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ABSTRACT
Diagnosis of fluids is extremely significant at high temperatures and high pressures. As an advanced imaging technique, high-energy pro-
ton radiography has great potential for application to the diagnosis of high-density fluids. In high-energy proton radiography, an angular
collimator can control the proton flux and thus enable material diagnosis and reconstruction of density. In this paper, we propose a multi-
material diagnostic method using angular collimators. The method is verified by reconstructing the density distribution from the proton
flux obtained via theoretical calculations and numerical simulations. We simulate a 20 GeV proton imaging system using the Geant4 soft-
ware toolkit and obtain the characteristic parameters of single-material objects. We design several concentric spherical objects to verify the
method. We discuss its application to detonation tests. The results show that this method can determine the material and boundary infor-
mation about each component of a multi-material object. Thus, it can be used to diagnose a mixed material and reconstruct densities in
a detonation.
© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0138725

I. INTRODUCTION

Under extreme conditions of high temperature and high pres-
sure, the behavior of materials becomes extremely complex, because
they are almost in a fluid state. For a long time, x-ray imaging has had
an important role in diagnosing the state of objects. However, very
high-energy x-rays (average energy 4 MeV) are needed to penetrate
an object with a high areal density (∼200 g/cm2). Owing to the strong
scattering of the x-rays and their short mean free path, the signal is
so weak that it cannot be used for high-precision diagnosis.1,2

High-energy proton radiography (pRad), first developed in the
1990s in the USA,3 has obvious advantages over high-energy x-ray
radiography in terms of penetration, density resolution, and multi-
ple imaging.4–6 Multi-frame detectors have been developed for use
in an 800 MeV pRad system.7,8 Hydrodynamics experiments have
been performed using an 800 MeV pRad system, and changes in
wave velocity and material density have been analyzed in dynamic
experiments on this system.9 In Russia, both 800 MeV and 50 GeV
pRad systems have been constructed, their spatial and temporal

resolutions have been analyzed, and they have been used to perform
a series of hydrodynamics experiments.10–15 For example, a 50 GeV
pRad system was found to have a spatial resolution of 250 μm for
an object with an areal density of 300 g/cm2,11 while a magnify-
ing 800 MeV pRad system was found to have a spatial resolution
of 115 μm for an object with an areal density of 17 g/cm2.14 Another
magnifying pRad system was designed at the Los Alamos National
Laboratory to reduce dispersion.16 A 20 GeV pRad system was con-
structed at the Brookhaven National Laboratory and was found to
have a spatial resolution of better than 200 μm at the center of
the French Test Object, with a reconstructed density error of less
than 1%.6

A pRad system was investigated in clinical trials in Germany,
and the results showed that it could achieve a spatial resolution of
better than 200 μm at a low radiation dose.17 A method for designing
magnifying pRad systems using thick lenses has been proposed.18

Identical and magnifying 11 MeV pRad systems have been con-
structed by the China Academy of Engineering Physics. In the case
of the identical pRad system, the spatial resolution of a thin object
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was found to be better than 100 μm. With the magnifying pRad
system, a spatial resolution of 30 μm was obtained for a 10 μm-thick
aluminum plate. The error in the density reconstruction of an object
with an areal density of 27 mg/cm2 was less than 2.3%.19–21 A high-
energy pRad system has been applied to medical imaging. The spatial
resolution was improved by using an inverse collimator.22,23 A high-
energy electronic imaging system has been applied as a diagnostic
tool for high-energy-density physics, with high spatial and tempo-
ral resolution.24,25 A 3.5–4.5 GeV pRad system has been constructed
at GSI Helmholtzzentrum für Schwerionenforschung GmbH (GSI)
and can achieve a spatial resolution of 30 μm and a temporal resolu-
tion of 10 ns.26 A parallel beam pRad system has been proposed to
reduce image blur.27

A pRad system has quadrupole magnetic lens and collimators.
It utilizes nuclear reactions and multiple Coulomb scattering (MCS)
to achieve imaging. Point-to-point imaging is realized through the
magnetic lens. The proton flux is controlled by the collimators,
which can be used to adjust the image contrast and thus determine
the density of single or mixed materials.28 Although the use of pRad
for material diagnosis has been proposed,29 concrete information
about the composition of a multi-material object cannot be obtained
directly. This paper proposes a multi-material diagnostic method
(MMDM) that can be used to find the material distribution. Further-
more, the application of this method to the diagnosis of a detonation
test is presented.

