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Image reconstruction in °uorescence molecular tomography involves seeking stable and
meaningful solutions via the inversion of a highly under-determined and severely ill-posed linear
mapping. An attractive scheme consists of minimizing a convex objective function that includes
a quadratic error term added to a convex and nonsmooth sparsity-promoting regularizer.
Choosing ‘1-norm as a particular case of a vast class of nonsmooth convex regularizers, our
paper proposes a low per-iteration complexity gradient-based ¯rst-order optimization algorithm
for the ‘1-regularized least squares inverse problem of image reconstruction. Our algorithm
relies on a combination of two ideas applied to the nonsmooth convex objective function:
Moreau–Yosida regularization and inertial dynamics-based acceleration. We also incorporate
into our algorithm a gradient-based adaptive restart strategy to further enhance the practical
performance. Extensive numerical experiments illustrate that in several representative test
cases (covering di®erent depths of small °uorescent inclusions, di®erent noise levels and dif-
ferent separation distances between small °uorescent inclusions), our algorithm can signi¯-
cantly outperform three state-of-the-art algorithms in terms of CPU time taken by
reconstruction, despite almost the same reconstructed images produced by each of the four
algorithms.
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1. Introduction

Fluorescence molecular tomography (FMT) is a
promising optical imaging modality which nonin-
vasively probes cellular and molecular activity in
vivo by using the °uorescent makers that interact
speci¯cally with the biomolecules of interest.1 This
technique is mainly used for small animal preclinical
research in ¯elds such as pharmacokinetics, oncol-
ogy, in°ammation, response to drug therapy, and
infection progression.2 Furthermore, it can also be
applied to breast tumors diagnosis in humans.3

In FMT, a visible laser excitation light source
rotating around the object illuminates the body
surface at di®erent boundary sites successively, and
°uorescent makers absorb some of the excitation
photons and emit °uorescence photons.4,5 To collect
°uorescence emission measurements, we perform
detection by using a charged-couple device (CCD)
camera placed opposite to the excitation source. We
then infer the distribution of °uorescent makers
from these noisy tomographic measurements.6

Due to the nature of the di®usion process of light
when propagating through highly scattering media
like tissue, the inverse problem of FMT is intrinsi-
cally ill-posed and computationally challenging,
making the reconstructed images su®er from low
spatial resolution.7 To address this issue satisfac-
torily, some sort of regularization method can be
used for tackling the ill-posedness of the inverse
problem and producing meaningful and numerically
stable solutions, but the resulting iterative inverse
problem is computationally burdensome.8–10 Moti-
vated by the sparsity of the distribution of °uores-
cent makers,11,12 the main stream of recent
investigations of FMT inverse problem involves
several types of convex nonsmooth regularizers,
including total-variation (TV),13 ‘1-norm,14–16

‘2;1-mixed-norm,17 and anisotropic di®usion,18 to
name a few. We are well aware that some contribu-
tions in FMT have employed nonconvex nonsmooth
regularizers,19 but in this paper we will focus mainly
on convex nonsmooth regularizers such as those lis-
ted above. Unfortunately, the nonsmoothness of these
regularizers makes the objective function of the inverse
problem signi¯cantly more di±cult to minimize.20–22

Among classical convex optimization methods
designed to solve the nonsmooth regularized inverse
problems of FMT, perhaps one of the popular can-
didates is the fast iterative shrinkage-thresholding
algorithm (FISTA).23 In recent years, theory and

methods along this direction have been developed
and have led to an explosion in the number of dif-
ferent algorithmic variants, including an accelerated
¯rst-order primal-dual method proposed by Cham-
bolle and Pock (ACPM),24 a proximal extension of
optimized gradient method (POGM),25 and an
adaptive restart variant of FISTA (FISTA-R),26 to
name a few. The performance of the three state-of-art
algorithms mentioned above is reported to all signi¯-
cantly exceed that of the plain version of FISTA.24–26

In stark contrast with the existing algorithms,
our approach relies on a combination of three ideas
applied to the convex nonsmooth objective func-
tion: Moreau–Yosida regularization,20 inertial
dynamics-based acceleration,27 and adaptive restart
scheme.26 Our algorithm requires minimizing only
one smooth function, that is, the Moreau–Yosida
regularization of the original nonsmooth objective
function.20 Moreover, the ¯rst-order smooth opti-
mization scheme is derived from the discrete time
version of an inertial dynamic involving viscous
damping, where the introduction of two additional
terms, i.e., both Hessian-driven damping and time
scale factor, provides dramatical acceleration.27 Fi-
nally, we incorporate a heuristic adaptive momen-
tum restart strategy that can further improve the
performance of our algorithm.26 In order to illus-
trate the performance of our algorithm in image
reconstruction of FMT, we compare it versus the
three state-of-art algorithms that are all mentioned
in the preceding paragraph.24–26 Our evaluation of
reconstruction speeds for these four algorithms can
help guide the selection of e±cient reconstruction
algorithms for researchers of FMT experimental sys-
tems when employing convex nonsmooth regularizers.

This paper is organized as follows. In Sec. 2.1, we
describe the forward model of light propagation for
FMT. In Sec. 2.2, we formulate the inverse problem
using ‘1-regularized least-squares scheme, and
present our algorithm. In Sec. 2.3, we give the set-
tings of numerical experiments. Then, we present
results in Sec. 3, comparing four algorithms in terms
of reconstruction speed. Finally, we conclude this
paper in Sec. 4.

