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3D dynamic motion of a dielectric micro-sphere
within optical tweezers
Jing Liu1, Mian Zheng2, Zhengjun Xiong1 and Zhiyuan Li3*

Known as laser trapping,  optical  tweezers,  with nanometer  accuracy and pico-newton precision,  plays a pivotal  role in
single bio-molecule measurements and controllable motions of micro-machines. In order to advance the flourishing ap-
plications for those achievements, it is necessary to make clear the three-dimensional dynamic process of micro-particles
stepping  into  an  optical  field.  In  this  paper,  we  utilize  the  ray  optics  method  to  calculate  the  optical  force  and  optical
torque of a micro-sphere in optical tweezers. With the influence of viscosity force and torque taken into account, we nu-
merically solve and analyze the dynamic process of a dielectric micro-sphere in optical tweezers on the basis of Newton
mechanical equations under various conditions of initial positions and velocity vectors of the particle. The particle traject-
ory over time can demonstrate whether the particle can be successfully trapped into the optical tweezers center and re-
veal the subtle details of this trapping process. Even in a simple pair of optical tweezers, the dielectric micro-sphere ex-
hibits abundant phases of mechanical motions including acceleration, deceleration, and turning. These studies will be of
great help to understand the particle-laser trap interaction in various situations and promote exciting possibilities for ex-
ploring novel ways to control the mechanical dynamics of microscale particles.
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Introduction
Micro-particles trapped in optical tweezers1,2 can be util-
ized as  carriers  or  handles  that  are  biochemically  linked
to biological molecules. With nanometer accuracy of po-
sitioning and  pico-newton  precision  of  force  measure-
ment,  optical  tweezers  offer  an  ideal  platform  to  exert
and  measure  the  forces  and  torques  on  single  bio-mo-
lecules  or  micro-particles3−5.  In  2018,  A.  Ashkin  was
awarded the Nobel Physics Prize for his contributions to
invent  the  optical  tweezers  technology  and  promote  its
applications to biological systems. With the rapid devel-
opment of optical tweezers technology, simple manipula-
tion of  particles  is  no longer sufficient  to support  either
scientific research or industry demands. For example, the
first necessary  step  for  statistically  analyzing the  traject-

ory of  a  trapped particle  is  to track the particle  position
accurately. This is often achieved by acquiring a video6,7,
stereomicroscopy8,  V-shaped  micro-mirrors9 of  the
particle, or other visualization techniques including posi-
tion  sensitive  detection10 and quadrant  photodiode  de-
tection11, which  monitors  via  detecting  the  backscatter-
ing signal  or  transmitting  signal.  In  fact,  these  experi-
mental  techniques  are  limited  by  sampling  rate  and  in
3D imaging applications. Up to now, it  is  still  very hard
to  track  the  3D  trajectory  of  a  micro-particle  with  high
precision.  Currently,  numerical  researches12,13 are con-
ducted to investigate the optical force exerted on trapped
particles.  However,  the  detailed  dynamics  of  a  particle
stepping into a laser trap14,15 is still an area rarely studied.

This situation inspires us to think of an idea to drive a
particle into  a  steady  state  by  a  focused  laser  beam illu- 
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minating  it.  As  it  is  very  difficult  or  even  impossible  to
determine trapping  probabilities  through  real-world  ex-
periments  due  to  the  large  parameter  space  (including,
for example,  the  initial  states  of  particles  position,  velo-
city, etc.),  we  have  developed  a  computational  frame-
work in which trapping probabilities can be determined
easily through  numerical  simulations.  Simulation  in-
volves calculating the optical forces and torques, non-op-
tical forces  and  torques,  and  combining  these  compon-
ents to calculate the overall dynamics of the particle.

A  significant  concern  is  how  to  calculate  the  optical
force  and torque of  mesoscopic  particles.  There  are  two
main types of approaches: namely ray optics method and
electromagnetic scattering method. In terms of the com-
putational resources and time to solve the dynamic pro-
cess, the ray optics method has advantages over electro-
magnetic  approaches  such  as  finite-difference  time-do-
main (FDTD) method16 or T-matrix method17,18.  Taking
the  widely  used  method  of  FDTD  as  an  example,  the
simulation area is needed to be 5 μm × 5 μm × 5 μm for a
3  μm  diameter  micro-particle.  When  the  micro-particle
is  far  away  from  the  laser  trap,  the  simulation  area  is
even  larger.  Furthermore,  a  complete  dynamic  process
involves thousands or even millions of trajectory points,
and  it  is  needed  to  calculate  all  mechanical  quantities
(forces and torques) at each point in order to determine
the next point of the trajectory by solving electromagnet-
ic  fields  in  a  large  3D  space.  With  FDTD  or  T-matrix
method,  the  time  consumption  at  each  point  is  at  the
scale of minutes or even hours. Therefore, the solution to
a  single  set  of  dynamic  process  costs  days  or  even
months. This is a computational burden too heavy which
exceeds  the  capacity  of  common  computers.  As  for  the
semi-analytical ray optics method, the time cost is at the
scale  of  millisecond  to  implement  the  optical  force  and
torque calculation of each trajectory point, which makes
this method a good compromise between clarity and ex-
actness in many situations19,20. Therefore, we employ the
ray optics method to obtain the optical force and torque
of the micro-particles in the optical tweezers.

