achieved by sequentially
activating single emitters and precisely localizing
them.15–17 Frequency modulation techniques pro-
duce super resolution using structured illumination
patterns with which samples are illuminated at high
frequencies via the passband of a detection optical
transfer function (OTF). The typical method is
structured illumination microscopy (SIM) in which
a periodic stripe pattern is used to excite samples to
produce the Moir�e e®ect18,19 and the super resolu-
tion image is reconstructed by an algorithm.

In comparison with other super-resolution
microscopes, SIM has several advantages: (1) It has
no special requirements for dyes, and regular °uo-
rescent dyes can meet the imaging requirements. (2)
SIM technology requires fewer original images to
achieve super resolution, and the imaging speed is
faster than those of PLAM and STORM. Currently,
for the majority of implementations, SIM is limited
to the linear case, which can double the optical
resolution in all directions. However, because of the

theoretical limitation of linear SIM (L-SIM), the
resolution can be increased by a factor of two at
most, which makes it impossible to study the precise
structure of cells and tissues.

To achieve an even higher resolution than L-
SIM, researchers turned to nonlinear SIM (NL-
SIM), and there are few reports on improving the
resolution using the nonlinear structure of the
modulation function. The nonlinearity inherent in
either the patterned saturation of °uorescence ex-
citation at high intensity or the patterned depletion
of photoswitchable °uorophores20–22 introduces an
additional number of harmonics (HÞ, which allows
these harmonics to pass through the SIM. If H � 2,
the resolution expansion is more than twice the
di®raction limit, whereas the traditional linear
form of SIM with double resolution improvement
has H ¼ 1, and the DC component with uniform
illumination has H ¼ 0. The larger the harmonic
number, the higher the resolution. However, neither
of these technologies can image live cells. Saturation
excitation is used at a peak intensity of 8 MW/cm2,
which is phototoxic and can damage the cell sam-
ples and induce strong photobleaching. In the
present study, we introduce a novel method that
expands the scope of the NL-SIM technology. We
address these issues by using nonlinear modulation
combined with a scanning two-photon (2P) micro-
scope. 2P excitation is a nonlinear process, and the
excitation probability of 2P °uorescence is propor-
tional to the square of the excitation light intensi-
ty.23–25 The advantages of 2P °uorescence
excitation are ¯rst, the excitation light source uses
near-infrared light, which has a greater penetration
depth26; second, the 2P-excited °uorescent mole-
cules are all located near the focal point, which
increases the vertical resolution without the need of
a pinhole.27 In addition, in traditional NL-SIM
methods, the number of harmonics is based on the
intensity of the excitation light. Our 2P-SIM
allowed us to generate high-order harmonics
through a nonlinear modulation function, leading to
higher resolution imaging with low intensities and
short exposure times.

2. Theory of 2P-SIM

The resolution of optical microscopic imaging
technologies is limited by the system cuto®
frequency of the excitation PSF. The OTF and
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PSF are Fourier transform pairs.28 Unlike other
SRM technologies, SIM achieves super resolution by
encoding structural details corresponding to high-
frequency information in the sample in fundamental
frequency information via spatial frequency mixing
to generate a Moir�e pattern (Fig. 1(a)). A conven-
tional microscope can only resolve the sample
structures with information in the OTF. Equiva-
lently, the conventional microscope can only detect
information found within a circular region of radius
k0 near the observable region (Fig. 1(b)). Essen-
tially, the same circle de¯nes the set of spatial fre-
quency patterns produced through structured
illumination. Structured illumination does not alter
this physically observable region, but it moves the
high-frequency information from outside into the
OTF passband, thus making the high-frequency
information observable. As a speci¯c example,
consider an illumination light structure that con-
sists of two frequency nonsinusoidal stripe patterns.
The corresponding Fourier transform has ¯ve non-
zero points (Fig. 1(c)). One of these points is at the
origin, whereas the other four points are o®set from

the origin in a direction de¯ned by the non-
sinusoidal stripe direction of the pattern. When
samples are illuminated with this structured illu-
mination light, the image obtained by microscopes
contains zero and some high-frequency information
that has been mixed into the OTF passband by the
Moir�e e®ect (Fig. 1(d)). Owing to the 2P frequency
doubling e®ect, the number of frequencies of the
structured illumination pattern in the samples is
further increased. Figure 1(e) shows a set of spatial
frequency patterns, including one low-frequency
information and eight high-frequency information
components. The observed image is the sum of these
nine frequency contributions, which are not sepa-
rated using a single image. However, the addition
coe±cients depend on the phase of the structured
illumination pattern. Based on the obtained nine or
more images of the sample corresponding to a set
of structured-illumination patterns separated by
a constant phase, the nine components can be
separated through a special algorithm, and the
corresponding information can be shifted back to
its proper position. The corresponding observable

