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Abstract.We predict theoretically a regime of photon-pair generation driven by the interplay of multiple bound
states in the continuum resonances in nonlinear metasurfaces. This nondegenerate photon-pair generation is
derived from the hyperbolic topology of the transverse phase matching and can enable orders-of-magnitude
enhancement of the photon rate and spectral brightness, as compared to the degenerate regime. We show
through comprehensive simulations that the entanglement of the photon pairs can be tuned by varying the
pump polarization, which can underpin future advances and applications of ultracompact quantum light
sources.
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1 Introduction
Metasurfaces (MSs) offer an ultracompact and versatile plat-
form for enhancing nonlinear optical processes, including
harmonic generation and frequency mixing.1,2 To realize such
nonlinear interactions in bulk crystals and waveguides, one re-
quires extended propagation distances, but in MSs a strong en-
hancement of light–matter interactions can be achieved with
subwavelength thicknesses through the excitation of high-qual-
ity factor optical resonances. Notably, this can be facilitated by
designing Bound State in the Continuum (BIC) resonances,3–7

which support a high confinement of the optical field within
the nonlinear material.8–10

In addition to classical frequency mixing, nonlinear MSs can
also, through Spontaneous Parametric Down-Conversion (SPDC),
generate entangled photons with a strong degree of spatial
coherence.11 SPDC in carefully engineered MSs has the poten-
tial to drive fundamental advances in the field of ultracompact

multi-photon sources12 that operate at room temperature,
which are suitable for integration in end-user devices with
applications that include quantum imaging13 and free-space
communications.14 Traditionally, SPDC is performed in bulk
nonlinear crystals with dimensions up to centimeters in length,
while integrated waveguides have enabled a reduction of the
footprint to millimeter15 and down to 100 μm length scales.16

At the subwavelength scale, generation of photon pairs was
reported experimentally from a single AlGaAs nanoresonator17

and lithium niobate MSs,18 and studies were also conducted on
monolayers of MoS2,

19 carbon nanotubes,20 and directional
emission from nanoresonators.21

Importantly, SPDC in ultrathin nonlinear layers22–24 can give
rise to strong spatial correlations and allow quantum state en-
gineering without the constraints of longitudinal phase match-
ing. It has been proposed that a so-called “accidental” BIC at the
pump frequency can increase the photon rate at a single nano-
resonator,25 while a photonic crystal slab with a BIC resonance
can enhance SPDC in a monolayer ofWS2,

26 although the theo-
retically estimated rate was still much lower than with conven-
tional sources. There is now strong interest in new concepts and
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practical approaches for even stronger enhancement of the
brightness of SPDC photon-pair generation in subwavelength
scale structures.

In this theoretical paper, we present a general approach for
orders-of-magnitude enhancement of the photon-pair generation
rate and spectral brightness in nonlinear MSs. We reveal, for
the first time, to the best of our knowledge, that nondegenerate
SPDC efficiency can be dramatically increased when the signal
and idler photons are supported by BIC resonances at different
frequencies. We demonstrate how these features can be realized
in practice by engineering the symmetry of the MS to deliver
a projected spectral brightness five orders of magnitude higher
than for an unpatterned film. Our results are fundamentally
different from the recently demonstrated SPDC generation using
linear MS-lenses that engineer the quantum state by focusing the
pump at multiple spots in a bulk crystal.27

2 Principles and Methods
We demonstrate that a MS with reduced global rotational sym-
metry allows much greater flexibility in tailoring the dispersion
from several BICs, in which the signal and idler photons are
generated. Consequently, we can control the form of the trans-
verse phase matching for SPDC according to the energy and
momentum conservation, as illustrated in Fig. 1(a):

kp;⊥ ¼ ks;⊥ þ ki;⊥; (1)

ωpðkp;⊥Þ ¼ ωsðks;⊥Þ þ ωiðki;⊥Þ; (2)

where the indices refer to pump (p), signal (s), and idler (i) pho-
tons with the corresponding frequencies ω. The wave-vectors k
define the propagation directions in free space, and ⊥ indicates
the transverse components in the plane of the MS. We note that
the photon polarization weakly affects phase matching (see Sec.
S6 in the Supplementary Material).

We focus on a MS with D2h symmetry and outline other pos-
sibilities in Sec. S2 in the Supplementary Material. According
to our concept, we designed a MS composed of a square array
of cylinders with two holes, or ghost oligomers, inserted to re-
move the 90-deg rotational symmetry [Fig. 1(b)]. This structure
supports multiple extended photonic-crystal-like BICs,3 where
the field localization arises from a mismatch between the
symmetry of the collective modes and the available radiation
channels.

