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Abstract. Scattering of waves, e.g., light, due to medium inhomogeneity is ubiquitous in physics and is
considered detrimental for many applications. Wavefront shaping technology is a powerful tool to defeat
scattering and focus light through inhomogeneous media, which is vital for optical imaging, communication,
therapy, etc. Wavefront shaping based on the scattering matrix (SM) is extremely useful in handling dynamic
processes in the linear regime. However, the implementation of such a method for controlling light in nonlinear
media is still a challenge and has been unexplored until now. We report a method to determine the SM of
nonlinear scattering media with second-order nonlinearity. We experimentally demonstrate its feasibility in
wavefront control and realize focusing of nonlinear signals through strongly scattering quadratic media.
Moreover, we show that statistical properties of this SM still follow the random matrix theory. The scattering-
matrix approach of nonlinear scattering medium opens a path toward nonlinear signal recovery, nonlinear
imaging, microscopic object tracking, and complex environment quantum information processing.
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1 Introduction
Light waves, as well as universal waves, encounter spatial, tem-
poral, spectral, and polarization distortions when propagated
through inhomogeneous media, which is detrimental for many
applications, such as optical manipulation, imaging, and com-
munication. In a scattering medium, ballistic photons are expo-
nentially attenuated with respect to its propagation depth,
while the scattered light gives rise to speckle patterns, i.e., ran-
dom interference.1 The scattering process is deterministic, and
the information is not lost within the decorrelation time. The
wavefront-shaping method is a powerful tool to offset the scat-
tering effect and correct wave distortions.2 Over the last decade,

wavefront-shaping methods have shown great capability to
achieve refocusing,3,4 imaging,5–7 and polarization recovery8 in
linear optics.

Nonlinearity is of great significance and widely used in many
applications, including biological sensing,9 nonlinear imaging,10

and phototherapy.11 Controlling light in scattering media with
nonlinearity is of fundamental and practical significance. The
combination of nonlinearity and wavefront-shaping methods
provides more controllable dimensions and advantages. When
the scattering medium involves quadratic nonlinearity, a speckle
pattern at the harmonic frequency can be generated due to
scattering. Manipulation of nonlinear signals in nonlinear scat-
tering media is quite significant and meaningful, which has
important applications in controlling multidimensional spec-
tral–spatiotemporal interactions,12,13 light focusing in multimode
fibers,14 nonlinear imaging,15 and nonlinear photodynamic
therapy.16 Wavefront-shaping techniques are also widely used
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in manipulating nonlinear scattering signals17,18 or investigating
nonlinear properties of scattering media.19 However, most im-
plementations are based on feedback mechanisms and only per-
form next-generation optimization based on the feedback signal
of the current generation. Although the focusing of scattered
light can be achieved at a submicrosecond time scale by the pro-
cess of field self-organization inside a multimode laser cavity,20

the focusing position depends on the position of the retrore-
flecting target. On the contrary, the scattering-matrix (SM)
method,21,22 including transmission/back-SM method, can gen-
erate arbitrary output and minimize the optimization time, suit-
able for applications in dynamic scattering environments.4 It is
achieved by continuously projecting a set of predefined phase
masks to the scattering medium and solving the inverse prob-
lem. In addition, since the SM connects the input and output
light, this method can also be used to describe the mesoscopic
properties of the scattering medium, such as the memory effect23

and transmission eigenchannels.24,25 The conventional SM be-
comes inadequate when the scattering medium also exhibits
nonlinearity. The SM method in nonlinear optics would provide
a significant method for studying physical properties of non-
linear scattering media, which is fundamentally important for
nonlinear imaging, nonlinear signal manipulation, quantum
information processing in complex environments, lithography,
and molecular spectroscopy.

In this paper, we experimentally determine the SM of a scat-
tering medium with quadratic nonlinearity via the four-phases
interferometric method (FPIM). We reveal the physical mecha-
nism of nonlinear process in the nonlinear scattering medium
and provide a new way for manipulating nonlinear signals with
wavefront shaping based on the SM. The validity and accuracy
of the SM method is proven by refocusing of single-spot,
double-spot nonlinear signals and dynamic focusing such as
scanning along predefined trajectories combined with the opti-
cal phase conjugation technique. Moreover, we investigate the
statistic properties of the matrix element and the singular value
of the SM of the nonlinear scattering medium. The results show
that this SM follows the random matrix theory (RMT).

