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ABSTRACT
Broadband lasers have been proposed as future drivers of inertial confined fusion (ICF) to enhance the laser–target coupling efficiency via the
mitigation of various parametric instabilities. The physical mechanisms involved have been explored recently, but are not yet fully understood.
Here, stimulated Raman scattering (SRS) as one of the key parametric instabilities is investigated theoretically and numerically for a broadband
laser propagating in homogeneous plasma in multidimensional geometry. The linear SRS growth rate is derived as a function of scattering
angles for two monochromatic laser beams with a fixed frequency difference δω. If δω/ω0 ∼ 1%, with ω0 the laser frequency, these two laser
beams may be decoupled in stimulating backward SRS while remaining coupled for sideward SRS at the laser intensities typical for ICF.
Consequently, side-scattering may dominate over backward SRS for two-color laser light. This finding of SRS transition from backward to
sideward SRS is then generalized for a broadband laser with a few-percent bandwidth. Particle-in-cell simulations demonstrate that with
increasing laser bandwidth, the sideward SRS gradually becomes dominant over the backward SRS. Since sideward SRS is very efficient in
producing harmful hot electrons, attention needs to be paid on this effect if ultra-broadband lasers are considered as next-generation ICF
drivers.
© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0152668

NOMENCLATURE
a0 normalized intensity of monochromatic

laser
ai, i = 1, 2 normalized intensities in two-color laser

beams
k = kxi + kyj wave vector of electron plasma wave
k0 = k0i wave vector of pump laser in plasma
ki = kii, i = 1, 2 wave vectors in two-color laser beams
kr wavenumber of electron plasma wave at

resonance

ks = ksxi + ksyj wave vector of scattered light
ksr wavenumber of scattered light at

resonance
Γ linear growth rate of electron plasma

wave
Δk=
√
(kx−k0)2 + k2

y−ksr deviation in electron plasma wavenum-
ber from resonance point

Δkb boundary of Δk at Γ = 0 for electron
plasma wave

Δω bandwidth of broadband laser
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δkr difference in electron plasma wavenum-
ber at resonance due to δω

δω frequency difference in two-color laser
beams

θ = 180○ − arctan scattering angle
[ky/(kx − k0)]
θth threshold angle of coupling condition
ω0 frequency of pump laser in plasma
ωi, i = 1, 2 frequencies in two-color laser beams
ωpe frequency of electron plasma wave
ωs frequency of scattered light

I. INTRODUCTION

Mitigation of parametric instabilities in laser–plasma inter-
actions is crucial for the success of laser-driven inertial confine-
ment fusion (ICF).1–3 The most important instabilities include
stimulated Raman scattering (SRS), stimulated Brillouin scattering
(SBS), and two-plasmon decay (TPD),4,5 which not only inhibit
energy deposition by scattering light away from plasmas, but also
reduce fuel compressibility owing to the generation of suprathermal
electrons.2,6 Since the 1960s, various laser techniques and schemes
have been proposed to mitigate parametric instabilities by increasing
the incoherence of the driving lasers, such as beam smoothing,7–12

temporal shaping,13 frequency chirping,14 and using broadband
lasers.15–17

With the use of broadband lasers,15–24 the instability growth
rate is expected to be reduced by a factor of Γ/Δω when the
laser bandwidth Δω is larger than the linear growth rate Γ of the
instabilities.18 Experiments have demonstrated that SBS can be effi-
ciently suppressed by using spatially and temporally incoherent laser
beams.20 Frequency detuning of the drive laser beams is expected

to suppress the TPD instability and hot-electron generation in
direct-drive ICF, even with a relatively narrow bandwidth ∼0.7%.22

Numerical simulations have also demonstrated the efficacy of
multi-terahertz laser bandwidth in suppressing cross-beam energy
transfer in direct-drive ICF.23 Furthermore, the thresholds of abso-
lute SRS and TPD can be significantly increased when 1% laser
bandwidth is introduced for ICF-relevant conditions.24,25