II. SINGLE-MATERIAL DIAGNOSIS
In a fluid, the density of the matter generally changes with time.

In a single-material diagnostic method (SMDM), the effect of den-
sity has to be eliminated, which can be realized by double imaging in
pRad.

In pRad, the proton flux decays because of nuclear reac-
tions and MCS with the angular collimators. The flux can be
expressed as28

I = I0 exp(−∫ μρ dl)[1 − exp(−θ2
cut

2θ2
0
)], (1)

where I0 is the initial proton flux, μ is the absorption coefficient for
the nuclear reactions, ρ is the density of the object, θ0 is the root
mean square of MCS, and θcut is the angle cut of the collimator. θ0
can be represented as

θ0 = k
√
∫

ρ
X0

dl, k = 14.1 MeV
βpc

. (2)

Here, X0 is the radiation length, β = v/c, where v is the proton veloc-
ity and c is the speed of light, and p is the proton momentum. To
reduce blurring of the image, the momentum dispersion should be
as small as possible.3 Therefore, k is considered to be a constant in
this imaging system.

Let θc1 and θc2 denote the angle cuts of the first and second col-
limators. If θc1 ≥ 3θ0, then the proton flux through the first angular
collimator, I1, which is the proton flux after the nuclear reactions, is
given by

I1 = I0 exp(−∫ μρ dl). (3)

If θc2 ∼ θ0, then the proton flux through the second angular
collimator, I2, which is the proton flux after MCS, can be obtained:

I2 = I1[1 − exp(− θ2
c2

2θ2
0
)]. (4)

From Eqs. (3) and (4), we can obtain the following two relations for
the absorption coefficient and the radiation length:

∫ μρ dl = − ln (I10), I10 =
I1

I0
, (5)

θ2
c2

2θ2
0
= − ln (1 − I21), I21 =

I2

I1
. (6)

If the object is composed of a single material, then the charac-
teristic parameter of this material, ω, can be obtained from Eqs. (2),
(5), and (6):

ω = μ
M
= ln (I10) ln (1 − I21), (7)

where

M = 2k2

θ2
c2X0

. (8)

If the second collimator is an inverse collimator, then the proton flux
through it is

I′2 = I1 exp(− θ2
c2

2θ2
0
), (9)

and the characteristic parameter can again be obtained in the same
way:

ω = θ2
c2μX0

2k2 = ln (I10) ln (I′21), I′21 =
I′2
I1

. (10)

III. MULTI-MATERIAL DIAGNOSIS
The instantaneous distribution of the absolute density of an

object generally has to be obtained through fluid mechanics. Thus,
the mass absorption coefficient or the distribution of the MCS para-
meter must be known. If the object is made of a single material, then
the parameters required can be obtained by an SMDM. Certainly,
they can also be determined from the initial state. However, if an
object is composed of multiple materials, then the boundaries of the
various materials may change, and the materials may even become
mixed together. In this situation, it is difficult to identify the mate-
rials with an SMDM, and only the average values of the physical
parameters can be calculated. Thus, SMDMs do not have wide appli-
cation in fluid dynamics. We propose a method to solve some of
these problems.