2 Principle
To selectively focus a scattering signal through a scattering
medium, the input–output relation between each input mode
and output mode needs to be determined. For a scattering
medium with quadratic nonlinearity, if the input field Einðω1Þ
at the frequency of ω1 is kept fixed and the other Einðω2Þ at
the frequency of ω2 is wavefront-modulated, the input–output
relation between the nonlinear output field Eoutðω3Þ at the
frequency of ω3 ¼ ω1 þ ω2 and the two input fields can be
represented by an M × N SM KNL. The complex amplitude
of the mth output mode is then given by (see Sec. 1 in the
Supplementary Material for details)

Eout
m ðω3Þ ¼

X
n

kNLmnEinðω1ÞEin
n ðω2Þ; (1)

where Ein
n ðω2Þ is the nth input mode of Einðω2Þ, and kNLmn is the

element of the SM KNL. The SM contains the information of
the generation and scattering process of nonlinear signals in
the medium. It can be measured by using FPIM.

The schematic of nonlinear signal focusing via wavefront
shaping based on SM is shown in Fig. 1. The nonlinear signal
is monitored in the backscattering configuration. Without

shaping the wavefront of the input field Einðω2Þ, the generated
nonlinear signal is divergent and forms a speckle pattern, as
shown in Fig. 1(a). Figure 1(b) shows the generation and scat-
tering process of the nonlinear signal in the scattering medium,
and the blue arrows indicate the crystal orientation of the lithium
niobate (LN) nanoparticle. When Einðω1Þ and Einðω2Þ are inci-
dent in LN powder simultaneously, the particles radiate non-
linear signal, i.e., sum-frequency generation (SFG), and form
a speckle pattern after scattering by the medium. Figure 1(c)
shows the polarization dependence of the nonlinear field gen-
erated from the scattering medium. The isotropic response
confirms the random nature of polarization distribution. It is
worth noting that the intensity distribution of the nonlinear sig-
nals is related to the polarization of the input field. As shown
in Fig. 1(d), a nonlinear focal spot would be achieved by
appropriate wavefront shaping of the input field Einðω2Þ,
which is obtained by the optical phase conjugation method
Einðω2Þ ¼ conjðKNLÞEtargetðω3Þ∕Einðω1Þ, where Etargetðω3Þ is
the nonlinear target field and Einðω1Þ is a constant.

3 Experimental Results
Experimental measurement of the SM of the nonlinear scatter-
ing medium is illustrated in Fig. 2. The experiment detail is
depicted in Fig. 2(a). Two linearly polarized continuous wave
lasers at the wavelengths of λ1 ¼ 780 nm and λ2 ¼ 1064 nm
are used as the light source. Then both laser beams are expanded
by a pair of expander lenses with focal lengths of 30 and
200 mm to fit the apparatus of the objective lens. A half-wave
plate (HWP) is used for polarization control of laser beam 2.
Laser beam 2 is then modulated by a spatial light modulator
(SLM) (UPOLabs, HDSLM80R), which has a resolution of
1920 pixels × 1200 pixels. Then the two laser beams are com-
bined by a dichroic mirror (DM1) and focused on the scattering
medium of LN powder by an objective lens (40×, NA ¼ 0.65).
The generated SFG signals (λ3 ¼ 450 nm) are reflected by
another dichroic mirror (DM2), collected by a lens L5
(f5 ¼ 100 mm) and recorded by a charge-coupled device
(CCD). The scattering quadratic medium is a 100-μm thick layer
of LN nanocrystal powder, which is deposited on an indium tin
oxide-coated glass substrate by the electrophoresis method. The
transport mean free path of the scattering medium is measured
to be ∼3.4 μm (see Sec. 2 in the Supplementary Material for
detail). The inset of Fig. 2(a) is the scanning electron micros-
copy (SEM) image of the LN powder, which shows that the LN
particles have a maximum size of ∼200 nm. Figures 2(b)–2(d)
illustrate the SM measurement process. The pixels of the SLM
can be divided into two groups. The central region corresponds
to the N input modes (N ¼ 256 in our experiment). The
Hadamard bases of phase patterns are used, which has been
demonstrated to improve fluence at the sample plane and the
signal-to-noise ratio (SNR).21 The pixels displayed around the
Hadamard pattern are used to generate a nonlinear reference
field. Each input mode changes with four phase steps, i.e., 0,
π∕2, π, and 3π∕2. After measuring the output nonlinear field
response for all the 4N measurements, shown in Fig. 2(c), the
SM elements of the nonlinear scattering medium, which contain
the amplitude and phase modulation coefficients, are directly
extracted from the output modes of nonlinear harmonic wave,
SFG in the experiment via the FPIM, as shown in Fig. 2(d).