2. Methods

2.1. Forward problem

We are concerned with the continuous-wave FMT,
in which the forward model is described by the
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steady-state coupled di®usion equations with the
Robin-type boundary condition7,28,29:

�r �DxðrÞr�xðrÞ þ �axðrÞ�xðrÞ
¼ qðrÞ; r 2 �; ð1Þ

�r �DmðrÞr�mðrÞ þ �amðrÞ�mðrÞ
¼ �xðrÞ��af ðrÞ; r 2 �; ð2Þ

�x;mðbÞ þ 2�Dx;mðbÞn̂ � r�x;mðbÞ
¼ 0; b 2 @�; ð3Þ

where the subscripts x and m denote excitation and
emission wavelengths, respectively. n̂ is the outer
normal at boundary @� of domain �. � is the
photon density. q is the excitation source distribu-
tion. �a is the absorption coe±cient, and D ¼
ð1=3Þð�a þ � 0

sÞ�1 is the di®usion coe±cient with
� 0
s being the reduced scattering coe±cient. � is

a boundary term depending upon the refractive
index mismatch at @�. We let f denote the °uo-
rescent yield ��af , which incorporates the °uor-
ophore's quantum e±ciency � and its absorption
coe±cient �af .

From Eqs. (1) and (2), we write the boundary
°uorescence photon density as

�mðbÞ ¼
Z
�

Gmðb; r 0Þ�xðr 0Þfðr 0Þdr 0; ð4Þ

whereGmðb; r 0Þ is the Green function of (2) due to a
point source at r 0, and can be e±ciently computed
based on the reciprocity theorem7 Gmðb; r 0Þ ¼
Gmðr 0;bÞ. The measurable existence on @� due to a
source q can be de¯ned as

�x;mðb; qÞ ¼ �Dx;mðbÞn̂ � r�x;mðbÞ; ð5Þ
which combined with Eq. (3) gives the simpler form
�x;mðb; qÞ ¼ ð1=2�Þ�x;mðbÞ.

We consider the s'th source qs and the mea-
surement projection of the d'th detector Md, lead-
ing to the following normalized Born ratio30,31:

yðs; dÞ ¼ Md½�mðb; qsÞ�
Md½�xðb; qsÞ�

; ð6Þ

where we divide the °uorescence measurements
with corresponding excitation (in situ) measure-
ments, in order to account for background hetero-
geneities and cancel out experimental factors such
as system gains and coupling losses.

We apply the ¯nite element method32 (FEM) for
numerically solving the forward problem Eq. (6).
We use an unstructured mesh basis to discretize the

di®usion equations (1) and (2), while in the inverse
model the °uorescence parameter f is expanded
into a solution basis on a regular grid, with N being
the dimension of the basis expansion. We adopt a
linear transformation for mapping between the two
basis representations. Then, for a total of M source-
detector pairs the forward model can be written in
matrix form as

y ¼ Af; ð7Þ
where f 2 RN is the set of representation coe±-
cients fi (i ¼ 1; . . . ;N) of f in the solution basis,
y 2 RM consists of measurements arising from all
source-detector pairs, as shown in Eq. (6), and A 2
RM�N is the weight matrix.

2.2. Inverse problem

We approach image reconstruction in FMT as
the following model-based convex optimization
problem7:

f̂ ¼ argmin
f

EðfÞ :¼ 1

2
jjAf � yjj22 þ �jjfjj1; ð8Þ

where jj � jj2 denotes the ‘2 norm, jjfjj1 ¼
P

ijfij is
the ‘1 norm of f, and � > 0 is the regularization
parameter. LettingHðfÞ andRðfÞ denote the least-
squares data-¯tting term ð1=2ÞjjAf � yjj22 and the
‘1 regularizer term �jjfjj1, respectively, we can re-
write Eq. (8) as

f̂ ¼ argmin
f

EðfÞ :¼ HðfÞ þ RðfÞ; ð9Þ

where H is di®erentiable with a L-Lipschitz con-
tinuous gradient rHð�Þ ¼ AT ðA � �yÞ. The Lip-
schitz constant L of rH satis¯es L ¼ �maxðATAÞ,
with �maxð�Þ denoting the maximum eigenvalue.23

Due to its lack of smoothness, R is employed by
the minimization algorithms via its proximal oper-
ator prox�R : RN ! RN , where � > 0, de¯ned by33

prox�RðfÞ :¼ argmin
g

RðgÞ þ 1

2�
jjf � gjj22: ð10Þ

In the case Rð�Þ ¼ �jj � jj1, we easily check from
Eq. (10) that prox�R reduces to the soft-threshold
operator S��, that is ½S��ðfÞ�i ¼ sgnðfiÞmaxðjfij�
��; 0Þ:34

The presence of ‘1 regularizer in Eq. (8) typically
encourages the solution to have relatively few non-
zero components, thus promoting sparsity in
reconstructed images. It is important to point out
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that though this paper focuses mainly on algorithms
for minimizing Eq. (9) in a particular case Eq. (8)
where the ‘1 regularizer is used, our algorithm pre-
sented below is versatile enough to handle other
more general cases of Eq. (9), in which the ‘1 reg-
ularizer is replaced with other interesting types of
convex nonsmooth regularizers.13,17,18