The relative proton flux through the scanned object can be
obtained by a discretization of Eqs. (5), (6), and (8):

T fi =∑
j

μjρjGij , T fi = − ln (I10), (11)
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Tsi =∑
j

M jρjGij , Tsi =
1

− ln (1 − I21)
. (12)

Here Tfi and Tsi are the relative proton fluxes due to the ith ray,
μj is the absorption coefficient of the material in the jth voxel, ρj is
the density for the jth voxel, Mj is related to the radiation length
of the material in the jth voxel, and Gij is the ijth element of the
geometric matrix G. The characteristic parameter can be calculated
by solving Eqs. (11) and (12), although these equations are usually
underdetermined.

Spherically symmetric objects are often used in
detonations.30,31 The geometric matrix for such an object can
be divided into grids according to the number of detector pixels.
Moreover, it is invertible. Therefore, we get

μjρj = (G−1 ⋅ Tf) j , (13)

M jρj = (G−1 ⋅ Ts) j. (14)

Thus, the characteristic parameter for the material in each voxel can
be obtained:

ω j =
μj

M j
= (G

−1 ⋅ Tf) j

(G−1 ⋅ Ts) j
. (15)

This allows the different material components in the object to be
identified. Moreover, the distribution of the characteristic parameter
is also given by Eq. (15).

IV. NUMERICAL SIMULATIONS
In this section, we simulate a 20 GeV pRad system with the

Geant4 software toolkit.32 The quadrupole gradient of the system
is 8 T/m, the quadrupole length is 2.0 m, and the drift length is
3.403 m.33 The tracks of protons through the two-stage pRad sys-
tem are shown in Fig. 1(a). Protons with the same MCS angle can
be focused on the Fourier plane. Thus, the proton flux can be con-
trolled quantitatively by a collimator or by an inverse collimator.
In the simulation, the angle cuts of the first and second collimators
are 8 and 0.5 mrad, respectively. An imaging magnetic lens group
is used before the object to measure the initial proton flux.5 The
collimators are made of tungsten and are 60 cm thick. The inverse
collimator is also made of tungsten and has a thickness of 70 cm.
The aperture parameters of the collimators are listed in Table I. The
pixel size is 1 × 1 mm2. The total number of protons is 108 in all
simulations except those in Sec. IV B. The proton flux is along a

FIG. 1. (a) Proton tracks through the pRad system. (b) Concentric spherical object.

TABLE I. Aperture parameters of the collimators.

Angle cut Front end (cm) Back end (cm)

Type (mrad) x y x y

First collimator 8 7.90 9.09 8.11 8.11
Second collimator 0.5 0.86 0.93 0.51 0.51
Inverse collimator 0.5 0.01 0.11 0.51 0.51

TABLE II. Parameters of different materials measured for a single-material object by
a 20 GeV pRad system.

Material ω μ (cm2/g) M (cm2/g)

Be 0.340 0.0158 0.0465
B 0.245 0.0149 0.0608
C 0.189 0.0142 0.0752
Na 0.099 0.0114 0.1157
Mg 0.083 0.0113 0.1371
Al 0.074 0.0112 0.1523
Si 0.067 0.0110 0.1656
K 0.049 0.0094 0.1937

single radial line, to make full use of the protons and reduce the
running time.

μ and M were obtained for a variety of single-material objects.
The characteristic parameters were calculated by Eq. (7), as listed in
Table II.

A. Verification of MMDM
To verify the proposed MMDM, a concentric spherical object

(CSO) was designed, as shown in Fig. 1(b). From the inside out, the
radii of the spheres are 2, 3.5, and 5 cm. The CSO was made from car-
bon, sodium, and beryllium. The flux after the protons pass through
the CSO while undergoing nuclear reactions can be obtained at the
first collimator, which has an angle cut of 8 mrad. The proton flux
after the subsequent MCS can be obtained at the second collimator,
which has an angle cut of 0.5 mrad.

Figure 2(a) shows the proton flux along the radial direction of
the image. The red curve is the flux after the nuclear reactions, and
the blue curve is the flux after MCS.

