
Matter and
Radiation at Extremes RESEARCH ARTICLE scitation.org/journal/mre

Theoretical model of radiation heat wave
in two-dimensional cylinder with sleeve

Cite as: Matter Radiat. Extremes 8, 026901 (2023); doi: 10.1063/5.0119240
Submitted: 8 August 2022 • Accepted: 1 February 2023 •
Published Online: 3 March 2023

Cheng-Jian Xiao, Guang-Wei Meng,a) and Ying-Kui Zhaoa)

AFFILIATIONS
Institute of Applied Physics and Computational Mathematics, Beijing 100088, China

a)Authors to whom correspondence should be addressed: meng_guangwei@iapm.ac.cn and zhao_yingkui@iapm.ac.cn

ABSTRACT
A semi-analytical model is constructed to investigate two-dimensional radiation heat waves (Marshak waves) in a low-Z foam cylinder with
a sleeve made of high-Z material. In this model, the energy loss to the high-Z wall is regarded as the primary two-dimensional effect and
is taken into account via an indirect approach in which the energy loss is subtracted from the drive source and the wall loss is ignored. The
interdependent Marshak waves in the low-Z foam and high-Z wall are used to estimate the energy loss. The energies and the heat front position
calculated using the model under typical inertial confinement fusion conditions are verified by simulations. The validated model provides a
theoretical tool for studying two-dimensional Marshak waves and should be helpful in providing further understanding of radiation transport.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0119240

I. INTRODUCTION

As described in 1958 by Marshak,1 when an energy source (e.g.,
x-rays) delivers energy to a material, this leads to the generation
of a radiation heat wave (Marshak wave), which propagates in the
material with supersonic or subsonic speed as a result of photon
transport.2 In the supersonic case, hydrodynamic motion can be
neglected. In the subsonic case, however, both photon transport and
hydrodynamic motion affect the Marshak wave. In this scenario, a
shock wave appears before the Marshak wave front in what is usually
called an ablation process.

Marshak waves occur in a wide variety of physical contexts,3–9

and although early studies focused on astrophysical phenomena,
attention is now also being paid to their roles in other areas of plasma
physics and high-energy-density physics. For example, the propaga-
tion of Marshak waves is a key process in inertial confinement fusion
(ICF),6 supernova remnants,7 radiation shocks,8 and thermonuclear
burn.9

On the theoretical side, Marshak1 gave exact solutions for the
supersonic case with constant density and constant pressure, and
subsonic solutions were obtained by Pakula and Sigel.10 Employ-
ing the perturbation method for the diffusion equation, Hammer
and Rosen11 presented solutions for both supersonic and subsonic

Marshak waves. As well as the various solutions that have been
obtained,12–17 there have also been theoretical studies of the
radiation transport where Marshak waves are important.18–22

However, most theoretical studies have considered one-
dimensional processes, whereas Marshak waves in most cases are
multidimensional. In ICF, when a high-Z hohlraum is irradiated by a
high-energy laser, it emits x-rays, driving a Marshak wave in a low-Z
foam coated by high-Z material. It is obvious that the Marshak wave
in this case is two-dimensional and therefore cannot be adequately
described by a one-dimensional theory. On the other hand, theo-
retical models of Marshak waves in dimensions greater than one
are rare, since the Boltzmann equation is hard to solve analytically,
especially in multidimensional cases.

Nowadays, numerical simulation is widely applied to the study
of multidimensional Marshak waves.23–27 Meanwhile, experimen-
tal investigations of Marshak waves have become available with the
development of advanced laser techniques, and the results of these
experiments are crucial for validating the theoretical models and
numerical simulations.28–37 In the experiments, a Marshak wave
propagates in the low-Z foam (which can be Ta2O5, SiO2, or another
material) coated by a high-Z material (usually Au). The drive tem-
peratures of most experiments are around 100 eV, although they can
reach 300 eV occasionally. As a consequence, experimentalists have
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observed supersonic Marshak waves, for which the Mach number
Mrad = vfront/cs (cs being the speed of sound in the heated material)
can reach 5. They have also observed a phenomenon in which the
radiation wave propagates more slowly than in the one-dimensional
case.34,37

Despite the availability of numerical and experimental tools,
there is a demand for appropriate theoretical approaches to fur-
ther the investigation of multidimensional Marshak waves. On the
one hand, simulations and experiments are limited by comput-
ing resources and experimental conditions, respectively. On the
other hand, multidimensional theories can provide a deeper under-
standing of the processes involved, which can be beneficial for the
development of simulation programs and improved experimental
designs.