In this paper, we utilize the ray optics theory to calcu-
late optical forces and optical torques. Then, with the in-
fluence of  viscosity  forces  and  torques  taken  into  ac-
count,  we  numerically  analyze  the  3D  dynamic  process
of  dielectric  micro-spheres  in  optical  tweezers  on  the
basis  of  Newton  mechanical  equations.  In  addition,  the
supplementary  videos  show  the  3D  dynamic  process  of
the  micro-sphere  particles  with  different  initial  states  of

particle  positions  and  velocities.  These  studies  can  be
valuable to  understand experiments  that  have been per-
formed,  to  predict  the  results  of  potential  experiments,
or  to  explore  the  mechanical  dynamics  of  trapped
particles that are not accessible experimentally.  Further-
more, these studies can open up opportunities to explore
possible  applications  based on controlling  the  dynamics
of a particle in the optical tweezers. 

Theory and formulas for solution of
mechanical dynamics
Investigating the dynamic process of a micro-sphere can
be  divided  into  three  steps.  The  first  step  is  to  calculate
the optical force and torque, the second step is to calcu-
late  the non-optical  force and torque,  and the third and
final step is to numerically solve the Newton mechanical
equations. This  section describes  the theory and formu-
las  for  solving  the  dynamic  process  of  the  micro-sphere
in optical tweezers systematically. 

Calculation of optical force and torque

λ = 1064 nm

Foptical = [Fx, Fy, Fz]
τoptical = [τx, τy, τz]

rs

n1 = 1.33
n2 = 1.6 rs = 1 μm

P = 10 mW

Foptical ∼ Sy Foptical ∼ Sx
τoptical ∼ Sy

τoptical ∼ Sx

κ = [κx, κy, κz]

The schematic of the optical  tweezers considered in this
work and the coordinate  system used in our calculation
is shown in Fig. 1(a).  The center of the optical  tweezers,
point “O”, is set as the coordinate origin. The collimated
Gaussian beam at a wavelength  propagates
along the z-axis and is focused by a high numerical aper-
ture  (NA=1.4)  objective.  We  implement  the  procedures
and  methods  developed  in  ref.21 to  calculate  the  optical
force  ( )  and  the  optical  torque
( ) of  a  dielectric  micro-sphere  in  op-
tical  tweezers  when  the  micro-sphere  with  radius 
moves  around  the  focus  point  along  the x-, y-,  and z-
axes,  respectively.  The  initial  parameters  are  as  follows.
The surrounding  medium  is  water  with  a  refractive  in-
dex , the  dielectric  micro-sphere  has  a  refract-
ive index of  and radius , and the laser
power  is .  In Figs. 1(b)−1(d), we  display  the
calculated  optical  force  and  torque  as  a  function  of  the
position  along  the x−  and z−  axes  of  the  micro-sphere
around  the  identified  equilibrium  position.  The  results
analysis about the initial parameters of the micro-sphere
in  the y-axis can be deduced from that in the x-axis. Due
to  the  symmetry  of  the x−  and y−  axis  directions,  the
curve  is  the  same  to  the  curve ,
and  the  curve  is  mirror  symmetrical  to  the
curve . In addition, to characterize the optic-
al trapping probability, we need to measure the trap stiff-
ness .  If  the  particle  is  not  far  away  from
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|ΔS/rs| ⩽ 1

ΔS = [ΔSx,ΔSy,ΔSz]
S = [Sx,Sy, Sz] Foptical =

κxΔSxx̂+ κyΔSyŷ+ κzΔSzẑ

κx =
-12.47 pN/μm κz = -12.93 pN/μm

τy

the  trap  center  (so-called  Hookean  region, ),
the optical  force  exerted  on  the  particle  is  directly  pro-
portional  to  the  displacement  from
the  equilibrium  position ,  i.e. 

.  Through linear fitting of the
data in Hookean region, the trap stiffness coefficients in
x−  and z−  axes  are  calculated  and  they  are 

 and ,  respectively.  The
yellow  line  in Figs. 1(b) and 1(c) characterizes  the  trap
stiffness.  In Fig. 1(d),  the micro-sphere only experiences
the torque in the y-axis  ( )  when it  moves along the x-
axis  direction.  And  it  can  be  inferred  that  there  is  no
torque acting on the micro-sphere when it  moves along
the z-axis because of the structure symmetry, as shown in
Fig. 1(e). 