The characteristic parameter was calculated with Eq. (15), as
plotted as the red and blue curves in Fig. 2(b). The only difference
between the curves is that a regularization term was included for
the blue curve. The large oscillations in the red curve in Fig. 2(b)
were due to statistical fluctuations of the proton flux. The blue curve
shows that the oscillations were significantly reduced by adding the
regularization term. According to MMDM, ω was 0.194 in the inter-
val (0, 1.5) cm, 0.101 in the interval (1.9, 3.1) cm, and 0.321 in the
interval (3.5, 4.5) cm. Compared with the values in Table II, the
materials in the layers of the object are as follows: carbon in (0, 1.5)
cm, sodium in (1.9, 3.1) cm, and beryllium in (3.5, 4.5) cm. The green
curve for the characteristic parameter in Fig. 2(b) was calculated with
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Eq. 7. The curve should remain unchanged because the area of object
is single material (beryllium) at the outermost layer, but the result
is changing because the flux distortion is induced on the edge. The
phenomenon can be explained by theoretical calculation, which the
result by the SMDM is good fit with the method at the outermost
layer in Fig. 5(e). The value tends to 0.2 because the ω average value
of the CSO is equal to 0.196 at 0. So it is coincidental that the value
by the SMDM is approximately equal to the ω of carbon.

Figure 2(c) shows the ω distribution obtained by the SMDM
for the CSO. It is unclear in the inner region. Figure 2(d) shows
the result obtained with the MMDM. It is clear that the object has
three layers. Thus, although it is difficult to identify the materials in
a multi-material object with an SMDM, multi-material diagnosis can
be realized by Eq. (15).

Dark-field imaging can improve the contrast resolution for
thinner objects. In a dark-field pRad system, the second collimator
is an inverse collimator. As before, the proton flux after the nuclear
reactions was acquired at the first collimator, which has a large angle
cut. The proton flux after MCS was obtained at the inverse collima-
tor, which has an angle cut of 0.5 mrad. The curves of the proton flux
for the CSO are plotted in Fig. 3(a), and ω is shown in Fig. 3(b). As
can be seen from Fig. 3(b), ω is 0.203 in (0, 1.5) cm, 0.101 in (2.0, 3.1)
cm, and 0.331 in (3.5, 4.5) cm. As before, the materials in the CSO
can be identified from Table II.

These results demonstrate that information about the material
components in an object can be identified by the proposed MMDM.
There are errors due to statistical fluctuations and distortion of
the proton flux. Therefore, improving the algorithm is pivotal to
increasing the accuracy of the results. For example, the errors were
greatly reduced by adding the regularization term. The results can
also be improved with an iterative method.34

FIG. 2. Results for a CSO and two collimators. (a) Proton flux along the radial
direction. (b) Characteristic parameter calculated by the SMDM and the MMDM.
(c) and (d) Characteristic parameter distributions obtained by the SMDM and the
MMDM, respectively.

FIG. 3. Results for the CSO using a collimator and an inverse collimator. (a) Proton
flux along the radial direction. (b) Characteristic parameter.

B. Impact of nonideal factors in the system
on calculating the characteristic parameter

The precision of the calculated characteristic parameter is
closely related to the accuracy of measuring the proton flux. The
errors are caused by nonideal factors in the pRad system, as well as
statistical fluctuations. One common practical problem is that the
central axes of the components do not coincide. The collimators
are important components in an pRad system, since they control
the proton flux. Thus, the errors will be increased if a collimator
deviates from the central axis. In particular, the proton flux after
MCS depends completely on the second collimator. The size of
the aperture at the back end of the collimator is proportional to
the angle cut. Protons scattered by more than this angle cannot
pass through the collimator. The angular distribution of protons
after MCS depends on the object and the proton energy.28 There-
fore, the error in the characteristic parameter caused by collimator
deviation depends on the specific object, the proton energy, and
the pRad system.

