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We present a detailed analysis on mode evolution of grating-coupled surface plasmonic polaritons (SPPs) on a conical 
metal tip based on the guided-wave theory. The eigenvalue equations for SPPs modes are discussed, revealing that cy-
lindrical metal waveguides only support TM01 and HEm1 surface modes. During propagation on the metal tip, the grat-
ing-coupled SPPs are converted to HE31, HE21, HE11 and TM01 successively, and these modes are sequentially cut off 
except TM01. The TM01 mode further propagates with drastically increasing effective mode index and is converted to loca-
lized surface plasmons (LSPs) at the tip apex, which is responsible for plasmonic nanofocusing. The gap-mode plas-
mons can be excited with the focusing TM01 mode by approaching a metal substrate to the tip apex, resulting in further 
enhanced electric field and reduced size of the plasmonic focus. 
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Introduction 
Plasmonic nanofoucsing techniques have received in-
creasing attentions for concentrating light energy into a 
nanoscale spatial region1. In consequence, the electric 
field can be significantly enhanced with mode volume 
maintained in nanoscale. Such an excellent characteristic 
has been exploited in a wide range of applications in 
tip-enhanced Raman spectroscopy (TERS)2–4, surface 
enhanced Raman spectroscopy (SERS) 5–8, nonlinear op-
tics9–13, and super-resolution imaging14,15, etc. The key to 
achieving plasmonic nanofocusing is the design of metal 
nanostructures with excellent localized surface plasmon 
resonance (LSPR) effect, such as wedges16, tetrahedrons17, 
grooves18, nanoparticles19, etc. Besides, it is noteworthy 
that noble metallic tips can combine electric field en-
hancement and spatial confinement characteristics to 

generate nano-confined light source20,21. 
Conical metal tips have been commonly adopted for 

TERS in the configuration of scanning probe microsco-
py22. Conical metal tips are typically fabricated by elec-
trochemically etching gold/silver wires23, and directly 
illuminated at the tip apex with a focused laser beam24. 
Localized surface plasmons (LSPs) are excited at the tip 
apex to enhance the near field as the nano-confined light 
source. Subject to the diffraction limit, however, the focus 
light spot under the far-field illumination is much larger 
than the size of the enhanced near field, and thus back-
ground signal excitation is inevitable, which in turn limits 
sensing performance in some circumstances22. 

An effective way to avoid the background signal excita-
tion is based on a conical metal tip with grating-assisted 
light coupling25–27, which has also been exploited in the 
fields of grating-assisted SPP interferences28, imaging29, 
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lithography30, etc. In this scheme, a diffractive grating is 
fabricated on the metal tip body at a distance of tens of 
microns from the tip apex to achieve momentum match-
ing between the far-field excitation light and the surface 
plasmonic polaritons (SPPs)31–33. The grating-coupled 
SPPs propagate along the metal body and are finally con-
verted to LSPs confined at the tip apex. Although such a 
scheme has been applied in nano-Raman/nonlinear spec-
troscopy34,35, the mechanism of plasmonic mode evolu-
tion and the resulting nanofocusing has not been clearly 
understood36–39. 

In this paper, we present a detailed analysis on mode 
evolution of grating-coupled SPPs on the conical metal 
tip based on the guided-wave theory. The eigenvalue equ-
ations of guided SPP modes and mode fields of allowed 
eigenmodes are examined for cylindrical plasmonic 
guides. The propagation of the grating-coupled SPPs on 
the conical metal tip is numerical simulated by using the 
finite difference time domain (FDTD) solution software 
(Lumerical Inc.), revealing plasmonic mode evolution for 
realization of nanofocusing. 

Results and discussion 
As an excellent plasmonic material in the visible band, 
silver is selected for the metal tip model, as illustrated in 
Fig. 1. As a proof of principle, the dielectric constant of 
silver is selected as εAg=−18.281+0.48108i at the excitation 
wavelength λ=632.8 nm40. In addition, the dielectric con-
stant of silver given by other model can also be used in 
our calculations41. A slit grating with a period of Λ =1180 
nm, a slit width of 20 nm and a depth of 50 nm is fabri-
cated onto the shaft of the silver tip at a distance of L=12 
μm from the tip apex. The included angle between the 

excitation light and the surface normal of the tip body is . 
The curvature radius at the apex and the conical angle of 
the tip are r=20 nm and =10o, respectively.  