We consider resonators made of Al0.18Ga0.82As, which pos-
sess strong quadratic nonlinearity and can be manufactured with
established procedures. We chose a (111) crystal orientation, as
it provides the best off-BIC conversion efficiency in the normal
propagation direction (see Sec. S3 in the Supplementary
Material) and hence gives a better measure of the enhancement
due to the BIC. In our modeling, we have omitted a substrate
to focus on the generic features (see Sec. S1 in the
Supplementary Material for details on the simulation methods).
Adding a substrate will convert the BICs to quasi-BICs, due to
the up/down asymmetry introduced. But as we discuss in the
following, the photon generation is associated with quasi-
BICs formed by off-normal angles, thus confirming that the
ideal BICs with formally infinite quality factors are not required.

Fig. 1 The MS and its modes. (a) Diagram of transverse phase matching. (b) MS design and the
coordinate axes: θ is the polar and ϕ the azimuthal angle. (c) BIC wavelengths versus the gap
between the two holes. (d) The dispersion for two quasi-BICs: (α) lower and (β) upper surfaces.
Dotted white lines: two-BIC phase matching for λp ¼ 774.22 nm. (e), (f) Fields jEj of the two BICs.
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We therefore conclude that a strong enhancement will still be
achieved when a substrate is present. Our general approach
can also be applied to MSs made of different nonlinear materi-
als, including lithium niobate, where efficient classical fre-
quency conversion has been demonstrated.28–30

An important feature of BICs is that changes in the dimen-
sions of the meta-atoms will not destroy a photonic-crystal
like BIC so long as the relevant symmetry is maintained. This
enables simultaneous tuning of the resonant frequencies for
several BICs by adjusting the design parameters, such as the
separation between the hole pairs, as shown in Fig. 1(c). By
shifting the position of the holes, the proportion of the electric
field within these two low refractive index regions changes,
which in turn changes the energy of the modes. The way in
which each mode is affected depends on the profile of the mode
over the region through which the holes move. Similar config-
urability is found with the other dimensions of the meta-atoms.
This tunability offers an important advantage with SPDC gen-
eration when compared to using so-called accidental BICs31 in
individual nanoresonators, which only appear at very specific
resonator dimensions.

The dispersion of the two BICs studied in this paper is shown
in Fig. 1(d), which, importantly, have opposite dispersion. Their
mode profiles are shown in Figs. 1(e) and 1(f), where the fields
are normalized to the peak value inside the resonator for each
BIC. They are also marked α and β in Fig. 1(c), where the dotted
line shows the value of the gap used in the two-BIC study. The
single BIC study uses BIC α [Fig. 1(e)] with a gap of 52 nm,
which gives a good separation from the other BICs.

3 Results

3.1 Single BIC

As a first study, we present an analysis of SPDC with the signal
and idler photons being generated at a single BIC. We calcu-
lated the SPDC generation rate via the quantum-classical
correspondence between SPDC and sum frequency generation
(SFG),11,17,32,33 which is exact in the absence of other nonlinear
effects. We performed full SFG numerical simulations and used
these results to predict the efficiency of quantum photon-pair
generation through SPDC:

ΞSPDC ¼ 1

ð2πÞ3
λ2p

λBICs λBICi

ΦSFG

ΦsΦi
; (3)

where ΦSFG is the zeroth order far-field SFG intensity, and Φs
and Φi are the incident signal and idler intensities. For SPDC
calculations, we take the small angle approximation, where in
the far-field the z component is zero, so the jHi and jVi nota-
tions indicate the polarization primarily along the x and y axes,
respectively. The solid line in Fig. 2(a) shows the results of such
modeling.

We then confirmed that the SPDC generation is approxi-
mately proportional to the product of the maximum intensity
of the signal and idler electric fields inside the resonator. We
present a typical dependence of this quantity near a BIC reso-
nance, obtained from linear simulations, with the dashed line in
Fig. 2(a), where there is a slightly off-normal signal and idler
(θs ¼ 0.2 deg), and the pump wavelength is λp ¼ 775 nm.
We can see that the shapes of solid and dashed lines match
closely. This is a physically important observation, as it means

that the designed MS optimally translates the BIC enhancement
of the signal and idler to a corresponding increase of SPDC.

We conducted studies of the intensity enhancement for
different angles of θs and ϕs. The simulated intensities are
fitted to a Lorentzian function Lðω; kÞ (see Sec. S5 in the
Supplementary Material), and, from this fitted function, we
calculate

ΞSPDC ¼ 1

ð2πÞ3
λ2p

λBICs λBICi

X
jHHi;jHVi;
jVHi;jVVi

Ξ0Lðωs;ksÞLðωp −ωs;kp − ksÞ;

(4)

where Ξ0 is the ratio of the SFG zeroth diffraction order far-field
intensity to the product of the maximum signal and idler inten-
sities inside the resonator (see Sec. S4 in the Supplementary
Material). The sum is taken over all polarization combinations
of horizontal (jHi) and vertical (jVi) for the signal and idler,
which forms the polarization basis for our wavefunction. The
total photon pair generation rate across all angles and wave-
lengths can then be calculated via

1

AtotΦp

dNpair

dt
¼

ZZZ
ΞSPDCdωs dks;x dks;y; (5)

where Atot is the total sample area, and Φp is the incident pump
intensity.