SRS, in which a laser light wave decays into an electron plasma
wave and a scattered light wave, has received most attention, because
it usually has a larger growth rate than other instabilities. Previ-
ous studies have shown that broadband lasers can effectively reduce
SRS,16,21,26–28 although the effects of laser bandwidth on the scatter-
ing angle of SRS have rarely been studied. In particular, some simula-
tions have revealed that forward SRS could develop when backward
SRS is suppressed.29 Further, sideward SRS with a monochromatic
laser beam has been studied extensively,30–33 and it has been shown
that the scattering angle varies with the laser spot size. Importantly,
sideward SRS can not only generate hot electrons,34,35 but also seed
instabilities by interacting with other laser beams.36 Therefore, it
becomes particularly important to investigate the angular distribu-
tions of SRS when backward SRS may already be suppressed by using
a broadband laser.

In this work, the competition between sideward and backward
SRS in the interactions between broadband lasers and homoge-
neous plasmas is investigated theoretically and numerically. Our
study suggests that a much larger bandwidth is required to suppress
side-scattering as compared to backscattering. The remainder of the
paper is organized as follows. In Sec. II, a theoretical model of SRS
side-scattering for the coupling of two monochromatic laser beams
with a certain frequency difference is presented. Extension to broad-
band lasers is done by numerical simulations in Sec. III. The paper
concludes with a summary in Sec. IV.

FIG. 1. Linear theory of the SRS growth rate for a two-color laser. (a) Distribution of SRS growth rate Γ calculated according to Eq. (1) with a0 = 0.02 and n0 = 0.128nc .

Here, Δk =
√

(kx − k0)
2
+ k2

y − ksr and θ = 180○ − arctan[ky/(kx − k0)]. The resonance point ksr is defined by the wave vector and frequency matching conditions of a
monochromatic laser beam. (b) Region for Γ > 0 as a function of scattering angle (θ) for two individual laser beams at frequencies ω0 ± 0.5δω, denoted by the red and blue
regions, respectively. Here, δω/ω0 = 1.2%, and a1,2 = 0.0141. The solid red and blue lines are the resonance points calculated using Eq. (3), and the width of each instability
region is calculated using Eq. (2). (c) Growth rate as a function of scattering angle calculated using Eq. (5) for two-color laser light with δω/ω0 = 1.2%. (d) Coupling threshold
angle θth as a function of the frequency difference δω between two individual monochromatic laser beams.
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II. THEORY OF TWO-LASER-BEAM COUPLING
IN SIDE-SCATTERING

We start from the general dispersion relation for SRS with a
monochromatic laser AL = A0 cos(k0 ⋅ x − ω0t):37,38

4(ω2 − ω2
pe)

ω2
pek2c2a2

0
= 1

D(k − k0,ω − ω0)
+ 1

D(k + k0,ω + ω0)
, (1)

where D(k ± k0,ω ± ω0) = (ω ± ω0)2 − (kx ± k0)2c2 − k2
yc2 − ω2

pe,
k0 = k0i is the laser wave vector in the plasma, a0 = eA0/mec2 is the
normalized laser intensity, and k = kxi + kyj and ωpe are the wave
vector and frequency of the electron plasma wave, respectively. For
the sake of simplicity here, the effect of the plasma temperature is
ignored in the theoretical model. For backward SRS, ky = 0.37 For
sideward SRS, however, ky ≠ 0.

The linear growth rate Γ = Im(ω) can be obtained from Eq. (1).
As an example, this is displayed as a function of the scattering angle
θ, defined by θ = 180○ − arctan[ky/(kx − k0)] = arctan(ksy/ksx), in
Fig. 1(a), where a0 = 0.02 and n0 = 0.128nc, and ksx and ksy are the
two components of ks. Combining Eq. (1) with the frequency and
wave vector matching conditions between the pump laser (ω0, k0),
the scattered light (ωs, ks), and the electron plasma wave (ωpe, k),
one can obtain ksr = 0.533ω0/c and ωs = 0.642ω0 at the resonance
point for a cold plasma.

The probability distribution of the electron plasma wave vec-
tor k at resonance is a circle of radius ksr = 0.533ω0/c and center at
k0 = 0.934ω0/c, and the maximum growth rate Γmax is obtained for
backward SRS with θ = 180○. For a monochromatic laser, the growth
rate Γ decreases monotonically with decreasing scattering angle θ.