We analyzed the impact of collimator deviation on the char-
acteristic parameter through simulation. The object and collimators
were the same as the settings in Sec. IV A. We used the following
offsets of the second collimator from the central axis: 0 (no devi-
ation), 100, 300, 500, and 800 μm. The total number of protons
was 107.

Figure 4(a) shows the proton flux along the radial direction
for the different offsets. The resulting statistical fluctuations were
worse than those in Fig. 2(a) because the total number of protons
was reduced by 9 × 107. However, this test was very useful, since the
fluctuations were basically consistent at each position in each sim-
ulation. It shows that interference caused by statistical fluctuations
can be significantly reduced. The flux error plotted in Fig. 4(b) was
calculated as

∣ Ideviated − Inot deviated

Inot deviated
∣ × 100%.

The error increased with increasing deviation.
The radial values of ω calculated with the optimized equation

are plotted in Fig. 4(c). The values at positions less than 0.1 cm
with no offset are obviously different from those in Fig. 2(b). This is
because the statistical fluctuations were larger, owing to the fact that
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FIG. 4. Results for the CSO when the second collimator was offset from the central axis. (a) Proton flux along the radial direction. (b) Flux errors. (c) Characteristic parameter.
(d) Characteristic parameter errors.

although the conditions are the same, the total number of protons
is lower. This result also demonstrates that the statistical fluctua-
tions have a significant impact on the accuracy of the characteristic
parameter.

Figure 4(d) shows the ω error:

∣ωdeviated − ωnot deviated

ωnot deviated
∣ × 100%.

The ω error basically increased with increasing offset. It was affected
by statistical fluctuation at a few positions. The green curve is for
an offset of 100 μm. It has a maximum error of 1.5% at 0.3 cm. The
minimum error was 0.0% at 2.7 cm, and the mean error was 0.4%.
For a deviation of 300 μm, the mean error was 0.8%. It was 1.4%
for a deviation of 500 μm. Thus, the mean ω error for the object,

collimator, and pRad system can be less than 1% if the deviation is
less than 300 μm. These results demonstrate that the nonideal factors
of the system have an important influence on the accuracy of the
characteristic parameter. The specific impact needs to be analyzed
quantitatively for each situation.

C. Application of MMDM in a detonation test
Detonation is an important topic in fluid dynamics. In a deto-

nation, the components mix together, and the boundaries between
them usually change. However, high-energy x-ray radiography can-
not determine the material compositions of the components. Only
the product of the mass absorption coefficient and the density can
be obtained by x-ray imaging. Since the density of each material is
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FIG. 5. (a) Diagram of the hydrodynamic process. (b)–(f) Theoretical results. (b) Proton flux in the radial direction. (c) and (d) ω distributions from SMDM and MMDM,
respectively. (e) ω distribution in the radial direction. (f) Density distribution. (g)–(k) Numerical results. (g) Proton flux in the radial direction. (h) and (i) ω distributions from
SMDM and MMDM, respectively. (j) ω distribution in the radial direction. (k) Density distribution.

not constant in a fluid, the product could be for any material. In this
subsection, we determine the boundary and material information of
each component of a dynamic object at a certain moment using the
MMDM.

A CSO was designed. Initially, the materials in the layers
from inside to outside are boron, sodium, and beryllium. At some
point, the two components in the inner layer mix together, so
that the layers change to boron, a boron and sodium mixture,
sodium, and beryllium. This process is illustrated in Fig. 5(a). At this
moment, the radius of the boron region is 1.5 cm, and its density is
2.370 g/cm3. The radius of the mixed region is 2.3 cm. The density
of the boron there is 1.247 g/cm3, and the density of the sodium is
0.460 g/cm3. The radius of the sodium region is 3.5 cm, and its den-
sity is 0.971 g/cm3. The radius of the beryllium region is 5 cm, and
its density is 1.848 g/cm3 (Table III).