2.2.1. Moreau–Yosida regularization

Recalling that the regularizer R is nonsmooth, we are
now in position to tackle the resulting nonsmoothness
of the objective function E. Denoting the identity
operator onRN by I, we letK ¼ ��1I�ATA, which
is symmetric positive de¯nite for 0 < � < 1=L. We
denote hK � j�i the scalar product of RN in the metric
K and jj � jjK the associated norm. The Moreau–
Yosida regularization EK and proximal operator
proxK

E of E in the metric K are given by20:

EKðfÞ :¼ min
g

EðgÞ þ 1

2
jjf � gjj2K ð11Þ

and

proxK
E ðfÞ :¼ argmin

g
EðgÞ þ 1

2
jjf � gjj2K; ð12Þ

respectively. Obviously, proxK
E is the solution of

Eq. (11). We see that EK is a convex di®erentiable
function, and its gradient computed in the metricK is
written as follows20:

rEKðfÞ ¼ f � proxK
E ðfÞ; ð13Þ

which is 1-Lipschitz continuous in the metric K.
An important observation is that both E and EK

have the same set of minimizers. Thus, the problems
of minimizing E and EK are equivalent, with the
latter being a smooth optimization problem.34 To
take advantage of this attractive property, in
Eq. (9) we replace E with its regularized and
smoothed form EK.

Moreover, it can be proved that proxK
E is precisely

the same as the forward–backward operator,35 i.e.,

proxK
E ðfÞ ¼ prox�R½f � �rHðfÞ�; ð14Þ

whose evaluation is straightforward. Then it follows
from Eq. (13) that rEK can be easily evaluated.

2.2.2. Inertial gradient algorithm

We are now ready to minimize EK. Our algorithm
relies on the asymptotic behavior, as time t ! þ1,

of the trajectories of the following second-order
continuous inertial dynamic27:

f
:: ðtÞ þ �

t
f
:ðtÞ þ 	r2EK½fðtÞ�f

:ðtÞ

þ 1þ 	

t

� �
rEK½fðtÞ� ¼ 0; ð15Þ

with � � 3; 	 > 0. This inertial system shares three
characteristic features. One is the viscous damping
coe±cient �=t which vanishes asymptotically as
t ! þ1. Another is the fact that the Hessian-
driven damping is involved in the form

r2EK½fðtÞ�f
:ðtÞ, which is the time derivative of

rEK½fðtÞ�. A ¯nal feature is that the vanishing time
scaling parameter 	=t is introduced in front of the
gradient term. We say that any trajectory of EK

½fðtÞ� generated by Eq. (15) can converge to the
minimum of EK with the asymptotic rate Oð1=t2Þ.
We will see that all of the three features described
above are useful for acceleration of the algorithm
derived below.

Now we can obtain a ¯rst-order optimization
algorithm for minimizing EK from a discrete time
version of the inertial dynamic given in Eq. (15). We
take a ¯xed time step size 
 > 0, and denote the
Lipschitz constant of rEK by L 0. An admissible
choice which ensures convergence is to take


 � 1=
ffiffiffiffiffi
L 0p
, and 	 < 2
.27 Recall that rEK is 1-

Lipschitz continuous, as mentioned in Sec. 2.2.1, we
therefore choose 
 ¼ 1, i.e., the largest possible time
step size, and 	 < 2.

Denoting the iteration counter by the subscript
k, an explicit centered ¯nite-di®erence time dis-
cretization35 for Eq. (15) gives

fk�2fk�1þfk�2þ
�

k�1
ðfk�1�fk�2Þ

þ	 ½rEKðfk�1Þ�rEKðfk�2Þ�
þ 	

k�1
rEKðfk�2ÞþrEKðpk�1Þ¼0: ð16Þ

Note that for the last term in the left-hand side of
Eq. (16), inspired by Nesterov's extrapolation
strategy,23,36 we replace fk�2 with some auxiliary
variable pk�1. Then, we choose pk�1 as

pk�1 ¼ fk�1 þ 1� �

k� 1

� �
ðfk�1 � fk�2Þ

� 	 ½rEKðfk�1Þ � rEKðfk�2Þ�
� 	

k� 1
rEKðfk�2Þ: ð17Þ

L. Wang & H. Huang
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Hence, combining Eqs. (16) and (17) leads to the
following iteration steps:

fk ¼ pk�1 �rEKðpk�1Þ; ð18Þ
pk ¼ fk þ 1� �

k

� �
ðfk � fk�1Þ

� 	 ½rEKðfkÞ � rEKðfk�1Þ�
� 	

k
rEKðfk�1Þ: ð19Þ

We call the above iterations the inertial gradient
algorithm (IGA), since they consist in a gradient
descent step in Eq. (18) and an inertial momentum
extrapolation step in Eq. (19). We claim that the
sequence of EKðfkÞ generated by IGA can converge
to the minimum of EK with a worst-case optimal
rate Oð1=k2Þ. Observe that when combined with
Eqs. (13) and (14), the gradient descent step
Eq. (18) with respect to EK becomes the following
equivalent formulation:

fk ¼ prox�R½pk�1 � �rHðpk�1Þ�; ð20Þ
which is in fact the forward–backward step34 with
respect to the original objective function E, and is
straightforward to implement.

Let us emphasize that the last three terms in the
right-hand side of the inertial momentum extrapo-
lation step Eq. (19) play a central role in accelera-
tion of IGA. To provide a deep insight to this
algorithm, we list these three terms below in detail:
a momentum term fk � fk�1 of consecutive itera-
tions with asymptotically growing momentum
coe±cient 1� �=k, a momentum term rEKðfkÞ �
rEKðfk�1Þ of gradients at consecutive iterations
with constant momentum coe±cient 	 and a gra-
dient term rEKðfk�1Þ with asymptotically vanish-
ing time scaling coe±cient 	=k. We remark that
these three extrapolation terms arise from the three
characteristic features, mentioned above, of the in-
ertial system Eq. (15), respectively.