To show the validity of the SM measurement, we present
single-spot and double-spot focusing of a nonlinear signal on
different positions at the region of interest (ROI). The CCD is
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(b)

(c)

(d)
(a)

Fig. 2 The SM measurement process. (a) Experimental setup. L1 to L5, lenses, f 1−5 ¼ 30, 200,
30, 200, and 100 mm; HWP, half-wave plate; SLM, spatial light modulator; M1 and M2, reflecting
mirrors; DM1 and DM2, dichroic mirrors; Obj., objective; F, filter; and CCD, charge-coupled device
camera. Inset: SEM image of the LN powder (scale bar: 1 μm). (b) Phase pattern (Hadamard
basis) displayed on the SLM, and each input mode is scanned from 0 to 3π∕2 in 4 steps (0, π∕2,
π, and 3π∕2). The pixels displayed around the phase pattern are used to generate nonlinear
reference field. (c) Speckle pattern of nonlinear signal corresponding to each Hadamard basis.
(d) The measured SM KNL connects the input modes (horizontal axis) and output modes (vertical
axis). β and θ are the amplitude and phase of the element of KNL, respectively.

(a)

(c)

(b)

(d)

Fig. 1 Schematic of controlling nonlinear light in scattering medium via the scattering-matrix
method. (a) Generation of nonlinear speckle pattern without shaping the wavefront of the input
fields. (b) Nonlinear signals generation and scattering process in LN powder. (c) Intensity of non-
linear signal for a variable polarization of input field E inðω2Þ. (d) Schematic of nonlinear signal
focusing via WS technique. With an appropriate wavefront of E inðω2Þ, a focal spot of nonlinear
harmonic can be achieved.
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divided into 16 superpixels × 16 superpixels via pixel binning,
corresponding to M ¼ 256 output modes. For N ¼ 256 input
modes, the matrix with a dimension of 256 × 256 is calculated
after completing 1024 measurements; see Fig. 3(a). The nth
column of the matrix represents the complex amplitude of non-
linear scattering field generated by the input field Einðω1Þ and
the nth input mode of Einðω2Þ. The calculated phase pattern of
deterministic selective nonlinear focus on expected position is
obtained by the phase conjugation of the corresponding row of
the matrix, as shown in Fig. 3(b). The focal spots of SFG are
located at different positions of ROI when the corresponding
phase pattern is loaded on the SLM, as presented in Fig. 3(c).
Figure 3(d) shows the intensity cross section of nonlinear focal
spots located on different subregions (red, green, and blue
curves). The nonlinear single focal spots have similar intensity
and peak-to-background ratio (PBR) (defined by the ratio of the
intensity at the focus to the mean intensity of the background
speckle) is about 25. The energy of each focal spot of the
double-spot focusing is lower than that in single-spot focusing
because a similar amount of energy is distributed to two focal
spots under the same number of input modes. The process is
repeatable, which confirms the accuracy and stability of our
system. The results can confirm the physical relevance of the
measured SM.

The single-spot and double-spot focusing experiments
demonstrate the validity of the SM method; that is, the SM
effectively characterizes the relationship between the nonlinear
output field and the input pump field. In a multiple scattering
regime, statistical properties of the SM of linear scattering
medium follow the RMT.21 Theoretically, the measured SM

of nonlinear scattering medium is also related to the SM, and
similarly, we show that the statistical properties of the SM also
follow the RMT. This can be inferred from the fact that a random
system dominated by multiple scattering can be described by
a random matrix of independent identically distributed entries
of Gaussian statistics under certain conditions.21 Figures 4(a)
and 4(b) show the statistical distributions of the real and imagi-
nary parts of the SM, respectively. Both obey the Gaussian sta-
tistics of the same distribution.