Fig. 1. Frequency shifting produced by nonsinusoidal structured illumination and realization of multi-direction frequency
expansion. The horizontal axis kx and the vertical axis ky represent the frequencies in x- and y- directions, respectively. (a) If two
periodic stripes are superposed, their product will contain Moir�e fringes that are considered as the apparent vertical stripes in the
overlap region. (b) The radius k0 represents the cuto® frequency of 2P microscopy. (c) Our nonsinusoidal structured illumination
pattern has ¯ve Fourier frequency components: one (k0Þ at the origin represents the normal information that can be observed using
conventional microscopy, whereas the others (�ka on the k0 circle and 2ka on the k0+ka circle) represent the modulation frequencies
of the pattern moving high-frequency information into the observable region of 2P microscopy. (d) New cuto® frequency is extended
to k0 þ 2ka by using nonsinusoidal structured illumination. (e) Owing to the 2P frequency doubling e®ect, eight high-frequency
information components in samples are generated, and the cuto® frequency is extended to k0 þ 4ka. (f) Expansion of multi-directional
frequency components.
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region can be extended in the corresponding direc-
tion if the procedure is repeated with other pattern
orientations. Figure 1(f) shows the expansion of the
multidirectional frequency components.

In this section, we brie°y describe the 2P-SIM
theoretical mathematical model of the technology.
The mathematical model uses the laser-scanning 2P
microscopy framework and the harmonic number of
the modulation function to obtain super-resolution
images.

In laser-scanning 2P microscopy, the intensity of
the °uorescent emission I2p em described at position
(rÞ in the object plane is determined as follows:

I2p em r; tð Þ ¼ ½Imax
2p exðtÞh2p exðr� tÞ�2sðrÞ; ð1Þ

where I max
2p ex represents the intensity of the excita-

tion light in the specimen. The intensity was nor-
malized in [0,1]. Term t is the time required for any
position of the central beam spot (rÞ during scan-
ning. Assuming that the scanning speed equals
unity, r ¼ t, h2p ex is the PSF at the excitation

wavelength with a cuto® frequency of k0. Here, sðrÞ
represents the sample information. Term ðImax

2p exðtÞÞ2
represents the corresponding °uorescence peak in-

tensity excited by I max
2p exðtÞ. Term h2

2p ex represents

the e®ective excitation PSF of the 2P microscopy.

As scanning proceeds, time accumulation by the
point detector for each image pixel yields the ¯nal
image frame as follows:

pðtÞ ¼
Z

I
max
2p ex tð Þh2p ex t� rð Þ

h i
2
s rð Þhem r� tð Þdr

¼ Imax
2p ex tð Þ� �

2s tð Þ� �� hm
2p ex tð Þhem tð Þ� �

; ð2Þ
where � denotes the convolution.

To achieve structured light excitation for linear
SIM, the sinusoidal structured illumination I max

2p�L ex

tð Þ on the specimen can be expressed as follows:

I max
2p�L ex tð Þ ¼ 1

2
1þ cosðkatÞ½ �; ð3Þ

where ka denotes the temporal modulation fre-
quency. We let Imax

2p�NL ex represent the illuminating

structured intensity pattern. The sinusoidal modu-
lation function curve and its Fourier transform di-
agram are shown in Figs. 2(a) and 2(b). It can be
observed from the ¯gures that there is only one
high-frequency component ka in the sine modulation
function. To produce more frequency patterns, we
designed a nonlinear modulation function as follows:

I max
2p�NL ex tð Þ ¼ 1

2
1þ cos katð Þ þ cos 2katð Þ½

þ � � � þ cos nkatð Þ; ð4Þ

Fig. 2. Modulation functions and their Fourier transforms. (a) Sine modulation function. (b) Spectrum diagram of Fourier
transform of (a). (c) Nonsinusoidal modulation function. (d) Spectrum diagram of Fourier transform of (c).
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where n represents the frequency of the modulation
function. Taking n ¼ 2 as an example, the non-
sinusoidal modulation function curve and Fourier
transform diagram are shown in Figs. 2(c) and 2(d).
It can be observed from the ¯gures that there are two
high-frequency components ðka; 2kaÞ in the non-sine
modulation function. The higher the frequency
components, the higher the resolution. From Eq. (4),
according to the frequency doubling e®ect of the 2P
process, we obtain