SRS can develop within certain region around the resonance
points, the boundary of which is sketched by the dashed lines in
Fig. 1(a). Here, polar coordinates are used, where the center is the

resonance point ksr = 0.533ω0/c, and Δk =
√
(kx − k0)2 + k2

y − ksr is
the deviation of the wavenumber of the electron plasma wave from
the resonance point. The boundary can be obtained from Eq. (1)
using Γ = 0 as

Δkb = a0kr

¿
ÁÁÀωpe(ω0 − ωpe)

ω2
0 − 2ω0ωpe

, (2)

where kr =
√

k2
0 + k2

sr − 2k0ksr cos θ is the wavenumber of the elec-
tron plasma wave at the resonance points.

We now consider a broadband laser, which can be considered
as the superposition of many monochromatic lasers with different
frequencies. To simplify the analysis, we first consider the case with
two monochromatic laser beams at frequencies ω0 ± 0.5δω. These
two beams have their own resonance points with the electron plasma
waves of different wavenumbers kr ± 0.5δkr , where the wavenumber
difference δkr can be evaluated as

δkr

δω0
≈ dkrx

dω0
= ω0

c
√
ω2

0 − ω2
pe

− (ω0 − ωpe) cos θ

c
√
ω2

0 − 2ωpeω0

, (3)

where the electron plasma wave component along the x direction,
krx, is given by

krx = c−1(
√
ω2

0 − ω2
pe − cos θ

√
ω2

0 − 2ωpeω0). (4)

Analogous to Eq. (1), the dispersion relation for this
two-color laser light with AL = A1 cos(k1 ⋅ x − ω1t) +A2 cos
(k2 ⋅ x − ω2t) can be obtained as

ω2 − ω2
pe =

k2c2ω2
pe

4
[Π0 + f (θ)Π×], (5a)

where

Π0 =
2

∑
i=1
[ a2

i

D(k + ki,ω + ωi)
+ a2

i

D(k − ki,ω − ωi)
], (5b)

Π× =
2

∑
i=1
[ a1a2

D(k + ki,ω + ωi)
+ a1a2

D(k − ki,ω − ωi)
]. (5c)

Here,Π0 is the direct contribution of two individual monochromatic
laser beams, while Π× is the contribution caused by the coupling
of these two beams. The coupling factor f (θ) is a function of the
scattering angle, which depends on the frequency difference δω
and other laser–plasma parameters. The derivation of the above
dispersion relation is detailed in Appendix A.

To examine the coupling condition, let us consider the two-
color light case with δω/ω0 = 1.2%, a1,2 = 0.0141, and n0 = 0.128nc.
In Fig. 1(b), the resonance points obtained from Eq. (3) for two indi-
vidual monochromatic beams are shown by the red and blue lines,
respectively, while the instability regions with Γ > 0 obtained from
Eq. (2) are shown by the red and blue shading, respectively. If these
two instability regions overlap, then these two beams couple with
each other and f (θ) = 1. Otherwise, the two beams are decoupled
and f (θ) = 0. Figure 1(b) indicates that the two instability regions
overlap when the scattering angle θ is less than a certain angle θth.
This threshold θth can be evaluated using Eqs. (2) and (3) as

Δkb(θth) = δkr(θth). (6)

Correspondingly, the coupling factor is

f (θ) =
⎧⎪⎪⎨⎪⎪⎩

1, θ < θth,

0, θ ≥ θth.
(7)

For convenience, the notation used in the derivation of the the-
oretical model has been summarized in the Nomenclature list at the
start of the paper. For given electron density and laser intensity,
Fig. 1(d) shows that θth decreases with increasing frequency differ-
ence δω. As shown in Fig. 1(b), one has θth ≃ 90○ for δω/ω0 = 1.2%,
a1,2 = 0.0141, and n0 = 0.128 nc. By combining Eqs. (5) and (7), the
growth rate Γ for two-color laser light can be calculated numerically.
As shown in Fig. 1(c), it is now found that the maximum value of
Γ is achieved at θ ≃ θth ≃ 90○, and so sideward SRS will dominate
over backward SRS. In other words, stimulated side-scattering can
develop even if backscattering is suppressed by using two-color laser
light.