Calculation of non-optical force and torque
In  general,  all  the  particles  experience  drag  forces
coupled with a  rapid fluctuation force,  which is  the res-
ult of  frequent  and  numerous  collisions  with  surround-
ing  liquid  molecules  and  the  physical  origin  of  famous
Brownian motion.  The drag  force  acting  on the  particle
is obtained by the expression

Fdrag = −γ · v , (1)

γ vwhere  is  the  viscous  drag  coefficient  and  is  the
particle velocity relative to the surrounding liquid. For a

γspherical bead,  is expressed by the Stokes equation,

γ = 6πηrs , (2)
η 0.89× 10−3 Pa · s

rs
where  is the fluid viscosity,  for water
at  room temperature  and  represents  the  radius  of  the
micro-sphere. Meanwhile,  the drag torque can be calcu-
lated as follows,

τdrag = 8πr3sηω , (3)

ωhere,  is  the  angular  velocity  of  the  spherical  particle.
G Fbuoy

ρs = 1.03×
103 kg/m3 ρw = 1.0× 103 kg/m3

rs
g

Moreover, the gravity  and buoyancy  acting on
the micro-sphere are written using the density of the mi-
cro-sphere  and  the  density  of  water, 

 and  respectively, the ra-
dius of the micro-sphere , and the gravitational acceler-
ation ,

G = −4
3
πr3sρsg , (4)

Fbuoy =
4
3
πr3sρwg . (5)

G FbuoyIt is noted that the direction of the forces  and 
is  along the z-axis.  Therefore,  their  resultant  forces  pass
through the center of mass, which provides no torque to
the micro-sphere. 

Solution of Newton mechanical equations
In  order  to  implement  numerical  analysis  over  the

 

Particle

High NA objective lens

Laser beam

y

z

x

O

−2
−20

−10
−15

5F o
pt

ic
al
 (p

N
)

0
5
10
15
20
25

−1

Adj. R-square: 96.89%

0
Sz

y=−12.93x+1.45

1 2

Fx

Fy

Fz

Fit

−2
−15
−10
5F o

pt
ic

al
 (p

N
)

0
5
10
15

−1

Adj. R-square: 98.66%

0
Sx

y=−12.47x

1 2

Fx

Fy

Fz

Fit

−2
−5.0

−2.5τ o
pt

ic
al
 (p

N
·μ

m
)

0

2.5

5.0

−1 0
Sx

1 2

τx

τy

τz

τx

τy

τz

−2

−2

−1

0

1

2

τ o
pt

ic
al
 (p

N
·μ

m
)

−1 0
Sz

1 2

a b c

d e

Fig. 1 | (a) Schematic of  basic optical tweezers. A single laser beam is focused by a high numerical aperture objective lens to form a stable op-

tical trap for microscale particle. (b) and (c) illustrate the calculated optical force acting on a micro-sphere when it moves along the x-axis and z-

axis, respectively, in the optical tweezers at the laser power P = 10 mW. Here, the two most important features of optical tweezers are shown: the

maximum reverse axial force that characterizes the strength of the trap, and spring constants (the slope of the fit line). (d) and (e) display the cal-

culated optical torque acting on a micro-sphere when it moves along the x-axis and z-axis, respectively.
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dynamic  process,  the  Newton  mechanical  equations  are
exploited to accurately model the dynamic parameters of
the  trapped  micro-sphere  in  the  optical  tweezers.  The
equation  of  the  micro-sphere  translational  motion22−24

can be written as

mr̈ = Foptical(r, P) + Fdrag(v) + G+ Fbuoy , (6)

r
m

where  is the micro-sphere position with respect to the
laser center;  is the mass of the micro-sphere.

Similarly,  the equation of  the micro-sphere rotational
motion21 can be expressed by

Iϕ̈ = τoptical(ϕ, P) + τdrag(ω) , (7)

I = 2/5 mr2s
ϕ

here,  represents  the  moment  of  inertia  of
the micro-sphere,  and  is the initial  angular of  the mi-
cro-sphere.

As  Eqs.  (6)  and  (7)  cannot  be  solved  analytically,  the
Runge-Kutta  methods,  a  family  of  implicit  and  explicit
iterative methods, are used in temporal discretization for
the approximate  solutions  of  ordinary  differential  equa-
tions (ODEs). One of the above methods, the fourth-or-
der Runge-Kutta method (RK4 method) is utilized. This
method  has  successfully  been  employed  for  solving  the
ODEs25−27.  The  second-order  differential  equation  Eqs.
(6)  and  (7)  each  can  be  converted  to  two  coupled  first-
order equations respectively,

v̇ =
Foptical(r, P) + Fdrag(v) + G+ Fbuoy

m
= a(r, v) , (8)

ṙ = v . (9)
And

ω̇ =
τoptical(ϕ, P) + τdrag(ω)

I
= α(ϕ,ω) , (10)

ϕ̇ = ω . (11)

m/γ ∼ 27 ns
δt ns

δt < m/γ δt

Since the time step has a direct effect on the number of
iterations required for running a simulation,  we have to
choose  an  appropriate  time  step  size.  The  characteristic
time scale of our entire model is given by the relaxation
time .  In  our  computations,  the  numerical
integration  time  step  is  set  to  10 ,  such  that

. Choosing such a small  provides an oppor-
tunity  to  observe  interesting  non-equilibrium  behavior
in the simulation.

ri

The recursive algorithm for the classical  RK4 method
can  be  written  as  follows.  Taking  a  particular  position
step  for an  example,  the  mechanical  dynamics  evolu-
tion can be written as

fa1 = a(ri, vi) , (12)

fv1 = vi , (13)

fa2 = a(ri + δt/2 · fv1, vi + δt/2 · fa1) , (14)

fv2 = vi + δt/2 · fa1 , (15)

fa3 = a(ri + δt/2 · fv2, vi + δt/2 · fa2) , (16)

fv3 = vi + δt/2 · fa2 , (17)

fa4 = a(ri + δt/2 · fv3, vi + δt/2 · fa3) , (18)

fv4 = vi + δt/2 · fa3 . (19)