In Ref. 14, the albedo of the high-Z material was introduced to
interpret a slow two-dimensional Marshak wave in a foam cylinder
coated by high-Z material, and the results with 100% albedo were
consistent with the one-dimensional results. A simple model taking
account of the energy loss to the high-Z material was also proposed
to describe this phenomena.38,39 The multidimensional Marshak
waves considered in these studies are similar to those occurring in
the ICF process. In Ref. 40, a one-dimensional code was modified to
simulate radiation transport in a cylinder. However, there is a lack of
a self-consistent theory incorporating two-dimensional effects, such
as those due to the size of the cylinder. In the present work, a theo-
retical model of a two-dimensional Marshak wave in a cylinder with
sleeve is constructed.

It is hard to obtain the rules governing a process affected by
several parameters directly, and it is therefore helpful to find a key
quantity that relates the effects of all these parameters. In the present
work, similar to the approach adopted in Ref. 14, we assume that the
energy loss to the high-Z wall plays an important role in determin-
ing the behavior of the two-dimensional Marshak wave. However,
our description of the effect of this energy loss is not based on the
wall albedo a considered in Ref. 14, and instead the energy loss is
calculated at each instant. With the help of our model, both the heat
wave front and the energy are estimated. To verify our model, we
also perform simulations using the MULTI code.

The remainder of the paper is organized as follows: the model
is described in Sec. II. The numerical results from the model and
a comparison with the results of the simulations are presented in
Sec. III. A brief summary is given in Sec. IV.

II. SEMI-ANALYTICAL MODEL
In this section, we construct a semi-analytical model to describe

the behavior of a two-dimensional Marshak wave in a cylinder with a
sleeve. The cylinder is filled with low-Z foam, and the sleeve is made
of high-Z material.

When the low-Z foam cylinder coated by the high-Z wall is irra-
diated by x-rays, Marshak waves propagate both in the low-Z foam
and in the high-Z wall. Under the assumption that the cylinder is
semi-infinite in length, the boundary conditions for the Marshak
wave in the filled foam are as shown in Fig. 1, where boundary A
corresponds to the source surface and boundary B to the interface
between low-Z and high-Z materials.

In the present work, the two-dimensional Marshak wave is
investigated from an energy perspective. The behavior of the energy

FIG. 1. Energy transport of a two-dimensional Marshak wave. Boundary A corre-
sponds to the source surface and boundary B to the interface between the low-Z
and high-Z materials. The red and gray regions are the heated and unheated low-Z
foam, respectively. The yellow region is the high-Z material.

transport is shown in Fig. 1. To represent this behavior in a simple
way, the energy transport is divided into that in the axial direction
and that in the radial direction. The drive source is at boundary A,
and the net energy flux causes energy to be deposited in the low-Z
foam or to be lost to vacuum. The high-Z wall is at boundary B,
where the net energy flux causes energy to be lost to the high-Z
material. The energy loss to the wall plays an important role in the
behavior of the two-dimensional Marshak wave and is taken here to
be key to interpreting this behavior.

Given the similarity of the energy transport at boundaries A
and B, the energy loss to the high-Z wall at boundary B is taken
into account in our model via an alternative approach, with this loss
being subtracted from the drive source and the wall loss is ignored.
Then, once the energy loss has been estimated, the two-dimensional
Marshak wave can be analyzed using familiar one-dimensional
theoretical tools in a plane geometry.