Imax
2p�NL ex tð Þ� �

2 ¼ 1þ cos2 katð Þ þ cos2 2katð Þ
þ � � � þ cos2 nkatð Þ þ 2 cos katð Þ þ 2 cos 2katð Þ
þ � � � þ 2 cos nkatð Þ þ 2 cos 2katð Þ cos 3katð Þ
þ 2 cos 2katð Þ cos 4katð Þ
þ � � � þ 2 cos 2katð Þ cos nkatð Þ
þ � � � þ 2 cos n� 1ð Þkatð Þ cos nkatð Þ: ð5Þ
In the scanning nonsinusoidal excitation function,

a series of harmonics, such as 3ka; 4ka; . . . ;nka, are
generated through multi-frequency multiplication
(Eq. (5)) according to the 2P frequency doubling
e®ect with no requirement of saturation excitation.

Owing to the interaction between the high-order
harmonic fringes and the sample structures, the
higher undetectable frequency information is moved

into the observable passband (h2
2p ex tð Þhem tð ÞÞ of the

2P microscope; thus, the harmonics further improve
the resolution. Moreover, a higher frequency of
harmonics increases the resolution. If we tune the
modulation frequency ka to make ka ¼ k0, the res-
olution is increased by (2nþ 1) times in comparison
with that of a typical 2P microscope. Consider the
nonlinear modulation function

I max
2p�NL ex tð Þ ¼ 1

2
1þ cos katð Þ þ cos 2katð Þ½ �

as an example. The corresponding microscopy is
named 4-harmonic nonlinear SIM (4-NLSIM). The
frequency components of the excited °uorescence
fringe pattern include direct current, fundamental
frequency ka, and second harmonic frequency 2ka in
the nonlinear modulation function. Thereafter, the
2P e®ect produces the third and fourth harmonic
frequencies (3ka and 4kaÞ. Thus, the OTF extent
reaches its maximum value at 4ka þ ka ¼ 5ka, cor-
responding to a 5-fold increment in the resolution over
a typical 2P microscope.

By analyzing the position of the ¯rst harmonic
peak in the two-dimensional spectrum image, the
accurate modulation angle and frequency were

decoded. Once the precise modulation frequency
and angle are determined, the phase delay can be
estimated by shifting and matching the theoretical
cosine modes in the spatial domain.29

In addition, for the image reconstruction, we
need the ð4nþ 1Þ equations with a di®erent initial
phase ’ to solve the ð4nþ 1Þ frequency components
of ~s kð Þ, ~s k� kað Þ; . . . ;~s k� 2nkað Þ outside the pass-
band of the OTF to achieve a (2nþ 1) time resolution
improvement. Considering the di®erent initial phase
’, the normalized peak intensity of the focused exci-
tation light spot can be represented as follows:

I ’;max
2p ex tð Þ ¼ 1

2
1þ cos katþ ’mð Þ þ cos 2katþ 2’mð Þ½

þ � � � þ cos nkatþ n’mð Þ; ð6Þ
where ’m ¼ 2�m

4nþ1, m ¼ 1; 2; . . . ; 4nþ 1. Thus, the

image ~p’mðkÞ in the Fourier space can be deter-
mined as follows:

~p’m kð Þ ¼ �

22
U0~s kð Þ þ U1~s k� kað Þei’m
�

þ U1 kþ kað Þe�i’m þ � � �þUn~s k� 2nkað Þe i2n’m

þ Un~s kþ 2nkað Þe�i2n’m � ~h
2
2p ex kð Þ � ~hem kð Þ

h i
;

ð7Þ
where U0, . . . , Un represent constant coe±cients,

and ~s kð Þ and ~hem kð Þ denote the Fourier transforms
of s tð Þ and hem tð Þ; respectively. We can solve the
frequency components of ~s kð Þ, ~s k� kað Þ, . . . ,
~s k� 2nkað Þ, based on the ð4nþ 1Þ equations with
di®erent initial phases ’m.