Fig. 2 SPDC at a single BIC. (a) Solid line: the generation rate for
a horizontally polarized, normally incident pump, jHHi signal and
idler state, ϕ ¼ 79 deg and θs ¼ 0.2 deg for the signal, opposite
angle for the idler. Dashed line: the product of the maximum in-
tensity inside the resonator of the signal and idler fields. (b) Solid
line: generation rate versus the pump wavelength. The red dot
marks the wavelength used in (d) and Fig. 4. Dashed: ky at phase
matching when kx ¼ 0. (c), (d) Generation rate in k -space for
(c) phase matching at the Γ point and (d) for λp ¼ 774.43 nm.
White dashed line: phase matching condition; black dashed line:
the path of constant θs in Fig. 4(a).
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If we only integrate Eq. (5) over frequency, then we will ob-
tain the pair-rate as a function of the signal wavevector, as seen
in Figs. 2(c) and 2(d). Figure 2(c) has a pump wavelength at
which the transverse phase matching condition occurs at the
Γ point, and Fig. 2(d) has λp ¼ 774.43 nm, which was chosen
for illustrative purposes. Note that the pair-rate falls off near the
Γ point, as symmetry protected BICs have singularities at the
Γ point. We therefore only see enhancement in the off-Γ, quasi-
BIC regime. In Fig. 2(d), the dashed white line shows the angle
in k-space at which the transverse phase matching condition
occurs, which matches the peak in generation as expected.

By then integrating over k-space, we obtain the total photon-
pair generation rate as a function of the pump wavelength, as
shown with a solid line in Fig. 2(b). Notably, the peak does
not occur at the Γ point but just beyond it, as can be seen by
comparing this plot with the dashed line showing the value of
ky at the transverse phase matching condition when kx ¼ 0.
This, again, is due to the singularity at the Γ point. We calculate
the theoretical peak brightness of this quasi-BIC to be
110 Hz ·mW−1 · nm−1 over a 1.3-nm bandwidth, which is
2 × 103 that of simulations of an unpatterned nonlinear film.

3.2 Two BICs

Next, we studied the case where the signal and idler are gener-
ated at two different BICs. The most distinguishing feature here
is the occurrence of hyperbolic transverse phase matching, as
shown in Fig. 3(a), calculated according to the right-hand side
of Eq. (2) for the normally incident pump with kp;⊥ ¼ 0. The

condition for the pump wavelength of λp ¼ 774.22 nm is shown
by the dotted white line in Figs. 1(d), 3(a), and 3(d).

For the two-BIC case, in Fig. 3(c), we show the angular
dependence in k-space of the photon-pair generation when
transverse phase matching occurs at the Γ point, and, in Fig. 3(d),
the case in which λp ¼ 774.22 nm. As before, there is a peak in
generation at the transverse phase matching condition (dashed
white line). In Fig. 3(b), we see that the photon-pair generation
rate is almost two orders of magnitude higher than for the single
BIC case in Fig. 2(b). A factor of 6 of the enhancement can be
attributed to different mode profiles and their overlap (see Sec.
S4 in the Supplementary Material). Importantly, an order-of-
magnitude increase is due to hyperbolic phase matching,
whereby SPDC enhancement occurs for a much broader range
of transverse photon wavevectors, in contrast to the single BIC
case with elliptical phase matching only allowing a small range
of wavevectors close to the Γ point. We calculated the theoreti-
cal peak brightness to be 4900 Hz ·mW−1 · nm−1 over a 1.2-nm
bandwidth, which is 105 that of simulations for an unpatterned
nonlinear film. Such predicted brightness enhancement is also
much stronger than for MSs based on Mie-like resonances.18

3.3 Entanglement

We determined the polarization entanglement of the generated
signal and idler by performing a Schmidt decomposition (see
Sec. S7 in the Supplementary Material), where the Schmidt
number K ¼ 1 indicates no entanglement and K ¼ 2 maximum
entanglement. In Fig. 4(a), we show that for the single BIC case
the entanglement peaks at K ¼ 2 when the azimuthal angle of
the signal-photon emission is ϕs ¼ 77 deg, and the pump is
horizontally polarized. The maximally entangled signal and

Fig. 4 Entanglement of the signal and idler photons generated
from: (a), (b) a single BIC with λp ¼ 774.43 nm; (c), (d) two differ-
ent BICs with λp ¼ 774.2165 nm. (a), (c) Schmidt number versus
the photon angle. (b) Schmidt decomposition of the wavefunction
plotted on the Poincaré sphere for the red dot in (a). (d) Schmidt
number versus the pump polarization and photon angle.