Under the condition of k0R0≫1 42, where k0 is the wave 
vector of the far-field excitation light, and R0 is the 
cross-sectional radius of the tip body at the location of 
the grating, a diffractive grating located on a flat silver 
film as sketched in Fig. 2(a) can be taken as an approxi-
mation to the case given in Fig. 1, since the diameter of 
the silver tip is much greater than the wavelength of the 
grating-coupled SPPs. In addition, according to the 
propagation characteristic of SPPs43,44, the tip model may 
be considered as an assembly of a planar grating structure 
that excites SPPs and a conical plasmonic tip that trans-
mits and focuses the SPPs. The role of the planar grating 
is to match the wave vectors of the far-field excitation 
light and the SPP mode. The SPPs can be excited under 
the phase-matching condition SPP // Gk k k   25, with the 
wave vector of SPPs SPP

SPP =Re( )2π /k n λ , the wave vector 
component of the excitation light parallel to the surface of 
planar grating // 2πsin /k θ λ , and the grating vector 

G =2π /k Λ .   and Λ  are the diffraction order and 
the period of the grating, respectively. The effective index 
of the SPPs can be written as SPP 1/2

eff Ag d Ag d[ / ( )]n ε ε ε ε  42, 
i.e. neff =1.0285, where d=1 is the surrounding’s dielectric 
constant. Confined by the limited width of the grating 
structure, the grating-coupling SPPs for the model shown 
in Fig. 1 should have lower effective index than this value. 
The phase-matching condition gives =30o for =1 , as 
shown in Fig. 2(b). In agreement with the analytical cal-
culation, the simulation result shown in Fig. 2(c) presents 
a reflection minimum at =28.5o for λ=632.8 nm. In the 
simulation, the focused Gaussian beam is approximated 
with a plane wave. Here, the total field scattered field 
(TFSF) is used to prevent the possible coupling with the 
boundaries of the simulation area. The polarization of the 
excitation field is parallel to the incident plane. In Fig. 
2(d), the corresponding Re(Hy) distribution illustrates the 
generation and propagation of SPPs at the silver-air in-
terface. 

To understand the guided SPP modes in an adiabatic 
tapered plasmonic waveguide, the effective indices (neff) 
of the SPP guided modes are determined by the corres-
ponding eigenvalue equations in a cylindrical metal wa-
veguide with varying radius, which are derived from the 
Maxwell’s equations with boundary conditions at the 
metal-air interface. The eigenvalue equation for the TM01 

mode is written as45,46 
Ag d1 1 1 2

0 1 1 0 2 d

( ) ( )
( ) ( )

ε εI χ R K χ R
I χ R χ K χ R χ

  ,          (1) 

where Km(x) is the modified Bessel function, and Im(x) is 
the modified Hankel function, 2 2 2 1/2

1 Ag( / )χ β ε ω c  , 
2 2 2 1/2

2 d( / )χ β ε ω c  , and  is the propagation constant. 
Similarly, the eigenvalue equation of the HEmn mode can 
also be derived (Supplementary information Section 1). 

Fig. 1 | Geometry of a conical silver tip with grating-assisted 

light coupling. The excitation light is focused onto the diffractive 

grating. R is the cross-sectional radius of the tip body gradually 

decreasing from 1 μm to 20 nm. The tip apex is modeled as a 

hemisphere with a radius of r. 
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where        1 1 1(1/ ) ( ) / ( )m mS W I W I W , 
2 2 2(1/ ) ( ) / ( )m mT W K W K W , 

1 1W χ R , 
2 2W χ R . 