From Eq. (7), to reconstruct the super-resolution
image, the high-frequency information of the
specimen must be decoded during the data post-
processing process. Therefore, structured patterns
with di®erent initial phases ’m are sequentially
illuminated on the specimen to produce n independent
equations in the following matrix:

~p’1

~p’2

~p’3

..

.

~p’4nþ1

0
BBBBB@

1
CCCCCA

¼ �

22
~h
2
2p ex kð Þ � ~hem kð Þ

h i

U0 U1e
�i’1

U0 U1e
�i’2

U0

..

.

U0

U1e
�i’3

..

.

U1e
�i’4nþ1

U1e
i’1 � � �

U1e
i’2 � � �

U1e
i’3

..

.

U1e
i’4nþ1

� � �
..
.

� � �

0
BBBBB@
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U2ne
�i2n’1 U2ne

i2n’1

U2ne
�i2n’2 U2ne

i2n’2

U2ne
�i2n’3

..

.

U2ne
�i2n’4nþ1

U2ne
i2n’3

..

.

U2ne
i2n’4nþ1

1
CCCCCA
:

~s kð Þ
~s kþ kað Þ
~s k� kað Þ

..

.

~s kþ 2nkað Þ
~s k� 2nkað Þ

0
BBBBBBB@

1
CCCCCCCA

ð8Þ

3. Results of Resolution Improvement

To demonstrate the resolution improvement of 4-
NLSIM, we simulated the imaging process of 2P,
linear SIM(L-SIM), 2-harmonic nonlinear SIM (2-
NLSIM), and 4-harmonic nonlinear SIM (4-NLSIM)
via randomly distributed spots that are in¯nitely
small. In our simulation, an ideal spot sample was
generated by randomly selecting one spot from
randomly distributed spots. Thereafter, the spot

sample was illuminated by sinusoidal and non-
sinusoidal patterns. The simulation results are pre-
sented in Fig. 3. As expected, 4-NLSIM provides
the smallest spot image in comparison with other
techniques. According to the intensity pro¯le
along the yellow line crossing the bead, the full
width at half maximum (FWHM) for 2P is 295 nm,
L-SIM is 165 nm, 2-NLSIM is 100 nm, 4-NLSIM is
59 nm, which is approximately ¯ve times that of
conventional 2P. The detectable frequency region
was extended to the fourth order (Fig. 3(e)). In ad-
dition, this procedure was repeated for seven
di®erent pattern orientations separated by �=7
radians to retrieve complete information from
a nearly circular region of the frequency space
(Fig. 3(f)).

In addition, the ability to distinguish the details
of our method was also demonstrated. A pair of the
nearest adjacent beads was selected from the image
of the randomly distributed spots in the yellow box
in Fig. 4(a). The images of two beads for 2P, L-SIM,
2-NLSIM, and 4-NLSIM are shown in Figs. 4(b)–4(e),
and based on the intensity pro¯les along the yellow
lines in Fig. 4(f), the 4-NLSIM exhibits the most
clearly separated beads.

Fig. 3. Comparison of imaging capability of 2P, L-SIM, 2-NLSIM, and 4-NLSIM methods for a bead. (a)–(d) Simulated pixel
scatter spot imaged via 2P, L-SIM, 2-NLSIM, and 4-NLSIM methods. Scale bar, 200 nm. (e) Observable frequency regions. Di®erent
color circles represent the spectrum extension ranges of these four imaging methods in seven patterns. (f) Intensity pro¯les cross a
single bead for di®erent methods.
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4. Conclusion

In this paper, we proposed a 2P-SIM method based
on point-scanning geometry using the nonsinusoidal
modulation of excitation intensity. The nonlinear 4-
NLSIM method has broken the resolution limitation
of the linear SIM and improves the SIM imaging
resolution by a factor of 5 (FWHM ¼ 59 nm) in
comparison with the conventional 2PM method.
The generation of higher order harmonics can be
simply controlled by a temporal modulation func-
tion, which greatly reduces phototoxicity and photo
damage to biosamples in comparison with saturated
SIM. In addition, a theoretical model of the image
modes and image reconstruction functions is estab-
lished, and we have demonstrated that the greater
the harmonic number, the higher the image resolu-
tion. Therefore, the resolution of the reconstructed
image can be further improved by increasing the
frequency of the nonsinusoidal modulation function.
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