2.2.3. Adaptive restart

Though the asymptotically growing momentum
coe±cient 1� �=k in Eq. (19) results in an amount
of momentum growing from one iteration to the
next, which is useful for providing acceleration of
IGA, an unpleasant aspect of 1� �=k is that if the
momentum is too high so that it exceeds the opti-
mal momentum which we should apply, it can cause
ripples in the trace of the objective function E,

having a severe detrimental e®ect on acceleration
of IGA.26

To address this issue, we apply an adaptive re-
start technique to IGA in the spirit of O'Dono-
ghue.26 Speci¯cally, whenever we observe that the
rippling behavior occurs, we adaptively restart IGA,
with the current iteration chosen as the new initial
guess, and reset the momentum coe±cient 1� �=k
back to its initial value 1� �. Since the accurate
value of optimal momentum derived by Nesterov is
generally di±cult to estimate, we cannot use it for
deciding when to restart. Here, following the rule
introduced by O'Donoghue,26 we employ a heuristic
gradient-based restart criterion given by

h�rEKðpk�1Þ;fk � fk�1i < 0: ð21Þ
That is, we restart IGA whenever the current neg-
ative gradient �rEKðpk�1Þ and the momentum
term fk � fk�1 have an obtuse angle. In other
words, this criterion encourages IGA to restart
whenever the momentum takes an undesirable di-
rection. Observe that the criterion in Eq. (21) does
not introduce any extra computational cost, as r
EKðpk�1Þ has been already evaluated before by the
gradient descent step in Eq. (18). Note that for
convergence guarantee, IGA requires us to also reset
the time scaling coe±cient 	=k back to its initial
value 	 whenever activating restart.

Finally, let us combine all the ingredients pre-
sented previously in Secs. 2.2.1–2.2.3 to obtain a
Regularized Inertial Gradient Algorithm with Re-
start (RIGA-R) for solving Eq. (9), as summarized
in Algorithm 13.

Algorithm 1 RIGA-R
1: Set k = 1, j = 1, 0 < δ < 1/L, σ ≥ 3, 0 < τ < 2.
2: Choose f0 ∈ R

N , p0 ∈ R
N , u0 = f0 − Sδα[f0 −

δAT (Af0 − y)].
3: repeat
4: vk−1 = pk−1 − Sδα[pk−1 − δAT (Apk−1 − y)]
5: fk = pk−1 − vk−1

6: Tuk = fk − Sδα[fk − δA (Afk − y)]
7: if 〈−vk−1 , fk − fk−1〉 < 0 then
8:

9:

j 1←
end if

10: pk = fk +(1−σ/j)(fk −fk−1)− τ(uk −uk−1)−
(τ/j)uk−1

11: k ← k + 1
12: j ← j + 1
13: until stopping criterion is satisfied.

Inertial gradient method for °uorescence molecular tomography
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2.2.4. Stopping criterion

RIGA-R involves the following robust stopping
criterion. Given a tolerance � > 0, we terminate
RIGA-R when the relative variation of the objective
function E at two consecutive iterations is small, i.e.,

jEðfkÞ � Eðfk�1Þj
Eðfk�1Þ

� �: ð22Þ

To fairly compare the reconstruction speeds of
RIGA-R and other algorithms in a way independent
of the stopping rule for each algorithm, we ¯rst run
RIGA-R using the stopping criterion described in
Eq. (22) to set a benchmark value of the objective
function E, and then ask the other algorithms to run
until each of them reaches the same benchmark.

2.3. Numerical experiments

We present numerical experiments comparing Al-
gorithm 1 with the following three optimization
methods: ACPM,24 POGM25 and FISTA-R.26 Our
choice of these three very recent state-of-the-art
algorithms for comparison was not accidental. In-
deed, they all signi¯cantly outperform the plain
version of FISTA.24–26 Given the already existing
relative merits of ACPM, POGM and FISTA-R
with respect to FISTA, here we illustrate the be-
havior of Algorithm 1 versus the three chosen state-
of-the-art algorithms. Our experiments were exe-
cuted on a desktop with an Intel Core i3-2120 CPU
3.3GHz and 16GB of memory and running Linux
64 bit Ubuntu 16.04 operating system. All algo-
rithms were implemented in MATLAB R2012a.

2.3.1. Two-dimensional numerical phantom

We considered a circular object of diameter 25mm.
For simplicity, by choosing �ax;m ¼ 0:025mm�1 and
� 0
sx;m ¼ 1mm�1, we ignored the heterogeneities and

the dependence on wavelengths of the optical
parameters.37,38 Two circular °uorescent inclusions
of diameter 2mm and contrast 1mm�1 (0mm�1

outside) were placed symmetrically about the
x-axis. A total of 18 source sites were located on the
boundary at equispaced intervals. For each source,
measurements of Born ratio were detected at 37
boundary sites evenly spaced by 5� over the 180�
range on the opposite side to the source. The
resulting number of measurements M ¼ 666. The
synthetic measurements were then contaminated
with the additive Gaussian noise.