For a certain m, there are multiple solutions by solving Eq. 
(2). Since the radial field distribution has only one max-
imum at the metal-air interface of the silver tip, the radial 

number can only take n=1. Due to the p-polarization na-
ture of SPPs, the cylindrical waveguide supports TM01 

mode with radial polarization distribution but forbids the 
TE01 mode owing to its azimuthal polarization characte-
ristic47. In addition, there is no solution of EHmn modes 
on the silver-air interface48. 

According to Eqs. (1) and (2), we can calculate the ef-
fective indices of the cylindrical silver waveguide with a 
radius of R, shown as the solid curves in Figs. 3(a) and 
3(b), which are in excellent agreement with the simula-
tion results plotted in dotted curves by using the MODE 
solution software (Lumerical Inc.). Figures 3(d–j) show 
the transverse mode field intensity distributions simu-
lated at R=1 μm. As seen in Fig. 3(a), multiple SPP guided 

Fig. 2 | (a) Sketch map of SPPs excitation using a planar grating; (b) Dispersion relationship of SPPs and the grating coupling; (c) Reflection 

obtained from the field monitor located above the surface without grating; (d) Re(Hy) distribution of the grating-coupled SPPs generation and 

propagation along the silver-air interface with excitation wavelength at λ=632.8 nm and θ=28.5°. 

Fig. 3 | Effective indices neff in real part (a) and imaginary part (b) of guided SPP modes versus the radius of cylindrical silver guide R. (c) Sketch 

map of a silver tip removing the diffracting grating. (d–j) Transverse modes intensity distributions of guided modes for R=1 μm. 
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modes, including TM01, /
11HEx y , e/o

21HE  and e/o
31HE , can 

exist in the surface of plasmonic guide for large radius, 
but the high-order SPP guided modes have effective in-
dices reaching unity and thus are gradually cut off as the 
radius decreases, i.e. at R=815 nm, 440 nm, and 60 nm for 

e/o
31HE , e/o

21HE  and /
11HEx y , respectively. In contrast, 

TM01 mode will never be cut off with decreasing R and 
has effective mode index approaching infinity.  

For the assembly of the diffraction grating and the me-
tallic tip illustrated in Fig. 1 under far-field excitation, 
Figure 4 shows the evolutionary process of the plasmonic 
mode field ending up with nanofocusing. Figure 4(a) is 
the transverse mode intensity distribution of the grat-
ing-coupled SPPs under the condition of k0R0≫1. In Fig. 
3(a), it can be seen that the effective refractive neff of the 
grating-coupled SPPs denoted by the pink line is close to 
that of the HE31 mode for R≈1000 nm, so part of the 
grating-coupled SPPs are firstly coupled to the HE31 mode, 
as shown in Fig. 4(b). With R gradually decreasing to less 
than 800 nm, the HE31 mode is cut off, and only with a 
short evanescent tail in the propagation direction, as de-
picted in Fig. 4(c). At the same time, the neff of grat-
ing-coupled SPPs is gradually close to that of the HE21 
mode, so part of them is further coupled to the HE21 
mode, as shown in Fig. 4(d), and the HE21 mode can 
propagate along the interface of the tip. At R=440 nm, the 
HE21 mode is also cut off. Only the remaining grat-
ing-coupled SPPs propagate along the surface of the tip, 
as shown in Fig. 4(e). With further reduction of the tip 
radius, the grating-coupled SPPs is partly coupled to HE11 

mode at R=130 nm due to the phase mismatch coupling, 
as shown in Fig. 4(f). After the HE11 mode is cut off at 
R=60 nm, only the TM01 mode evolved by grat-
ing-coupled SPPs propagates along the interface in ac-
company with a small amount of remaining grat-
ing-coupled SPPs, as shown in Fig. 4(g). 