Singular value decomposition (SVD) is a powerful tool to
analyze the SM, which has been used to identify transmission
eigenchannels25 and for selective focusing.26,27 For a multiple
scattering medium, statistical distribution of the singular value
of the SM follows the quarter-circle law.21 To facilitate compari-
son with the theoretical singular value of RMT, the singular

value λi is normalized via λ̃i ¼ λi∕
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

N
j¼1 λ

2
j∕N

q
. The normal-

ized singular value of the measured SM and the theoretical
prediction of RMT are shown in Fig. 4(c). It is noticeable that
the statistics does not follow the quarter-circle law. One reason
for this deviation may be the correlation between neighboring
elements of the SM. Verifiably, the correlation is removed by
considering only one element out of two, and the singular value
distribution of the new downsampling SM is closer to quarter-
circle law, as shown in the inset of Fig. 4(c). It is worth noting
that the largest singular value deviates far from others, as
marked by the red circle in Fig. 4(c). In a linear multiple scatter-
ing system, the existence of ballistic contributions would give
rise to large singular values.5 Correspondingly, in a nonlinear
scattering medium, a large singular value is attributed to the

(b)(a) (c) (d)

Fig. 3 Reconfigurable focusing of nonlinear signals via wavefront-shaping method based on SM.
(a) Measured SM that connects the input modes (horizontal axis) and output nonlinear modes
(vertical axis). Hue and brightness represent phase and amplitude, respectively. (b) Calculated
phase patterns for focusing nonlinear signals on different positions of the ROI with superpixel co-
ordinates (3, 5) (red); (9, 9) (blue); (6, 3), and (6, 7) (green, double spots). (c) Focal spots located at
different subregions of the ROI with the corresponding optimized phase patterns. (d) Intensity
cross section of the nonlinear focal spots located on different subregions of the ROI (red, green,
and blue curves).
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presence of nonlinear ballistic photons, i.e., single scattering
nonlinear photons. However, the deviation of quarter-circle
law and the presence of nonlinear ballistic photons do not sig-
nificantly affect the ability of SM to focus scattering nonlinear
fields. Figure 4(d) shows the normalized amplitude of the focus-
ing operatorKNL conjðKNLÞ, which characterizes the capacity of
SM to focus the output scattering field. The diagonally domi-
nant distribution of the focusing operator signifies the ability
of focusing at any position of the ROI through the scattering
medium.

Dynamic control of focusing light is extremely important in
many fields, such as scanning near-field optical microscopy28

and atomic force microscopy.29 Realization of all-optical signal
scanning through scattering media would further improve the
imaging resolution.30 We experimentally realize point-by-point
scan of nonlinear focus along predefined trajectories. Figure 5(a)
shows the predefined S-shape scan trajectory of the nonlinear
focus. The direction of the white arrow represents the scanning
direction. The nonlinear focus of each position in the scanning
path is shown in Fig. 5(b). The intensity and size of the focal
spot maintain good uniformity. The nonlinear focus spot moves
along the predefined scan path when the phase pattern on the
SLM is defined, and the scanning speed of the nonlinear focus
is 60 Hz, which is only limited by the frame rate of the SLM.
The actual scan trajectory of the focus is shown in Fig. 5(c).
Other predefined and actual scan trajectories of the nonlinear
focus with the shape of the letters “J,” “T,” and “U” are shown

in Figs. 5(d) and 5(e), respectively. The results provide a new
solution for realization of high spatial resolution point-by-point
scanning microscopic imaging, particles trapping31 through
high-scattering media.

4 Discussion
We have presented an approach for measuring the SM in the
scattering materials with nonlinearity. Compared with feedback
algorithm, the SM-based WS method can greatly improve the
speed. The feedback algorithm takes a great deal of time during
the optimization. However, the SM method uses a set of prede-
fined measurement patterns as phase masks, which allows the
SLM to display all phase masks at its maximum frame rate with-
out feedback. For N ¼ 256, the 1024 measurements for SM cal-
culation take about 3 min, limited by the frame rate of the SLM
and the CCD. High-speed SLM and photodetectors are expected
to shorten the SM measurement time down to the microsecond
scale.4 Unlike its linear counterparts, the SNR is limited by the
second-order susceptibility and input power in the nonlinear
regime. Nonlinear scattering materials with larger second-order
susceptibility, such as cadmium germanium arsenide, thallium
arsenic selenide, and gallium arsenide, and using more intense
lasers are conducive for higher SNR. Many wavefront-shaping
techniques based on feedback algorithms can only be realized
through optimization by reiteration. On the contrary, such SM
method can realize different tasks after one single measurement.