The  position  and  velocity  of  the  micro-sphere  in  the
next integration time interval are solved as

ri+1 = ri + (δt/6) · (fv1 + 2fv2 + 2fv3 + fv4) , (20)

vi+1 = vi + (δt/6) · (fa1 + 2f2a + 2fa3 + fa4) . (21)

ωi+1 ϕi+1

Similarly,  the  mechanical  evolution  of  the  remaining
physical  values ,  follows the  same  procedures
described above.

r(t) v(t) ω(t) ϕ(t)
With  the  above  iterative  methods,  we  can  obtain  the

dynamic  parameters , , ,  and  of the  mi-
cro-sphere  in  the  optical  tweezers  with  high  precision
and retrieve every details of the micro-sphere mechanic-
al  motion  in  3D space.  These  results  can  be  interpreted
in  a  direct  correspondence  to  the  time-space  dynamic
process. Note in particular  that  this  micro-sphere simu-
lation framework is applicable to either a continuous or a
discrete optical force. 

Dynamics of micro-sphere at different
initial positions
On the basis of the above simulation framework, we set a
series  of  initial  parameters  for  the  micro-sphere  in  the
optical  tweezers,  and  go  further  to  theoretically  draw  a
picture  of  its  dynamics  of  mechanical  motion.  At  first,
we  choose  a  special  initial  position  of  the  micro-sphere
close to the laser center. This special initiation indicates a
high  trapping  probability,  which  can  help  find  out
whether the  simulation  framework  agrees  with  experi-
mental results quantitatively or not.

r0 = [0, 0, 1] μm v0 =[0, 0, 0] μm/s
ϕ0 = [0, 0, 0] rad

ω0 = [0, 0, 0] rad/s

G = −4.27× 10−2 pN Fbuoy = 4.11× 10−2 pN

The initial  parameters  are  as  follows:  the  initial  posi-
tion , the initial velocity ,
the  initial  angular  displacement ,  and
the initial angular speed . In addition,
the  gravity  and  buoyancy  of  the  micro-sphere  are

 and , re-
spectively. The simulated numerical results of trajectory,
velocity, angular velocity, and optical force of the micro-
sphere in the optical tweezers are plotted in Fig. 2 for the
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vmax _z = −671.79 μm/s

Fz

μm

laser power of 10 mW. In Fig. 2(a),  which illustrates the
temporal  evolution  of  the  micro-sphere  position,  it  can
be seen  that  the  micro-sphere  goes  straight  to  the  equi-
librium position, and finally is  tightly trapped in optical
tweezers.  On  the  other  hand,  according  to Fig. 2(b),
which  displays  the  temporal  evolution  of  micro-sphere
velocity, in the beginning, the micro-sphere is in the sta-
tionary  state.  Then  it  accelerates  to  a  high  velocity

 in  an extremely  short  time (be-
low one  microsecond),  followed  by  a  modest  decelera-
tion  until  a  stable  capture  is  reached  in  a  time  scale  of
several milliseconds. Due to the radial symmetrical struc-
ture of the micro-sphere and optical tweezers, the micro-
sphere only experiences the optical force along the z-axis,

 [shown in Fig. 2(d)]. Moreover, due to the radial sym-
metrical  force  exerted  on  the  micro-sphere,  no  torque
exists to supports its rotation [displayed in Fig. 2(c)]. The
data in Figs. 2(c) and 2(d) are consistent with the physic-
al  analysis  and  naive  expectation.  The  stable  position  is
[0,0,0.085]. It shows that the trapping potential well cen-
ter for the micro-sphere particle is in the optical axis, i.e.,
the z-axis, and slightly shifting forward (0.085 ) away
from  the  laser  beam  focus  center  without  the  particle,
due  to  the  refraction  effect  of  the  particle  against  the

laser beam. Besides, the micro-sphere spends about 0.008
second on reaching the stable position, which agrees well
with the results reported in ref.28.

v0 = [0, 0, 0] μm/s
ϕ0 = [0, 0, 0] rad ω0 =

[0, 0, 0] rad/s

Having  confirmed  the  accuracy  and  efficiency  of  the
numerical methods, we proceed to estimate the trapping
probabilities  by  systematically  performing  simulation  at
random initial  positions  and velocities  in  the  parameter
space.  This greatly  helps  on  judging whether  the  micro-
sphere can be trapped stably and efficiently in the optic-
al tweezers.  In  the  following,  we  first  consider  the  dy-
namics of microsphere with different initial positions but
with  fixed initial  zero  velocity.  We compare  the  motion
trajectories of the micro-sphere when it is set at different
initial  positions  in  the  optical  tweezers.  Apart  from  the
initial  positions,  the  rest  parameters  are  as  follows,  the
initial  velocity , the  angular  displace-
ment ,  and  the  angular  speed 

.