In order to ensure that the TM01 mode can propagate to 
the tip apex with minimal non-ohmic loss, i.e. via radia-
tion, the condition of the adiabatic parameter ( )=δ R  

01

SPP 1
TM|d( ) / d |tan( )k R α ≪1 must be satisfied27. In other 

words, the conical tip angle  must be less than a critical 
value to allow TM01 mode to adiabatically transmit to the 
tip apex. On the other hand, a small  causes SPPs to 
experience longer transmission distance to reach the tip 
apex, inevitably increasing the ohmic loss. Therefore, an 
optimum  compromises the ohmic and the radiational 
losses. The competition between these two effects also 
leads to a wavelength-dependent conical angle for opti-
mum energy delivery to the tip apex27,49,50. Considering 
the actual condition of the electrochemically etched silver 
tip, we select =10° and r=20 nm to calculate the adia-
batic parameter , and the corresponding calculated re-
sult is presented in Fig. 5.  

Note that  increases from 0.04 to 0.3 as the radius de-
creases from 60 nm to 20 nm. The TM01 mode thus can 
propagate with insignificant nonohmic loss due to satis-
faction of the adiabatic approximation condition illu-
strated in Fig. 5, while ends up with highly localized sur-
face plasmons as implied by its effective mode index that 
approaches infinity. Consequently, plasmatic nanofocus-

Fig. 4 | (a) Transverse mode intensity distributions of the grating-coupled SPPs at R=1 μm; (b–g) Transverse mode intensity distributions of the 

hybrid mode at R=800, 750, 600, 350, 230, and 20 nm, respectively. (h) Electric field intensity distribution at the tip apex. (i) Transverse electric 

field intensity distribution at 1 nm below the tip apex. 
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ing is achieved by converting the TM01 mode propagating 
along the tip surface to the LSPs at the tip apex. In reality, 
however, the adiabatic approximation condition will 
gradually fail in the hemispherical part of the tip apex. 
Thus, while approaching the tip apex and turning to LSPs, 
the TM01 mode is converted to the electromagnetic radia-
tion into free space, as shown in Fig. 4(h). This limits the 
focusing spot size and the location of maximum electric 
intensity deviates from the tip surface. Figure 4(i) is the 
transverse mode intensity distribution of the focal field 
located 1 nm below the tip apex with an electric field en-
hancement factor of EF= 2

Apex Incident| / |E E  =25 (where 
EApex and EIncident are the amplitudes of the electric field at 
the apex and the incident electric field, respectively), 
which is smaller than that obtained by direct far-field 
illumination on the silver tip apex, i.e EF≈ 80 (Supple-
mentary information Section 2). 

To further increase the field enhancement factor at the 
silver tip apex, a silver substrate is placed 2 nm below the 
tip apex to construct the gap mode, as shown in Fig. 6(a). 
The simulated field intensity distribution of the gap mode 
is shown in Fig. 6(b), it can be known that the gap-mode 
plasmons can be excited by the focusing TM01 mode, and 
the gap-mode intensity is effectively improved together 
with reduced spot size. The corresponding intensity dis-
tribution of the gap mode located 1 nm under the tip 
apex is depicted in Fig. 6(c). Note that the gap-mode 
plasmons can reach EF≈500, which is an order of magni-
tude higher than that of the non-gap mode and meets the 
requirements of TERS or nonlinear optics applications. 
Meanwhile, the gap mode enhances longitudinal polari-
zation components and improves focusing capability, as 
illustrated in Figs. 6(b) and 6(d).  

Conclusions 
We present a detailed analysis on mode evolution of 
grating-coupled SPPs on a conical metal tip based on the 
guided-wave theory. The eigenvalue equation of HEmn 

modes for cylindrical metal waveguides is presented. 
During propagation on the metal tip, the grating-coupled 
SPPs can be gradually coupled to HE31, HE21, HE11 and 
TM01 modes, and these modes are sequentially cut off 
except TM01. The TM01 mode further propagates with 
drastically increasing effective mode index and thus is 
converted to LSPs at the tip apex, which is responsible for 
plasmonic nanofocusing. The gap-mode plasmons can be 
excited with the focusing TM01 mode by approaching a 
metal film to the tip apex, resulting in further enhanced 
electric field and reduced size of the plasmonic focus. Fig. 5 | Adiabatic parameter δ of TM01 mode versus R. 
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