We set up the inhomogeneous °uorophore dis-
tribution f 	 on a 130� 130 ¯ne regular grid.
f 	 2 R13040, after excluding grid points not over-
lapping with �. To generate the synthetic mea-
surements y with the FEM forward model, we
mapped f 	 into a ¯ne mesh basis consisting of
13825 nodes and 26860 linear triangles. To reduce
the dimension of the solution and thus improve the
ill-posedness of the inverse problem, we performed
the reconstruction on a 65� 65 coarse regular grid.
The solution f̂ 2 R3445, after excluding grid points
not overlapping with �. In the context of the in-
verse solver, the FEM forward model used a coarse
mesh basis consisting of 3879 nodes and 7360 linear
triangles.

2.3.2. Three-dimensional numerical phantom

We considered a cylindrical object of height 30mm
(between the planes z ¼ 0mm and z ¼ 30mm) and
diameter 25mm. We chose the same values of the
background optical parameters as in the circular
phantom.37,38 Two cylindrical °uorescent inclusions
of height 4mm and diameter 2mm and contrast
1mm�1 (0mm�1 outside) were placed symmetri-
cally about the x-axis. The centers of these two
°uorescent inclusions were in the plane z ¼ 15mm.
Sources and detectors were arranged in ¯ve rings
(z ¼ �7:5;�3:75; 0; 3:75 and 7.5mm, respectively)
around the mantle of the cylinder. In each ring, the
x- and y-coordinates of the source and detector
positions were the same as in the circular phantom.
The resulting number of measurements M ¼ 16650.
The synthetic measurements were then contami-
nated with the additive Gaussian noise.

We set up the inhomogeneous °uorophore dis-
tribution f 	 on a 50� 50� 60 ¯ne regular grid.
f 	 2 R112560, after excluding grid points not over-
lapping with �. To generate the synthetic mea-
surements y with the FEM forward model, we
mapped f 	 into a ¯ne mesh basis consisting of
116771 nodes and 590804 linear tetrahedrons. To
reduce the dimension of the solution and thus
improve the ill-posedness of the inverse problem, we
performed the reconstruction on a 25� 25� 30
coarse regular grid. The solution f̂ 2 R15990, after
excluding grid points not overlapping with �. In the
context of the inverse solver, the FEM forward
model used a coarse mesh basis consisting of 28193
nodes and 133967 linear tetrahedrons. In both of the
circular and cylindrical phantoms, to assess the
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quality of reconstruction, we used a vector ~f
obtained by mapping f̂ back into the ¯ne regular
grid on which f 	 was set up.

We constructed the forward modeling of light
propagation with the TOAST FEM code.32 We
mention here that the construction of the weight
matrix A with the reciprocity-based adjoint meth-
od7 introduced in Sec. 2.1 is computationally cheap,
taking around 0.5 s. Hence, we claim that even in
the case of nonlinear inverse problem of di®use op-
tical tomography39,40 (DOT), where the Jacobian
matrix dynamically changes and thus needs to be
computed repeatedly in the outer loop, this e±cient
adjoint method is still feasible and leads to no
computational challenge.

2.3.3. Test cases

Let �,  and � denote the ratio of the x-coordinates
of the centers of the two °uorescent inclusions to the
radius of the object, the edge-to-edge distance
(EED) of the two °uorescent inclusions and the
noise level, respectively. To simulate di®erent
scenes of realistic FMT experiments, we designed
six typical two-dimensional test cases 1–6 on the
two-dimensional circular phantom, as shown in
Table 1. Speci¯cally, we chose case 1 as a baseline
case, let cases 2 and 3 represent the particular cases
of deep locations of °uorescent inclusions and short
distance by which °uorescent inclusions were sepa-
rated, respectively, and let cases 4–6 represent the
particular cases of three high noise levels 5%, 15%
and 25%, respectively. For all of the six 2D test
cases considered, we adaptively selected the values
of regularization parameter � via the L-curve
method,41 as also shown in Table 1.

Furthermore, we designed six typical 3D test
cases 7–12 on the 3D cylindrical phantom, in each of
which we chose the same values of �,  and � as
those of each of the 2D test cases 1–6, respectively.

For these six 3D test cases considered, the values of
regularization parameter � adaptively selected via
the L-curve method41 are 3:06� 10�9, 1:26� 10�9,
1:04� 10�9, 1:71� 10�8, 5:42� 10�8 and
9:23� 10�8, respectively.

2.3.4. Figures of merit

We used the following two quantitative metrics for
objectively evaluating the quality of the recon-
structed images. One is the root mean square error
(RMSE) de¯ned as19

RMSE ¼ jj ~f � f 	jj2
jjf 	jj2

: ð23Þ

RMSE is a measure of the di®erence between the
solution and the target. The other is the contrast-
to-noise ratio (CNR) given by28:

CNR ¼ �ROI ��B

ð�ROI�ROI þ�B�BÞ1=2
; ð24Þ

Table 1. Six test cases and the corresponding chosen
regularization parameters �.

Test case �  (mm) � �

1 0.65 2.5 1% 2:29� 10�7

2 0.15 2.5 1% 6:31� 10�7

3 0.65 1 1% 5:01� 10�8

4 0.65 2.5 5% 9:15� 10�7

5 0.65 2.5 15% 2:66� 10�6

6 0.65 2.5 25% 3:94� 10�6

Table 2. Performance metrics for the comparison of the
four algorithms in the 2D test cases 1–6. RIGA-R terminates
when satisfying the stopping criterion in Eq. (22), while each
of the other three terminates after the same iterations as
required by RIGA-R to satisfy the stopping criterion in
Eq. (22).