For the sake of simplicity, the coupling factor in Eq. (5) is
set to be f (θ) = 1 if these two laser beams are coupled. Otherwise,
f (θ) = 0. Such a step function form of the coupling factor f (θ)
induces a discontinuity in the growth rate as shown in Fig. 1(c). In
reality, however, the growth rate may not drop so suddenly if the
transition from coupling to decoupling takes place in a finite region.

The above analysis was carried out for two different monochro-
matic laser beams, but it can in principle be extended to many
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monochromatic laser beams at different frequencies. On the other
hand, broadband laser light can be considered as the superposition
of many monochromatic laser beams. Therefore, the phenomenon
discussed above, namely, the development of sideward SRS and its
dominance over backward SRS, is expected to arise with a broad-
band laser as well. In the case of a broadband laser with a continuous
frequency spectrum, however, the transition from backward to side-
ward SRS will take place at a fractional bandwidth that is different
from the required frequency difference in the theoretical analysis
using two-color laser beam.

III. SIMULATION RESULTS AND DISCUSSION
To verify the above analysis, a series of 2D simulations were

carried out by using the particle-in-cell (PIC) code EPOCH.39 The
laser was incident along the x direction, with a Gaussian pro-
file in the transverse direction. The laser wavelength λ = 0.35 μm,
the spot size w0 = 10λ, and the normalized amplitude a0 = 0.02.
A semi-infinite pulse was adopted, with a linear ramp at the ini-
tial 60 fs. The simulation box was 110λ × 40λ and was resolved
with a cell dimension of dx × dy = 0.02λ × 0.05λ. There were
100 macroparticles per species per cell, and absorbing boundary

conditions were used along each direction. The initial electron
temperature was Te = 3 keV, and the ions were fixed. Since side-
scattering preferentially occurs out of the polarization plane,37

S-polarized laser fields were assumed in the simulations.
For comparison, we first show the spatial distribution of Ex at

t = 800T0 with a monochromatic laser beam in Fig. 2(a). It can be
seen that the scattering due to SRS is largely concentrated around
θ = 180○. The wave-vector distribution of Ex integrated over 0 ≤ t
≤ 1500T0 is plotted in Fig. 2(b), which demonstrates that the scat-
tering has its maximum amplitude roughly at θpeak = 180○. This
confirms that backward SRS is the dominant scattering for a
monochromatic laser beam.

For comparison, the integrated wave-vector distributions of Ex
for two-color laser light with δω/ω0 = 0.6% and 1.2% are shown in
Figs. 2(c) and 2(d), respectively. Here, the amplitudes of two indi-
vidual monochromatic laser beams are set to be a1 = a2 = a0/

√
2

= 0.0141, so that their total laser energy is equal to that in the case
of a single monochromatic laser beam. As observed in previous
studies,16,21,40 Fig. 2(c) indicates that the backward SRS is signif-
icantly reduced when two-color laser light is used. More impor-
tantly, Fig. 2(d) demonstrates that significant sideward SRS occurs
at roughly θ ≈ 90○, whereas backward SRS is effectively suppressed
by the use of two-color laser light with δω/ω0 = 1.2%. This phe-

FIG. 2. SRS in the cases of monochromatic and two-color lasers with S-polarization. (a) Spatial distribution of Ex at 800T0. (b) Wave-vector distribution of Ex integrated
over 0 ≤ t ≤ 1500T0 for monochromatic laser with S-polarization. Here, a0 = 0.02, w0 = 10λ, and n0 = 0.128nc . (c) and (d) Integrated wave-vector distributions for Ex

(S-polarized laser) before 1500T0 in cases with two different laser frequencies, δω/ω0 = 0.6% and δω/ω0 = 1.2%, respectively. The amplitudes of the two beamlets are
a1 = 0.0141 and a2 = 0.0141.
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FIG. 3. SRS in the cases of monochromatic and two-color lasers with P-polarization: integrated wave-vector distributions for Ex (P-polarized laser) over 0 ≤ t ≤ 1500 T0 in
the case of (a) a monochromatic laser and (b) a two-color laser with δω/ω0 = 1.2%.

nomenon is consistent with the theoretical prediction shown in
Fig. 1.