r0y = 0 μm r0z = 0.085 μm

In  the  first  case,  the  initial  position  of  the  micro-
sphere is set to be located on the horizontal plane cross-
ing the trapping center  and moving along the x-axis,  so
that  the  coordinate  on  the y-  and z-  axes  is  given  by

 and . Figure 3(a) shows  the
temporal evolution of the x-directional trajectories of the
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Fig. 2 | The dynamic process of the micro-sphere in an optical tweezers. Plots of the (a) position, (b) velocity, (c) angular velocity, and (d)
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r0x = μm

|r0x| ⩽ 1.0 μm

1.5 μm ⩽ |r0x| ⩽ 1.9 μm

Fx Fz
Fz

micro-sphere  at  different  initial  positions  in  the x-axis
with  0.5, 1.0, 1.5, 1.8, 1.9, and 2.0 , respectively.
When  the  initial  position  is  within  the  Hookean  region
( ),  the  micro-sphere  experiences  a  strong
restoring force, as shown in Fig. 1(b). It rapidly falls into
the  laser  center,  then  finally  locates  at  the  equilibrium
position. Interestingly, even though the initial position is
out of the Hookean region ( ), the
micro-sphere still can be trapped in the optical tweezers.
This  phenomenon  is  due  to  the  fact  that  the  micro-
sphere  experiences  the  synergetic  effect  between  the x-
axis  optical  force  and  the z-axis  optical  force .  At
this  time,  the  force  plays  a  very  important  role  in
dominating  the  final  state  of  the  micro-sphere  motion.

Fsum Fsum = Foptical + Fdrag+
G+ Fbuoy

r0x = μm

T ⩽ 0.015 s
0.015 s ⩽ T ⩽ 0.045 s

r = [0.68, 0, 0.73] μm

For clear illustration, we plot the detailed pictures of the
trajectory,  the  optical  force  and  the  viscous  drag  force,
and  the  resultant  force (

, which are  the same in all  context)  of  the mi-
cro-sphere  placed  at  1.9 ,  and  display  them  in
Figs. 3(b), 3(c) and 3(d),  respectively.  In Fig. 3(b),  the
micro-sphere moves towards the laser center in the x-ax-
is direction, while away from that in the z-axis direction
in the early stage ( ). In the intermediate stage
( ),  the  micro-sphere  moves  slowly
in the z-axis direction, and keeps on moving close to the
laser  center  in  the x-axis.  In  the  last  stage,  the  micro-
sphere  overcomes  viscous  resistance  and  slowly  reaches
the  Hookean  region  ( )  at  the  time
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Fig. 3 | Mechanical motion dynamics of the micro-sphere at different initial positions in the horizontal trapping plane. (a) The x-direction-

al  trajectories  of  the  micro-sphere  at  different  initial  positions  in  the x-axis  in  the  optical  tweezers  with r0x=0.5,  1.0,  1.5,  1.8,  1.9,  and 2.0  μm.

(b)−(d)  display  the  temporal  evolution  of  the x-  and y-  and z-  directional  trajectory,  optical  force,  drag force,  and resultant  force,  respectively,

when the micro-sphere is set at the initial position r0x=1.9 μm. (e) and (f) display the temporal evolution of the optical force and the drag force,

and the resultant force, respectively, when r0x=2.0 μm.
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T = 0.046 s

Foptical = [Fx, Fy, Fz]
Fdrag = [Fdrag_x, Fdrag_y, Fdrag_z]

Fx
Fz

Fz

Fz

Fdrag

Fsum

r0x = 2.0 μm

Fz

Fx

, then  goes  straight  to  the  equilibrium  posi-
tion with a great speed. In Fig. 3(c), the plot of the optic-
al  force  and  the  drag  force

 exerted  on  the  micro-
sphere  also  helps  us  to  understand  its  dynamic  process.
In the early stage,  the negative force  pulls  the micro-
sphere into the trap, while the positive force  pushes it
away. In the intermediate stage, the value of the force 
is low so that the micro-sphere moves slowly in the z-ax-
is.  More  importantly,  the  direction  of  the  force  has
changed  from  the  positive z direction  to  the  negative
z direction,  which  indicates  the  capture  of  the  micro-
sphere.  In  the  whole  process,  the  drag  force  op-
poses its  motion, and varies with the velocity of the mi-
cro-sphere. On the other hand, in Fig. 3(d), the resultant
force  are helpful in understanding the motion of the
micro-sphere. For example, the resultant force is so small
in  the  intermediate  stage  compared  with  other  forces,
and the  micro-sphere  moves  very  slowly  correspond-
ingly.  When ,  the  optical  force,  drag  force,
and the resultant force over time are calculated and dis-
played  in Figs. 3(e) and 3(f),  respectively.  The  direction
of the force  always points to the positive z axis, so that
it  pushes  the  micro-sphere  away  from  the  laser  center.
Meanwhile,  the  force  is  too  small  to  pull  the  micro-
sphere  back  to  the  trap  center.  As  the  micro-sphere
moves away from the laser center, the resultant force ap-
proaches  zero.  Therefore,  this  initial  position  will  not
lead to successful trap of the micro-sphere.