A. One-dimensional theory of Marshak waves
One-dimensional Marshak waves have been extensively inves-

tigated, and self-similar solutions have been obtained for var-
ious boundary conditions.1,10–13,15–17 Using a perturbation tech-
nique, Hammer and Rosen11 obtained solutions of the following
one-dimensional radiation transport equation under the diffusion
approximation:

ρ
∂e
∂t
= 4

3
∂

∂x
( 1

Kρ
∂σT4

∂x
), (1)

where ρ is the density, e is the specific internal energy, t is the
time, x is the position, K is the Rosseland mean opacity, σ is the
Stefan–Boltzmann constant, and T is the temperature. As pertur-
bation expansion parameter, Hammer and Rosen adopted ε = α
/(4 + β), where α and β are material parameters appearing in the
following power-law dependences of the specific internal energy and
the opacity on temperature and density:

e = f Tβρ−μ,
1
K
= gTαρ−λ, (2)

with f , g, μ, and λ being further material parameters. The material
properties of the low-Z foam will be described in terms of these
material parameters f , g, μ, λ, α, and β. Similarly, the parameters
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f̃ , g̃, μ̃, λ̃, α̃, and β̃ are introduced to describe the material properties
of the high-Z wall.

With the assumed power-law material properties, and provided
that the surface temperature Ts varies smoothly, analytical results
can be obtained for the temperature profile and heat front position
of a supersonic Marshak wave. These can be expressed as follows:

ζ(x, t) = [1 − y(x, t)]1/(1−ε), (3)

x2
F(t) =

2 + ε
1 − ε

CH−ε(t)∫
t

0
H(t1) dt1, (4)

where in Eq. (3),

ζ(x, t) = [T(x, t)
Ts(t)

]
4+α

, (5)

y(x, t) = x/xF(t), (6)

with T(x, t) is the temperature and xF(t) is the heat front position,
and in Eq. (4),

H(t) = Ts(t)4+α, (7)

C = 16
4 + α

gσ
3 f ρ2−μ+λ . (8)

B. Two-dimensional effect
In our model, the two-dimensional effect is determined by the

energy leaking from the low-Z foam to the high-Z wall, which is the
key quantity that needs to be calculated. The heated low-Z foam can
be regarded as the drive source for the Marshak wave that propagates
along the radial direction in the high-Z wall, similar to the Marshak
wave that propagates along the axial direction in the low-Z foam.
Therefore, the Marshak waves in the low-Z foam and high-Z wall
are not independent. The total input energy consists of the energy
that is deposited in the low-Z foam and the energy loss to the high-Z
wall. In other words, to obtain the energy loss, it is essential to know
the total input energy and the relationship between the deposited
energy and the energy loss.

1. Total input energy
The total input energy Etotal(t) is determined by the net energy

flux F(0, t) at the source surface:

Etotal(t) = ∫
t

0
F(0, t′)S dt′, (9)

where S is the cross section of the cylinder and F(0, t) can be
obtained from the Marshak boundary condition,41

F(0, t) = 2σT4
Drive(t) − 2σT4

s (t), (10)

where TDrive is the drive temperature. The net energy flux can also
be obtained as the incident energy flux minus the re-emitted energy
flux.42 These two methods give similar results for the net flux, and
the Marshak boundary condition approach is adopted here.

On the other hand, the total input energy for a cylindrical
geometry without a lossy wall can be calculated from the internal
energy of the heated material:

Etotal(t) = xF(t)Hε(t)S f ρ(1−μ)(1 − ε), (11)

where the temperature profile from Eq. (3) and the heat front
position from Eq. (4) are used.

The total input energy for a cylinder without a lossy wall
(i.e., where the wall loss is ignored) can be determined by solving
Eqs. (9)–(11). For the cylinder with a lossy wall considered in the
present work, the total input energy is approximately the same as
that for a cylinder without a lossy wall.

2. Interdependent energies: Energy loss
and deposited energy

Even once the total input energy has been obtained, the energy
loss to the high-Z wall cannot be estimated until its relationship with
the energy that is deposited in the low-Z foam has been determined,
and here the fact that the heated foam drives the Marshak wave in
the wall provides the link between the two energies.