Test case Algorithm Time (s) RMSE CNR

1 RIGA-R 7.99 0.40 20.38
ACPM 4.00 0.65 10.87
POGM 4.11 0.70 9.62
FISTA-R 4.15 0.71 9.31

2 RIGA-R 12.42 0.42 18.97
ACPM 6.22 0.69 9.52
POGM 6.39 0.72 8.75
FISTA-R 6.45 0.72 8.53

3 RIGA-R 20.78 0.43 18.83
ACPM 10.40 0.60 11.80
POGM 10.69 0.62 11.35
FISTA-R 10.79 0.63 11.04

4 RIGA-R 5.40 0.42 19.04
ACPM 2.70 0.64 11.14
POGM 2.78 0.68 10.04
FISTA-R 2.80 0.70 9.35

5 RIGA-R 3.35 0.50 15.38
ACPM 1.68 0.67 10.23
POGM 1.72 0.72 8.82
FISTA-R 1.74 0.74 8.34

6 RIGA-R 2.40 0.59 12.05
ACPM 1.20 0.73 8.59
POGM 1.23 0.77 7.52
FISTA-R 1.25 0.78 7.28

Inertial gradient method for °uorescence molecular tomography
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with the region of interest (ROI) Referring to the
actual °uorescent inclusions. �ROI and �B are the
mean values, �ROI and �B are the variances, and
�ROI and �B are the relative areas of the ROI and
the background (B), respectively. A higher CNR
indicates a better quality of the reconstructed
image.

2.3.5. Parameters settings

We chose the stopping tolerance � ¼ 10�3, and set
the initial estimates of both the solution f and the
auxiliary variable p as f ¼ p ¼ 0, with the symbol
0 denoting the zero vector in RN . Note that the
CPU time taken by each algorithm was averaged
over 10 independent runs.

Recalling that the choice of the step size � is
under the constraint27 0 < � < 1=L, we set
� ¼ 0:9=L, as it is preferable to try to use a large
step size. We experimentally found that the per-

formance of RIGA-R is not sensitive to the initial
values � and 	 of the viscous damping coe±cient
and the time scaling parameter, respectively. With
the constraint 3 � � < 1 and 0 < 	 < 2 in mind,27

we chose 3:5 and 1:5 as their default values, re-
spectively. We remark that to make the compar-
isons as fair as possible, when running ACPM,
POGM and FISTA-R, we manually tuned their
parameters to achieve their optimal performance.

3. Results

In all test cases, we found that to satisfy the stop-
ping criterion in Eq. (22), RIGA-R requires the
fewest iterations among the four algorithms. Hence,
for comparison, ACPM, POGM and FISTA-R were
run twice: they were ¯rst run for the same number
of iterations as required by RIGA-R to satisfy the
stopping criterion in Eq. (22); see Tables 2 and 3,
respectively, for results. Second, they were run using
the same stopping criterion as RIGA-R does; see
Tables 4 and 5, respectively, for results.Table 3. Performance metrics for the comparison of the

four algorithms in the 3D test cases 7–12. RIGA-R ter-
minates when satisfying the stopping criterion in Eq. (22),
while each of the other three terminates after the same
iterations as required by RIGA-R to satisfy the stopping
criterion in Eq. (22).

Test case Algorithm Time (s) RMSE CNR

7 RIGA-R 34.96 0.31 70.26
ACPM 17.50 0.68 26.23
POGM 17.98 0.73 22.36
FISTA-R 18.16 0.75 21.53

8 RIGA-R 43.32 0.38 64.09
ACPM 21.69 0.83 17.23
POGM 22.28 0.86 15.46
FISTA-R 22.50 0.86 15.02

9 RIGA-R 58.79 0.35 64.36
ACPM 29.43 0.66 27.97
POGM 30.23 0.71 24.45
FISTA-R 30.57 0.72 23.57

10 RIGA-R 21.08 0.33 65.80
ACPM 10.55 0.62 30.58
POGM 10.84 0.68 26.02
FISTA-R 10.95 0.72 23.57

11 RIGA-R 12.96 0.38 55.96
ACPM 6.49 0.65 27.95
POGM 6.67 0.72 23.11
FISTA-R 6.73 0.74 22.02

12 RIGA-R 9.77 0.41 51.53
ACPM 4.89 0.66 27.54
POGM 5.02 0.70 24.78
FISTA-R 5.07 0.72 22.93

Table 4. Performance metrics for the comparison of the
four algorithms in the 2D test cases 1–6. Each algorithm
terminates when satisfying the stopping criterion in Eq. (22).