r0x ≤ 1.5 μm

r0x = 1.8 μm 1.9 μm

Figure 4 shows  the  corresponding  3D  trajectories  of
the micro-sphere. The color bar represents the time. This
picture can  illustrate  the  temporal  evolution  of  the  mi-
cro-sphere  mechanical  motion  in  3D  space.  Moreover,
these 3D dynamic processes of the micro-sphere are bet-
ter  visualized  in  Supporting  Information  (SI)  Video  S1.
In Fig. 4 and  Video  S1,  it  is  obvious  that  the  micro-
sphere does not follow the shortest straight path to move
to the  stable  position.  Besides,  the  complexity  of  its  tra-
jectory  increases  as  the  initial  position is  located farther
away from the laser center. When the micro-sphere is set
at ,  it  moves  fast  along  the  corresponding
trajectory,  and takes less  than 0.015 second to reach the
stable  position.  While  at  or , its  tra-
jectory  has  been  described  in Fig. 3(b).  As  observed  in
Video  S1,  the  micro-sphere  exhibits  abundant  types  of
mechanical motions,  including  acceleration,  decelera-
tion, and  turning.  However,  these  short  dynamic  pro-

r0x = 2.0 μm
cesses  are  easily  overlooked  in  experiments.  With

,  in  a  period  of  0.06  second,  the  micro-
sphere  also  undergoes  many  motion  phases  as  in  other
initial  positions,  but  without  a  successful  capture  in  the
end. If the micro-sphere is utilized as a handle linked to
single  bio-molecule,  these  specific  motion  details  can
provide  key  information  on  the  dynamic  process  of  the
attached single bio-molecule.
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Fig. 4 | The  3D  trajectories  of  the  micro-sphere  in  the  optical
tweezers at  different  initial  positions  in  the x-axis  with r0x=0.5,
1.0, 1.5, 1.8, 1.9, and 2 μm.
 

r0x = 0 μm
r0y = 0 μm

r0z =
μm

Fx = 0 Fy = 0

G Fbuoy
−2 μm ⩽ r0z ⩽ 0 μm

0 μm ⩽ r0z ⩽ 1.0 μm

1.4 μm ⩽ r0z ⩽ 1.75 μm

r0z = 1.7 μm

In  the  second  case,  the  initial  position  of  the  micro-
sphere is set to be located at the z-axis with ,

. Fig. 5(a) shows the temporal evolution of the
z-directional trajectories of the micro-sphere at different
initial  positions  in  the z-axis  with −2.0,  −1.5,  −1.0,
−0.5, 1.0, 1.4, 1.6, 1.7, 1.75, and 1.9 , respectively. The
corresponding dynamic  motions  are  shown  in  Supple-
mentary information Video S2.  Due to the symmetry of
micro-sphere and optical tweezers,  the optical force act-
ing  on  the  micro-sphere  always  has  and .
Therefore, the micro-sphere experiences the optical force
along the z-axis only and thus also moves along the z-ax-
is only.  In this situation, the forces  and  also ap-
ply  a  little  bit  of  work.  When ,  the
required  equilibrium  time,  which  is  the  time  for  the
trapped micro-sphere to reach its equilibrium position, is
positively correlated with the distance from the trap cen-
ter. When , the micro-sphere exper-
iences  a  strong  propulsion  force,  rapidly  falls  into  the
laser center, and eventually locates at the equilibrium po-
sition.  When ,  the  micro-sphere
is  captured  in  the  end  but  the  situation  differs  from
above.  As  a  reference,  the  sketches  of  the  optical  force
and drag force, and the resultant force varying over time
are  shown  in Figs. 5(b) and 5(c) when .  In
the initial stage, the micro-sphere moves slowly, which is
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r0z ⩾ 1.9 μm
Fz

primarily due  to  the  small  resultant  force.  While  enter-
ing into the Hookean region, it rapidly falls into the trap
because of the huge restoring optical force. Eventually, it
will  stop  due  to  the  drag  force.  When ,  the
direction  of  the  optical  force  points  to  the
positive z direction,  as  shown  in Fig. 1(c),  and  it  pushes
the micro-sphere away from the laser center. Clearly, this
initial position will not lead to successful trap of the mi-
cro-sphere.
 

Dynamics of micro-sphere at different
initial velocities

r0 = [0, 0, 0] μm ϕ0 = [0, 0,
ω0 = [0, 0, 0] rad/s

v0y = 0 μm/s v0z = 0 μm/s

In this  part,  we consider,  calculate,  and display  the  mo-
tion trajectories  of  micro-sphere when it  is  set  at  differ-
ent initial velocities. Similar to the past sections, we have
listed  the  initial  parameters,  the  initial  position

,  the  angular  displacement 
0] rad, and the angular speed .  In the
first case, the micro-sphere is set to be located at the laser
trap  center  and  has  initial  velocity  components  of

 and .