We also performed PIC simulations to study the angular dis-
tribution of SRS with three-color S-polarized laser light. In this
case, the transition from backward to sideward SRS is also observed

with increasing frequency difference between individual monochro-
matic laser beams. In addition, we studied the angular distribution
of SRS for the P-polarized case. Figure 3(a) shows that backward
SRS is also dominant for a P-polarized monochromatic laser beam.
For P-polarized two-color laser light with δω/ω0 = 1.2%, Fig. 3(b)

FIG. 4. SRS generated by a broadband laser. (a) Integrated wave-vector distribution for Ex over 0 ≤ t ≤ 1500T0 for the case of an S-polarized broadband laser with
Δω/ω0 = 2.6%. (b) Scattering angle θ with the maximum amplitude as a function of bandwidth. (c) Average reflectivity and transmittivity and (d) electron energy spectrum at
2500T0 for broadband lasers with different bandwidths and polarizations.

Matter Radiat. Extremes 8, 065601 (2023); doi: 10.1063/5.0152668 8, 065601-5

© Author(s) 2023

https://pubs.aip.org/aip/mre


Matter and
Radiation at Extremes

RESEARCH ARTICLE pubs.aip.org/aip/mre

shows that backward SRS is effectively suppressed. However, no
obvious sideward SRS is observed in any of the 2D simulations with
P-polarized two-color laser light that we performed, suggesting that
sideward SRS is azimuthally anisotropic and preferentially occurs
out of the plane of polarization.

Figure 4 demonstrates the transition from backward to side-
ward SRS when a generalized broadband laser source is used. In
these simulations, the broadband laser light was assumed to have a
flat-top frequency spectrum, and it was modeled as a combination of
an ensemble of monochromatic laser beams25 (see Appendix B). The
energy of the broadband laser was the same as that of the monochro-
matic laser, and the other simulation parameters were the same as
those in Fig. 2.

As expected, the backward SRS is weakened with increasing
laser bandwidth Δω. Figure 4(a) indicates that backward SRS is
already suppressed effectively by a broadband laser with Δω/ω0
= 2.6%. However, sideward SRS obviously develops around θpeak
≈ 90○. The angle θpeak at which the scattering amplitude peaks is
shown as a function of Δω in Fig. 4(b), which clearly illustrates
the transition from backward to sideward SRS with increasing laser

bandwidth. The averaged reflectivity and transmittivity shown in
Fig. 4(c) also reveal the transition from backward to sideward SRS
with increasing laser bandwidth. At Δω/ω0 = 2.6%, the reflectivity
is nearly zero for both S- and P-polarized laser light, i.e., backward
SRS has been effectively suppressed, regardless of polarization. How-
ever, there is a noticeable gap between the transmittivities of the
P-polarized (∼100%) and S-polarized (∼87%) broadband sources.
The lost laser energy in the case of S-polarization is due to side-
scatter, whereas the latter cannot occur with P-polarization in 2D
simulations. Interestingly, we find that the reflectivity at Δω/ω0
∼ 0.5% is higher than that in the monochromatic laser case. This
may be caused by the coupling effect in the linear stage, as well as
the burst behavior in the nonlinear stage.41

In addition, Fig. 4(d) shows that sideward SRS is very efficient
at generating harmful hot electrons. Generally, the use of broad-
band lasers tends to reduce hot electron generation via suppression
of backward SRS, as shown for the two cases with Δω/ω0 = 2.6% for
P-polarized and S-polarized lasers. However, the number of hot elec-
trons with kinetic energy Ek > 80 keV is much higher in the case of
S-polarized broadband lasers, owing to transition of the predomi-