Test case Algorithm Time (s) RMSE CNR

1 RIGA-R 7.99 0.40 20.38
ACPM 23.46 0.40 20.28
POGM 29.48 0.40 20.28
FISTA-R 31.49 0.40 20.27

2 RIGA-R 12.42 0.42 18.97
ACPM 49.67 0.42 18.95
POGM 63.80 0.42 18.96
FISTA-R 69.17 0.42 18.95

3 RIGA-R 20.78 0.43 18.83
ACPM 82.55 0.44 18.15
POGM 96.03 0.44 18.16
FISTA-R 107.06 0.44 18.11

4 RIGA-R 5.40 0.42 19.04
ACPM 13.05 0.42 19.02
POGM 15.74 0.42 19.02
FISTA-R 17.83 0.42 19.01

5 RIGA-R 3.35 0.50 15.38
ACPM 7.71 0.50 15.36
POGM 10.09 0.50 15.35
FISTA-R 11.33 0.50 15.36

6 RIGA-R 2.40 0.59 12.05
ACPM 5.58 0.59 12.04
POGM 7.43 0.59 12.04
FISTA-R 8.04 0.59 12.03
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For 2D test cases 1�6, we show the reconstruction
results in Figs. 1–6, respectively, which correspond
to the quantitative analysis results listed in Tables 2
and 4. For 3D test cases 7–12, we show the recon-
struction results in Figs. 7–12, respectively, which
correspond to the quantitative analysis results listed
in Tables 3 and 5. Based on these results, we chose
the 2D test case 3 as an example, and illustrate the
relative performance of the four algorithms in terms
of CPU time in two aspects as follows.

First, we observe that after the same iterations as
required by RIGA-R to satisfy the stopping crite-
rion in Eq. (22), only RIGA-R can successfully re-
solve the two °uorescent targets with an EED of
2mm [shown in Fig. 3(e)], whereas ACPM, POGM
and FISTA-R fail entirely to do that [shown in
Figs. 3(b)–3(d)], as well as lead to much higher
RMSE and lower CNR. Recall the fact that for
each of ACPM, POGM and FISTA-R the main per-
iteration cost is roughly one matrix-vector multi-
plication involving A, and one involving AT , while
for RIGA-R the main per-iteration cost is roughly
two matrix-vector multiplications involving A, and
two involving AT . Hence, for the same iterations,
RIGA-R is almost twice slower than each of ACPM,
POGM and FISTA-R.

Table 5. Performance metrics for the comparison of the four
algorithms in the 3D test cases 7–12. Each algorithm termi-
nates when satisfying the stopping criterion in Eq. (22).

Test case Algorithm Time (s) RMSE CNR

7 RIGA-R 34.96 0.31 70.26
ACPM 117.29 0.31 70.25
POGM 148.35 0.31 70.24
FISTA-R 159.13 0.31 70.25

8 RIGA-R 43.32 0.38 64.09
ACPM 156.28 0.38 64.03
POGM 195.61 0.38 64.07
FISTA-R 209.54 0.38 64.06

9 RIGA-R 58.79 0.35 64.36
ACPM 207.50 0.35 64.34
POGM 260.15 0.35 64.34
FISTA-R 279.01 0.35 64.35

10 RIGA-R 21.08 0.33 65.80
ACPM 59.46 0.33 65.81
POGM 71.73 0.33 65.80
FISTA-R 81.37 0.33 65.82

11 RIGA-R 12.96 0.38 55.96
ACPM 31.68 0.38 55.94
POGM 40.71 0.38 55.95
FISTA-R 44.13 0.38 55.94

12 RIGA-R 9.77 0.41 51.53
ACPM 23.15 0.41 51.54
POGM 27.30 0.41 51.52
FISTA-R 30.53 0.41 51.52

Fig. 1. Reconstructed images in 2D test case 1 using (e) RIGA-R, (b) and (f) ACPM, (c) and (g) POGM and (d) and (h) FISTA-R.
(e)–(h): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b)–(d): Each algorithm terminates after the
same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). (a): The °uorophore inclusions. Each recon-
structed image is normalized by its largest pixel-value.
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Fig. 2. Reconstructed images in 2D test case 2 using (e) RIGA-R, (b) and (f) ACPM, (c) and (g) POGM and (d) and (h) FISTA-R.
(e)–(h): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b)–(d): Each algorithm terminates after the
same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). (a): The °uorophore inclusions. Each recon-
structed image is normalized by its largest pixel-value.

Fig. 3. Reconstructed images in 2D test case 3 using (e) RIGA-R, (b) and (f) ACPM, (c) and (g) POGM and (d) and (h) FISTA-R.
(e)–(h): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b)–(d): Each algorithm terminates after the
same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). (a): The °uorophore inclusions. Each recon-
structed image is normalized by its largest pixel-value.
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Next, we see that after more iterations until the
same stopping criterion in Eq. (22) as used by
RIGA-R is also satis¯ed by ACPM, POGM and
FISTA-R, they can produce Figs. 3(f)–3(h), re-
spectively, all of which are visually undistinguish-
able from Fig. 3(e) produced by RIGA-R, as well as
have almost the same values of RMSE and CNR as
those of Fig. 3(e). However, RIGA-R is around 3:97,
4:62, and 5:15 times faster than ACPM, POGM and
FISTA-R, respectively.

In addition, for the other ¯ve 2D test cases and
all of the six 3D test cases, let us observe that the
relative merits of RIGA-R with respect to ACPM,
POGM and FISTA-R, similar to test case 3 illus-
trated above, also exist. Speci¯cally, in all of the 12

test cases considered, on the one hand, after the
same iterations as required by RIGA-R to satisfy
the stopping criterion in Eq. (22), RIGA-R can re-
construct images with signi¯cantly better quality
than ACPM, POGM and FISTA-R do, and on the
other hand, when reconstructing images with almost
the same visual e®ect and quantitative metrics, in 2D
test cases RIGA-R is faster than ACPM, POGM and
FISTA-R by 2:30 to 4:00 times, 2:91 to 5:14 times
and 3:30 to 5:57 times, respectively, while in 3D test
cases RIGA-R is faster than ACPM, POGM and
FISTA-R by 2:37 to 3:61 times, 2:79 to 4:52 times
and 3:12 to 4:84 times, respectively.