v0x = ×104 ×106 ×106

×106 ×106 ×106

Fdrag = γ · v

v0x ⩽ 5× 106 μm/s

v0x = 7.75× 106 μm/s
v0x ⩾ 8× 106 μm/s

The corresponding  3D  trajectories  and  dynamic  mo-
tions  of  the  micro-sphere  at  different x-directional ini-
tial  velocities  with 100,  1 ,  1 ,  5 ,
7.5 , 7.75 , and 8  μm are shown in Fig. 6 and
Supplementary information Video S3. In the initial stage,
the micro-sphere with an initial velocity will continue to
move  and  reach  a  new  position  because  of  the  inertia.
According to the equation , the higher speed,
the larger viscous force. Thus, the velocities decrease rap-
idly. Additionally, it moves under a variety of forces, in-
cluding the optical force, the drag force, the gravity, and
the  buoyance.  In  the  following  processes,  its  motion  is
similar  to  the  situations  with  the  different x-axis  initial
positions in Fig. 4. Moreover, the x-directional initial ve-
locity  is  essential  to  the  trapping  probabilities  and  the
capture time. When , it takes less than
0.01  second  for  the  micro-sphere  to  reach  the  steady
state.  While ,  it  takes  about  0.06
second.  When ,  the  micro-sphere  is
hard to be captured. The experience gained via this sys-
tematical  study  is  particularly  useful  in  determining  the
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Fig. 5 | Mechanical motion dynamics of the micro-sphere at dif-
ferent initial positions along the optical axis. (a) The z-directional

trajectories  of  the  micro-sphere  at  different  initial  positions  in  the z-

axis in the optical tweezers with r0x=−2.0, −1.5, −1.0, −0.5, 1.0, 1.4,

1.6,  1.7,  1.75  and  1.9  μm.  (b)  and  (c)  The  sketches  of  the  optical

force and the drag force, and the resultant force over time, respect-

ively, when the micro-sphere is set at the initial position r0x=1.7 μm.
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initial velocity of a particle in the liquids required for the
particle to be successfully trapped. 

Dynamics of micro-sphere with general
initial mechanical conditions

ϕ0 = [0, 0, 0] rad ω0 = [0, 0, 0] rad/s
r0 = [1, 0, 0] μm

v0

In this part, we go further to investigate the motion tra-
jectories of the micro-sphere in more general initial con-
ditions of positions and velocities. The initial parameters
are  set  as  follows:  the  angular  displacement

,  the  angular  speed ,
the position is located at x-axis ( ),  while
the velocity  is parallel to the z-axis.

v0z = ×106 ×106 ×106 ×106 μm/s

Foptical = [−11.9, 0, 5.3] pN

v0z = 1× 106 μm/s

5×
106 μm/s ⩽ v0z ⩽ 6× 106 μm/s

v0z = 6× 106 μm/s

Fx
Fx

T = 0.016 s

v0z = 6.5× 106 μm/s

Figure 7(a) shows  the  3D  trajectories  of  the  micro-
sphere  at  different z-directional  initial  velocities  with

1 ,  5 ,  6 ,  and  6.5  , respect-
ively.  In  addition,  the  initial  position  is  marked  with  a
pentagon.  The  corresponding  dynamic  motions  can  be
observed in  Supplementary  information Video  S5.  Al-
though the  optical  force  exerted  on the  micro-sphere  at
the initial position is , the mi-
cro-sphere  still  moves  upward  with  the  initial z-direc-
tional  velocities  and  reaches  a  new  position  because  of
the  inertia.  When ,  the  micro-sphere
just moves up a little bit. After that, it reaches the stable
position  rapidly,  in  less  than  0.01  second.  When 

, the micro-sphere moves
towards  the  positive x direction while  moving  down-
wards concurrently. Later, it makes a large-angle turning.
Specifically, the  micro-sphere  changes  its  motion  direc-
tion,  shifts  in  the  negative x direction  while  moving
downwards,  and  approaches  the  equilibrium  position.
Taking  as an example, we have calcu-
lated and plotted the optical force and drag force, and the
resultant force of the micro-sphere in Figs. 7(b) and 7(c),
respectively.  As  is  well  known,  both  the  magnitude  and
direction  of  the  optical  force  vary  with  its  location.
The key to the turning is that the direction of the force 
is  reversed  when .  After  that,  the  micro-
sphere  moves  slowly  along  the  trajectory  for  about  0.02
seconds, and then rushes into the stable position. When

,  although  the  micro-sphere  moves
towards  the  negative z direction  in  the  early  stage,  it
keeps  heading  in  the  positive x direction  in  the  whole
process. As a result, it is hard to successfully trap the mi-
cro-sphere in this situation.

In  the  above  discussions,  we  just  list  several  special
cases to describe the micro-sphere trapping probabilities.
Nevertheless, there  will  be  various  combinations  of  ini-

tial parameters to characterize the motions of the micro-
sphere in the optical  tweezers.  In any of  these cases,  the
theoretical and  numerical  method  proposed  in  this  pa-
per can give a reasonable solution and calculation of the
mechanical  motion  dynamic  process,  and  also  explain
how  and  why  the  micro-sphere  moves,  whether  or  not,
how and why it  can be  trapped.  It  should be  noted that
the  initial  angular  displacement  and angular  speed have
not been discussed or analyzed in the present work. It is
mainly because the optical torque is very small as shown
in Fig. 1(d)] while the drag torque is relatively very large
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Fig. 7 | (a)  The  3D  trajectories  of  a  micro-sphere  at  different  initial
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τdrag =8πr3sηω( ).  Thus,  the  rotation  state  of  the  micro-
sphere will not last long and is very hard to be observed
in  experiments.  There  is  still  a  critical  problem  that  in
the microscopic  world,  due  to  the  random  bombard-
ment  of  the  water  molecules,  the  Brownian  motions  of
particles become  increasingly  significant  with  the  de-
creasing size of the particles. In terms of the trapped mi-
cro-sphere, the Reynolds number of fluid is rather small,
which  is  much  less  than  1,  therefore  the  viscous  forces
rather than  Brownian  force  dominate  its  dynamic  pro-
cess.