FIG. 5. Hot electron generation with a broadband laser: px–py phase distributions [(a) and (c)] and energy–angle distributions [(b) and (d)] of hot electrons with kinetic energy
Ek > 30 keV at t = 2500 T0 obtained from 2D PIC simulation for the cases of monochromatic laser light [(a) and (b)] and broadband laser light with Δω/ω0 = 2.6% [(c) and
(d)]. Here, φi = arctan(piy/pix), and i labels the individual electrons. The other simulation parameters were the same as those in Fig. 4(a).
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nant scattering angle θ from 180○to 90○. This can also be seen in
momentum phase space, as presented in Fig. 5. Further, owing to the
occurrence of forward SRS as shown in Fig. 4(a), some electrons can
attain kinetic energies Ek > 150 keV. The efficient hot electron gen-
eration due to sideward SRS in the S-polarization case can be partly
alleviated with a larger bandwidth Δω/ω0 = 4.0%.

To better understand this, the hot electron distributions in
the px–py phase space are displayed in Figs. 5(a) and 5(c) for
monochromatic laser light and broadband laser light with Δω/ω0
= 2.6%, respectively. It is found that the hot electrons generated
by monochromatic laser light are roughly collimated along the
laser axis, whereas those generated by broadband laser light diverge
significantly from the laser axis. The corresponding energy–angle
distributions of the hot electrons with kinetic energies Ek > 30 keV
are compared in Figs. 5(b) and 5(d). It is clear that broadband laser
light is more efficient in generating hot electrons with kinetic ener-
gies Ek > 80 keV and that these more energetic hot electrons are
mainly distributed along directions roughly at ±30○ with respect
to the laser axis. Such an angular distribution of hot electrons with
higher energies is closely related to the direction of the plasma wave
vector kepw stimulated by the broadband laser light, as shown in
Fig. 4(a). More importantly, the plasma wave of the sideward SRS
in the broadband laser case has a smaller wavenumber kepw than
that of the backward SRS in the monochromatic laser case, as can be
seen in Figs. 2(b) and 4(a). Correspondingly, the plasma wave phase
velocity ωepw/kepw of the sideward SRS stimulated by the broad-
band laser is higher than that of the backward SRS stimulated by the
monochromatic laser. Consequently, the hot electrons generated by
the broadband laser with Δω/ω0 = 2.6% are more energetic.

For the sake of simplicity, Landau damping has been ignored in
our theoretical model. However, it is worth pointing out that Lan-
dau damping depends strongly on the ratio of plasma wave phase
velocity to electron thermal velocity. Consequently, it will be affected
significantly by the scattering direction. That is to say, the Lan-
dau damping rates of obliquely propagating electron plasma waves
will be smaller than those for backward SRS. Considering Landau
damping, therefore, the threshold of backward SRS will be enhanced
more obviously than that of sideward SRS. The influence of Lan-
dau damping on the competition between backward and sideward
scattering will be studied in more detail in future work. In addition,
the amplification of the side-scattered light may be suppressed with
the use of a finite laser spot, because they propagate out from the
laser beam axis.42 With an infinite laser spot, sideward SRS would
become stronger and surpass backward SRS with a smaller laser
bandwidth.

Moreover, in this study, the SRS is mainly discussed in the con-
text of interaction of a broadband laser and a homogeneous plasma.
In an inhomogeneous plasma, the sideward SRS at angles near 90○

has the lowest threshold, owing to the largest resonant region being
along the transverse direction. This threshold at densities below nc/4
can increase with increasing laser bandwidth.43 Experiments with
normal lasers at intensities relevant to shock ignition schemes have
shown that sideward SRS cannot be ignored, since it not only scatters
laser energy at large angles, but also damps TPD and backward SRS
driven in the higher-density region.44,45 Therefore, there is a need for
further study of the competition between sideward SRS, backward
SRS, and TPD in the region close to nc/4.