Finally, it may be interesting to point out that
besides the case of FMT concerned here, the

Fig. 5. Reconstructed images in 2D test case 5 using (a) RIGA-R, (b) and (c) ACPM, (d) and (e) POGM and (f) and (g) FISTA-R.
(a),(c),(e) and (g): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b),(d) and (f): Each algorithm
terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). The °uorophore inclusions
are shown in Fig. 1(a). Each reconstructed image is normalized by its largest pixel-value.

Fig. 4. Reconstructed images in 2D test case 4 using (a) RIGA-R, (b) and (c) ACPM, (d) and (e) POGM and (f) and (g) FISTA-R.
(a),(c),(e) and (g): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b),(d) and (f): Each algorithm
terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). The °uorophore inclusions
are shown in Fig. 1(a). Each reconstructed image is normalized by its largest pixel-value.

Fig. 6. Reconstructed images in 2D test case 6 using (a) RIGA-R, (b) and (c) ACPM, (d) and (e) POGM and (f) and (g) FISTA-R.
(a),(c),(e) and (g): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b),(d) and (f): Each algorithm
terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). The °uorophore inclusions
are shown in Fig. 1(a). Each reconstructed image is normalized by its largest pixel-value.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 7. Reconstructed images in 3D test case 7 using (e) RIGA-R, (b) and (f) ACPM, (c) and (g) POGM and (d) and (h) FISTA-R.
(e),(f),(g) and (h): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b), (c) and (d): Each algorithm
terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). (a): The °uorophore
inclusions. Each reconstructed image is normalized by its largest pixel-value.

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 8. Reconstructed images in three-dimensional test case 8 using (e) RIGA-R, (b) and (f) ACPM, (c) and (g) POGM and (d)
and (h) FISTA-R. (e)–(h): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b),(c) and (d): Each
algorithm terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). (a): The
°uorophore inclusions. Each reconstructed image is normalized by its largest pixel-value.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 9. Reconstructed images in three-dimensional test case 9 using (e) RIGA-R, (b) and (f) ACPM, (c) and (g) POGM and (d)
and (h) FISTA-R. (e)–(h): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b), (c) and (d): Each
algorithm terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). (a): The
°uorophore inclusions. Each reconstructed image is normalized by its largest pixel-value.

(a) (b) (c) (d)

(e) (f) (g)

Fig. 10. Reconstructed images in three-dimensional test case 10 using (a) RIGA-R, (b) and (c) ACPM, (d) and (e) POGM and (f)
and (g) FISTA-R. (a),(c),(e) and (g): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b),(d) and (f):
Each algorithm terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). The
°uorophore inclusions are shown in Fig. 7(a). Each reconstructed image is normalized by its largest pixel-value.
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(a) (b) (c) (d)

(e) (f) (g)

Fig. 11. Reconstructed images in three-dimensional test case 11 using (a) RIGA-R, (b) and (c) ACPM, (d) and (e) POGM and (f)
and (g) FISTA-R. (a),(c),(e) and (g): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b), (d) and (f):
Each algorithm terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). The
°uorophore inclusions are shown in Fig. 7(a). Each reconstructed image is normalized by its largest pixel-value.

(a) (b) (c) (d)

(e) (f) (g)

Fig. 12. Reconstructed images in three-dimensional test case 12 using (a) RIGA-R, (b) and (c) ACPM, (d) and (e) POGM and (f)
and (g) FISTA-R. (a),(c),(e) and (g): Each algorithm terminates when satisfying the stopping criterion in Eq. (22). (b),(d) and (f):
Each algorithm terminates after the same iterations as required by RIGA-R to satisfy the stopping criterion in Eq. (22). The
°uorophore inclusions are shown in Fig. 7(a). Each reconstructed image is normalized by its largest pixel-value.
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application of RIGA-R developed in this paper can
be straightforwardly extended to the cases of other
types of optical tomography modalities, such as
bioluminescence tomography42–44 (BLT), photo-
acoustic tomography45 (PAT) and linearized
DOT.39,40

4. Conclusion

We have proposed RIGA-R, i.e., a regularized in-
ertial gradient algorithm equipped with an adaptive
restart strategy, for solving a class of convex non-
smooth minimization problems arising in image re-
construction of FMT. In extensive numerical
experiments, we compared reconstruction speed of
RIGA-R versus those of three state-of-the-art opti-
mization methods, including ACPM, POGM and
FISTA-R. RIGA-R is easy to implement and works
well across multiple representative test cases in
which deep locations of °uorescent inclusions, short
distance by which °uorescent inclusions were sepa-
rated, and high noise level were taken into account.
We found that though generating almost the same
reconstructed images, RIGA-R is signi¯cantly faster
than ACPM, POGM and FISTA-R, especially in
the cases of very deep locations of small °uorescent
inclusions (test case 2) and very short separation
distance between small °uorescent inclusions (test
case 3). Our numerical experiments for applications
in FMT evidence the outperformance of the pro-
posed Moreau–Yosida regularization-based restart
inertial gradient algorithm over the three chosen
state-of-the-art methods. Besides the ‘1-norm con-
cerned here, RIGA-R can be straightforwardly ex-
tended to incorporate other nonsmooth convex
regularizers usually used by reconstruction in FMT,
and is applicable to other optical tomography mo-
dalities such as BLT, PAT and DOT.
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