Fig. 3 Nondegenerate signal and idler at different BICs.
(a) Transverse phase matching condition according to Eq. (2).
The dotted white line corresponds to λp ¼ 774.22 nm. (b) Solid
line: generation rate versus the pump wavelength. The red circle
is the integration of (d). Dashed line: ky at transverse phase
matching when kx ¼ 0. (c), (d) Generation rate in k -space at
(c) phase matching at the Γ point (λp ¼ 774.2165 nm) and
(d) λp ¼ 774.22 nm. White dashed line: phase matching condi-
tion; black dashed line: the path of constant θs in Fig. 4(c).
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idler pair states fju1i; jv1ig or fju2i; jv2ig are visualized in
Fig. 4(b). For the two-BIC case, we can switch from full to
no entanglement by changing the linear polarization of the
pump [see Figs. 4(c) and 4(d)].

4 Discussion
The two elliptic paraboloids in Fig. 1(d) can only sum to
a hyperbolic paraboloid because the MS lacks π∕2 in-plane
rotational symmetry. The D2h symmetry of the MS means that
the BICs must have an elliptic paraboloid dispersion near the
ω point, as that matches the rotation and mirror symmetries
of the MS. In our case, kx and ky are the major and minor axes,
but a set of axes can always be chosen such that the dispersion is
of the form

ωðk⊥Þ ¼ ζ

�
k2x
a2

þ k2y
b2

�
þ ω0; (6)

where ζ ¼ �1. The transverse phase matching condition, for
a pump with normal incidence, is thus given by

ωpðkp;⊥ ¼ 0Þ ¼ ωsðks;⊥Þ þ ωiðki;⊥ ¼ −ks;⊥Þ
¼ k2s;x

�
ζs
a2s

þ ζi
a2i

�
þ k2s;y

�
ζs
b2s

þ ζi
b2i

�
þ ωs;0 þ ωi;0

¼ ζx
k2s;x
a2p

þ ζy
k2s;y
b2p

þ ωp;0; (7)

which can be either an elliptic or hyperbolic paraboloid, with the
latter enabling enhanced photon-pair generation, as discussed
above. In contrast, for an MS with D4h symmetry (such as
a slab with a square array of single holes), ζx ≡ ζy and
ap ≡ bp, which excludes a hyperbolic type of transverse phase
matching.

We note that the symmetry properties enabling hyperbolic
transverse phase matching will also hold when taking into ac-
count a MS substrate, as the presence of a substrate will convert
the BICs at the Γ point into quasi-BICs, and the dominant
emission of the photon pairs occurs in the off Γ (off-normal)
direction in the quasi-BIC regime in any case, as shown in
Figs. 2 and 3. These results suggest that strong SPDC enhance-
ment will still persist in the presence of a substrate.

The influence of experimental imperfections on the other
hand depends on their type. If the dimensions of the nanostruc-
tures, for example, the hole sizes, are varied equally in the whole
MS, then the BIC states will remain, and the SPDC enhance-
ment will be preserved, usually at slightly shifted wavelengths
similar to the dependencies shown in Fig. 1(c). On the other
hand, the random deviations in individual unit cells that
effectively break the periodicity could lead to significant
deterioration of the quality-factors, since the extended BIC
states are based on resonances across multiple nanoresonators.
Accordingly, for the best SPDC enhancement, it would be
most important to maintain consistent periodic nanopatterning
over the whole spatial extent of the MS. Additionally, the MS
dimensions should be sufficiently large, with tens or hundreds
of periods in each spatial direction, to avoid limitations on the
resonance Q factor.6,34 These conditions can be achieved with
the state-of-the-art nanofabrication facilities. For example, ultra-
high Q factors of over 10,000 in dielectric MSs were reported
for extended BICs.6

5 Conclusion
We have developed a method of enhanced photon-pair genera-
tion via symmetry protected BICs in nonlinear MSs, which are
designed to realize a hyperbolic transverse phase matching con-
dition. In terms of the brightness of the photon pair-generation,
our nanoscale platform provides five orders of magnitude im-
provement over unpatterned films. Additional benefits are the
tunability of the photon wavelengths and the degree of polari-
zation entanglement. We anticipate that these predictions can
stimulate significant experimental advances in miniaturized
quantum light sources based on ultrathin nonlinear MSs for
fundamental research and applications.
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