IV. SUMMARY
In conclusion, we have found that the angular distribution of

SRS depends strongly on laser bandwidth. First, the growth rate of
SRS has been derived as a function of the scattering angle for two-
color laser light at frequencies ω0 ± 0.5δω. It is found that the two
frequency components will be decoupled when the scattering angle
is larger than a threshold angle θth, which decreases with increas-
ing δω. Consequently, the strongest growing SRS will not always
be located at θ = 180○. It turns out that sideward SRS may domi-
nate over backward SRS for two-color laser light, as demonstrated by
numerical simulation. Second, the transition from backward to side-
ward SRS has been confirmed generally for broadband lasers, which
can be considered as the superposition of many monochromatic
laser beams. Because sideward SRS can generate hot electrons with
higher energy than backward SRS, special attention should be paid
to sideward SRS when broadband lasers are considered as future ICF
drivers.46,47
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APPENDIX A: DISPERSION RELATION
FOR SRS WITH A TWO-COLOR LASER

In the mutual electromagnetic field of two laser beams,

AL = A1 cos (k1 ⋅ x − ω1t) +A2 cos (k2 ⋅ x − ω2t)

= 1
2

A1[ei(k1 ⋅x−ω1t) + e−i(k1 ⋅x−ω1t)]

+ 1
2

A2[ei(k2 ⋅x−ω2t) + e−i(k2 ⋅x−ω2t)], (A1)

the three-wave coupling equations can be obtained from a Fourier
analysis as

(ω2 − c2k2 − ω2
pe)As(k,ω)

= 4πe2

2me
A1[δn(k + k1,ω + ω1) + δn(k − k1,ω − ω1)]

+ 4πe2

2me
A2[δn(k + k2,ω + ω2) + δn(k − k2,ω − ω2)], (A2)

(ω2 − 3v2
e k2 − ω2

pe)δn(k,ω)

= n0e2k2

2me
2c2 A1[As(k + k1,ω + ω2) +As(k − k1,ω − ω1)]

+ n0e2k2

2me
2c2 A2[As(k + k2,ω + ω2) +As(k − k2,ω − ω2)].

(A3)

From Eq. (A2), we obtain

As(k + k1,ω + ω1)

= 4πe2

2me

A1δn(k,ω) +A2δn(k + k1 − k2,ω + ω1 − ω2)
D(k + k1,ω + ω1)

, (A4)

where D(k,ω) = ω2 − k2c2 − ω2
pe, and the terms δn(k + k1 + k2,

ω + ω1 + ω2) and δn(k + 2k1,ω + 2ω1) are ignored as nonresonant
terms. On defining Δk = k1 − k2 and Δω = ω1 − ω2, we can rewrite
Eq. (A4) as

As(k + k1,ω + ω1) =
4πe2

2me

A1δn(k,ω) +A2δn(k + Δk,ω + Δω)
D(k + k1,ω + ω1)

.

(A5)
Using the same method, we also obtain

As(k − k1,ω − ω1) =
4πe2

2me

A1δn(k,ω) +A2δn(k − Δk,ω − Δω)
D(k − k1,ω − ω1)

,

(A6)

As(k + k2,ω + ω2) =
4πe2

2me

A2δn(k,ω) +A1δn(k − Δk,ω − Δω)
D(k + k2, k + ω2)

,

(A7)

As(k − k2,ω − ω2) =
4πe2

2me

A2δn(k,ω) +A1δn(k + Δk,ω + Δω)
D(k − k2,ω − ω2)

.

(A8)

Substituting Eqs. (A5)–(A8) into Eq. (A3), we obtain

(ω2 − 3v2
e k2 − ω2

pe)δn(k,ω) = n0e2k2

2me
2c2

4πe2

2me
Ξ, (A9)

where

Ξ = A2
1δn(k,ω)

D(k + k1,ω + ω1)
+ A2

1δn(k,ω)
D(k − k1,ω − ω1)

+ A2
2δn(k,ω)

D(k + k2,ω + ω2)
+ A2

2δn(k,ω)
D(k − k2,ω − ω2)

+ A1A2δn(k + Δk,ω + Δω)
D(k + k1,ω + ω1)

+ A1A2δn(k − Δk,ω − Δω)
D(k − k1,ω − ω1)

+ A1A2δn(k − Δk,ω − Δω)
D(k + k2,ω + ω2)

+ A1A2δn(k + Δk,ω + Δω)
D(k − k2,ω − ω2)

.