First, we calculated the proton flux of the object using Eqs. (10)
and (11), as shown in Fig. 5(b). Figure 5(c) shows the distribution of
the characteristic parameter obtained with the SMDM. The value is
constant in the outermost layer, but gradually changes in the other
regions, and so it is difficult to determine the boundaries of the
components. Figure 5(d) shows the ω distribution obtained with the
MMDM. It is quite clear that the object has four components.

The ω distribution in the radial direction is plotted in Fig. 5(e).
The blue curve is for the MMDM. It can be seen that the char-
acteristic parameter has constant values of 0.245 in the region

(0, 1.5) cm, 0.185 in (1.6, 2.3) cm, 0.099 in (2.4, 3.5) cm, and 0.340 in
(3.6, 4.9) cm. Using information about the initial object and Table II,
it can be deduced that the regions (0, 1.5), (2.4, 3.5), and (3.6, 4.9)
cm are boron, sodium, and beryllium, respectively. As the value of
the characteristic parameter in the region (1.6, 2.3) cm is not that of
any of the original components, but lies between those of boron and
sodium, it can be deduced that this region is a mixture of boron and
sodium. The green curve was obtained with the SMDM. It is a good
fit with the blue curve in the outermost layer, but not in the other
layers, and so we cannot distinguish the distribution of materials in
the CSO.

The distributions of μ and M can be obtained from the MMDM
results. The density distribution of the object can be reconstructed

TABLE III. Average densities for each component of the dynamic object calculated
theoretically and reconstructed by simulation.

Designed density Theoretical density Simulated density
Material (g/cm3) (g/cm3) (g/cm3)

B 2.370 2.370 2.354
B + Na 1.247, 0.460 1.247, 0.460 1.154, 0.501
Na 0.971 0.971 0.950
Be 1.848 1.848 1.823
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with Eqs. (10) and (11), as shown in Fig. 5(f). Table III shows that
the reconstructed densities are in good agreement with the designed
densities, because the theoretical proton flux is accurate.

Second, we obtain the proton flux of the object via a numerical
simulation with two collimators, as shown in Fig. 5(g). The ω dis-
tribution from the SMDM is plotted in Fig. 5(h) and that from the
MMDM in Fig. 5(i). We can draw the same conclusions as we did
for the theoretical results.

The characteristic parameter in the radial direction is shown in
Fig. 5(j). The red curve is for the MMDM, and the green curve is
for the SMDM. Compared with the theoretical results, the precision
of ω is seriously affected by statistical fluctuations and distortion of
the flux at the boundaries. Using the ω distribution obtained with
the MMDM, we can deduce that the region (0, 1.3) cm is boron,
(1.55, 2.05) cm is a mixture of boron and sodium, (2.25, 3.2) cm is
sodium, and (3.5, 4.7) cm is beryllium.

The reconstructed density distribution is shown in Fig. 5(k).
Owing to the statistical fluctuations and distortion of the flux at
the boundaries, there are differences between the reconstructed and
designed densities (Table III). The results do indicate that informa-
tion about the boundaries and material composition of a dynamic
object can be obtained with the MMDM. Moreover, the densities of
both components in a mixture can also be reconstructed.

V. SUMMARY
The characteristic parameter ω is completely independent of

density. ω provides information about the material composition,
regardless of how the density is changing. In this paper, we have
proposed a method to obtain the ω distribution of a multi-material
object. We have considered its application to a detonation test based
on numerical simulations of a CSO. A 20 GeV pRad system has
been modeled in Geant4. The proton flux has been obtained with
both a collimator–collimator setup and a collimator–inverse colli-
mator setup, both with angle cuts of 8 and 0.5 mrad. The results
show that the proposed MMDM can identify information about the
materials in a multi-material object. In fluid dynamics, it is piv-
otal to obtain the material and boundary information about each
component of a multi-material object. Our results show that the
proposed method can provide this information. In addition, the
MMDM can be used to obtain the density distribution of a dynamic
object, even if the components are mixing together. Therefore, the
proposed MMDM may have significant potential for fluid dynamical
diagnosis.
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