(c) (d)

(a) (b)

Fig. 4 Statistical properties of the SM: distribution of the (a), (b) real and imaginary parts of the
measured SM and (c) the normalized singular value of the SM. The blue dashed line represents
the singular value distribution from the quarter-circle law. Inset: normalized singular value of the
matrix after removing the neighboring element. (d) Normalized amplitude profile of the focusing
operator KNL conjðKNLÞ.
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Theoretically, the PBR of a nonlinear focus equals that in a
linear case and is expected to be ∼N. However, we observe that
the obtained PBR is lower than that in the linear case for the same
input mode. Apart from facts of wavefront distortion due to dead
zones of SLM, noise in the measurement, phase-only modulation,
discrete phase modulation, and nonuniform illumination,32 the
most significant reasons for this result are as follows: (i) the pres-
ence of the reference field increases the background; (ii) the non-
linear conversion efficiency of the nonlinear scattering medium is

relatively low, and the nonlinear signal intensity generated by dif-
ferent incident modes may not be uniform, inevitably introducing
measurement errors of the SM. It is worth mentioning that the
measurement method is not only applicable to backscattering
configurations but also to transmission configuration. This issue
can be easily solved by switching the backscattering configura-
tion to the transmission configuration.

The establishment of the SM also provides a new and power-
ful method for nonlinear signal information processing in a

(a)

(b)

(d)

(e)

(c)

Fig. 5 Nonlinear focusing along predefined trajectories. (a) Predefined scan trajectory in the
shape of the letter “S” of the nonlinear focus. The scanning direction is marked by the arrow.
(b) Nonlinear focus of each position in the scan path at different times. (c) Actual trajectory of
the nonlinear focus in the shape of the letter “S.” (d) Predefined scan trajectories in the shape
of the letters “J,” “T,” and “U.” (e) Actual trajectory of the nonlinear focus in the shape of the letters
“J,” “T,” and “U.”
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strongly scattering environment. The establishment of the SM
helps us to further understand the scattering characteristics in the
nonlinear scattering medium and further expands its application
scenarios. By utilizing the nanoscale probe,33 the scattering non-
linear signals may be expected to focus inside a scattering
medium.34 Combining the WS technique with the point-spread
function engineering method,35 it is expected that the scattering
nonlinear signals can be focused into a variety of novel beams.
Polarization control of nonlinear scattering signals is expected
to be achieved by measuring the vector SM.8 In addition, the SM
method may be pioneering new ways for nonlinear imaging
through scattering media. As a proof-of-principle experiment,
we only present the measurement of the SM in the SFG process.
Such SM method can be extended to other nonlinear processes,
such as second-harmonic generation, third-harmonic generation,
four-wave mixing, and stimulated Raman scattering with proper
configurations. The SM proposed may also provide a solution
for quantum information restoration and long-distance quantum
imaging in a strong scattering environment. Furthermore, the
proposed SM method is expected to be applied to the field
of micro- and nanophotonics in the future. Currently, many
metasurface-based nonlinear wavefront controls have been
proposed.36,37 However, most of these nonlinear metasurfaces are
static and cannot modulate the nonlinear signals dynamically.
By combining metasurface-based SLMs,38 SM measurements of
static nonlinear metasurfaces can be realized to achieve dynamic
modulation of nonlinear signals.

5 Conclusion
We have demonstrated nonlinear harmonic wave manipulation
in a nonlinear scattering medium via the SM method. To illus-
trate its validity and accuracy, we have realized the nonlinear
signal single-spot, multispot focusing, and dynamic focusing
like scan along predefined trajectories. Moreover, we have
shown that the statistical properties of the SM still follow the
RMT. Our work provides a significant and meaningful tool for
nonlinear signal recovery, nonlinear microscopic imaging and
detection, microscopic object tracking through scattering media,
and complex environment quantum information processing.

Code, Data, and Materials Availability
Data underlying the results presented in this paper are not pub-
licly available at this time but may be obtained from the authors
upon reasonable request.
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