r(t), v(t), ϕ(t), ω(t), Foptical(t), Fdrag(t), Fsum(t)

Through  simulating  the  dynamic  process,  the  change
of  the  relevant  physical  parameters  of  the  micro-sphere
[ ]  over
time  are  very  clear.  This  can  help  us  understand,  and
even predict  the results  of  experiments such as trapping
probabilities,  balance  time,  the  maximum  velocity,  etc.
Meanwhile,  the  above  method  can  also  be  utilized  in
analyzing  the  dynamic  process  of  a  complicated-geo-
metry  particle  in  complicated-structure  beams,  which
creates  new  possibilities  for  constructing  mixed  laser
beams  to  generate  various  motions  for  microscale
particles. 

Conclusions
In summary, we have proposed a method based on semi-
analytical ray optics model to visualize the dynamic pro-
cess of a dielectric micro-sphere in optical tweezers. This
approach allows for a fast calculation of optical force and
torque exerted upon micro-sphere by focused laser beam
with reasonable accuracy and makes it possible to simu-
late the whole mechanical motion trajectory and process
of the particle under Newton’s law. We discuss the trap-
ping  probabilities  of  the  micro-sphere  at  the  different
initial positions or velocities along the x- and z- axes re-
spectively.  It  has  been  found  that,  unexpectedly,  the
particle still has the possibility to be trapped by the optic-
al tweezers even if its position is out of the Hookean re-
gion. In contrast, the micro-sphere with a large initial ve-
locity will  not  necessarily  be trapped even if  its  position
is in the Hookean region.

On  the  other  hand,  even  in  simple  optical  tweezers,
the  dielectric  micro-sphere  exhibits  abundant  phases  of
mechanical motions,  including  acceleration,  decelera-
tion, and turning. Solution and analysis of the 3D micro-
scale particle dynamic process within optical trapping is
essential for  understanding  various  mechanisms  for  en-
gineering  the  light-matter  mechanical  interactions,  the

mechanical  motion  behavior  of  molecules  or  micro-
particles in liquid, as well as the biophysics and biochem-
istry  of  macromolecules  and  cells.  These  dynamics  will
facilitate the  investigation  of  the  single-molecular  kin-
ematics, the complex motions of diverse particles and so
on. In addition, this method opens up a new way to pro-
mote optimal external control in various applications, in-
cluding molecular winding, nanoparticles sorting, and in
vivo  manipulations.  However,  this  method  is  still  not
mature enough. In the future, we shall perfect the theory
of the micro-particle dynamics, and take more factors in-
to  consideration,  such  as  the  Brownian  motion  of
particles, the change of the viscous drag coefficient (due
to the action of the cover glass), the physical characterist-
ics of the particles (shape, radius, refractive index), etc.
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r0x =

μm

The 3D trajectories  over  time  of  the  micro-sphere  at  different  initial  posi-
tions in the x-axis in the optical tweezers with  0.5, 1.0, 1.5, 1.8, 1.9, and
2 .
Video S2: 2Rz.avi

r0z =
μm

r0x = 0 μm r0y = 0 μm

The 3D trajectories  over  time  of  the  micro-sphere  at  different  initial  posi-
tions  in z-axis  in  the  optical  tweezers  with −2.0,  −1.5,  −1.0,  −0.5,  1.0,
1.4, 1.6, 1.7, 1.75, and 1.9 . It needs to be explained that the micro-sphere
is placed at z-axis with , . Therefore, we set the values
of x- and y- axes to be zero.
Video S3: 3Vx.avi

v0x = ×104 ×106 ×106

×106 ×106 ×106 μm/s

The 3D trajectories over time of the micro-sphere at different initial velocit-
ies  in x-axis  in  the  optical  tweezers  with 100,  1 ,  1 ,  5 ,
7.5 , 7.75 , and 8  .
Video S4: 4Vz.avi

v0z = ×105 ×106 ×106

×106 ×106 ×106 μm/s

The 3D trajectories over time of the micro-sphere at different initial velocit-
ies in the z-axis in the optical tweezers with 100, 1 , 1 , 6 ,
6.5 , 6.75 , and 7  . Similar to Video S2, the different traject-
ories have been separated and the values of the x- and y- axes are set to be
zero.
Video S5: 5RxVz.avi

v0z = ×106 ×106 ×106 ×106 μm/s
r0 [0, 0, 1]μm

The 3D trajectories over time of the micro-sphere at different initial velocit-
ies  in z-axis,  and 1 ,  5 ,  6 ,  6.5  ,  when  the  initial
position  is .
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