(A10)

In the coupling case, we can assume that δn(k ± Δk,ω ± Δω)
≃ δn(k,ω). Consequently, Eq. (A9) can be greatly simplified to give
the following dispersion relation:

ω2 − 3v2
e k2 − ω2

pe =
k2c2ω2

pe

4
(Π0 +Π×), (A11a)

where

Π0 = a2
1[

1
D(k + k1,ω + ω1)

+ 1
D(k − k1,ω − ω1)

]

+ a2
2[

1
D(k + k2,ω + ω2)

+ 1
D(k − k2,ω − ω2)

], (A11b)

Π× = a1a2[
1

D(k + k1,ω + ω1)
+ 1

D(k − k1,ω − ω1)

+ 1
D(k + k2,ω + ω2)

+ 1
D(k − k2,ω − ω2)

], (A11c)

and ai = eAi/mec2 and ωpe =
√

4πe2n0/me.
It is worth noting that Π× is the contribution caused by the

coupling of these two beams. In the decoupling scenario, the den-
sity perturbation terms δn(k ± Δk,ω ± Δω) may cancel each other
out. On the other hand, these terms may become ignorable as non-
resonant terms in comparison with the term δn(k,ω). Therefore,
Eq. (A11a) can be approximated as

ω2 − 3v2
e k2 − ω2

pe =
k2c2ω2

pe

4
Π0. (A12)

Ignoring the temperature effect, we can combine
Eqs. (A11a)–(A11c) and (A12) into the general form of
Eqs. (5a)–(5c) in the theoretical model.

For two monochromatic laser beams at frequencies ω1,2 = ω0
± 0.5δω, these two beams can be considered to be coupled when
their instability regions with Γ > 0 overlap as shown in Fig. 1(b).
Otherwise, the two laser beams can be considered to be decoupled.
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APPENDIX B: MODEL OF BROADBAND
LASER LIGHT

In general, a broadband laser beam can be modeled as a sum-
mation of many monochromatic laser beams that have different
carrier frequenciesωi within a given bandwidthΔω as follows:16,22–24

E(t) =
N

∑
i=0

Ei cos (ωit + ψi), (B1)

where Ei and ωi are respectively the electric field amplitude and fre-
quency of the ith monochromatic laser beam, and ψi is the random
phase. If the number of monochromatic laser beams N is chosen
arbitrarily, however, the frequency spectrum of the broadband laser
electric field modeled in this way will deviate from the initially
assumed distribution.25

To precisely model the electric field of a broadband laser light,
we have employed a novel method by taking the inverse Fourier
transform of the amplitude–phase frequency spectrum.25 Assuming
that the broadband laser light has a continuous amplitude frequency
spectrum f (ω), we can construct its amplitude–phase frequency
spectrum F(ω) as the following complex function:

F(ω) = f (ω) exp [iψ(ω)], (B2)

where the phase–frequency spectrum ψ(ω) varying within
−π < ψ < π is a random function of the frequency ω. Using this
amplitude–phase frequency spectrum, we can obtain the electric
field E(t) of a broadband laser in the time domain as

E(t) = F −1[F(ω)], (B3)

where F −1 denotes the inverse Fourier transform of a complex func-
tion. Actually, the electric field defined by Eq. (B3) is equivalent
to that defined by Eq. (B1) if the number of monochromatic laser
beams is chosen as N = TΔω, where T and Δω are the duration and
bandwidth of the broadband laser beam, respectively.25

In Fig. 6(a), the temporal evolution of the electric field is shown
for a broadband laser beam with a relative bandwidthΔω/ω0 = 4.0%.
The Fourier transform of this electric field can perfectly reproduce
the initially assumed flat-top frequency spectrum and random phase
spectrum, as shown in Fig. 6(b). In our simulations, the laser beam
is propagating along the x direction, and it has a Gaussian trans-
verse profile in the y direction with a spot size w0. Therefore, the
spatial–temporal distribution of the electric field of a broadband
laser can be finally expressed as

E(t, y) = exp (−y2/w2
0)E(t), (B4)

where E(t) is given by Eq. (B3). For a broadband laser beam with
a relative bandwidth Δω/ω0 = 4.0% and a spot size w0 = 10λ, the
spatial–temporal distribution of its electric field is shown in Fig. 6(c).
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