Figure 2 shows a schematic of the Marshak waves in the cylin-
der, with the heat front positions of the waves in the low-Z foam and
high-Z wall at time t being denoted by xZ

F(t) and xR
F(z, t), respec-

tively. As the heat wave propagates in the low-Z foam, the heated
area increases owing to the larger xZ

F(t). Simultaneously, in the
high-Z wall, the heated area increases owing to the larger xZ

F(t) and
xR

F(z, t).
First, we calculate the energy loss to the high-Z wall. This is

determined by the drive source, which in our model is the heated
low-Z foam. Here, the energy transport along the Z direction in the
high-Z wall is ignored. The energy loss to the high-Z wall at axial
position z is estimated via the internal energy of the heated high-Z
wall:

dEWall(z, t)
dz

= 2πf̃ T(z)β̃ ρ1−μ̃ xR
F(z, t)[xR

F(z, t) + R(2 + ξ)]
(2 + ξ)(1 + ξ) , (12)

where ξ = β̃/(4 + α̃ − β̃), and the temperature profile from Eq. (3)
and the heat front position from Eq. (4) are used. T(z) is the tem-
perature of the low-Z foam at axial position z, R is the radius of the

FIG. 2. Schematic of the Marshak waves in the cylinder at time t, where the R–Z
profile is chosen. The gray part corresponds to the unheated material. The green
and yellow parts correspond to the heated low-Z foam and the high-Z wall, respec-
tively. The heat front positions of the Marshak waves in the low-Z foam and high-Z
wall are xZ

F(t) and xR
F (z, t), respectively.
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low-Z foam cylinder, and ρ is the density of the Au. f̃ , β̃, and μ̃ are
the material parameters of the Au. Integrating over z, the energy loss
to the high-Z wall can be determined as

EWall(t) = ∫
xZ

F(t)

0

dEWall(z, t)
dz

dz ≃ ∑
i

Ei
Wall(t), (13)

where the integral is replaced by a summation. The energy loss
EWall(t) thus obtained is subtracted from the drive source Etotal(t).

Second, we calculate the energy deposited in the low-Z foam.
This is affected by the energy loss, which, in our model, as already
mentioned, is subtracted from the drive source and the wall loss is
ignored. Using this approach, the Marshak wave in the low-Z foam
can be described by Eqs. (3) and (4). Since the geometry of the low-
Z foam is cylindrical, Eq. (11) can be applied to estimate the energy
deposited in the low-Z foam:

EFoam(t) = xZ
F(t)H′ε(t)S f ρ(1−μ)(1 − ε), (14)

although the reduced drive source leads to different xZ
F(t) and H′(t)

compared with those in the original Eq. (11).
Finally, the equation

Etotal(t) = EFoam(t) + EWall(t) (15)

is solved.
To conclude, at each time step, the total input energy Etotal(t)

is obtained first via Eq. (11). Then, H′(t) in Eq. (14) is obtained via
Eq. (15), thus determining the heat front position in the low-Z foam,
the energy loss, and the deposied energy. In this way, the behavior of
the two-dimensional Marshak wave can be described.

III. NUMERICAL RESULTS AND DISCUSSION
In the present work, we focus on processes relevant to ICF and

therefore consider typical ICF conditions. The drive temperature is
taken to be 100–300 eV, with the corresponding radiation energy
directly imposed on the source surface. The density of the low-Z
foam is taken to be 0.01–0.15 g/cm3. Explicitly, the propagation of
the two-dimensional Marshak wave in a 0.05 g/cm3 SiO2 cylinder
that is coated by 19.3 g/cm3 Au is investigated, where the cylinder
is driven by a 150 eV thermal bath. For the low-Z foam SiO2, the
material parameters defined in Eqs. (3) and (4) are39

g = 1/9175 g/cm2, α = 3.53, λ = 0.75,
f = 8.78 MJ, β = 1.1, μ = 0.09,

(16)

while for the high-Z wall material Au, the material parameters are11

g̃ = 1/7200 g/cm2, α̃ = 1.5, λ̃ = 0.2,

f̃ = 3.4 MJ, β̃ = 1.6, μ̃ = 0.14.
(17)

Correspondingly, the units of temperature and density in Eqs. (7)
and (8) are 100 eV and g/cm3, respectively. Furthermore, the
Stefan–Boltzmann constant σ = 1.03 × 10−2 MJ ns−1 cm−2.

The radius of the cylinder is 0.086 cm, corresponding to one
free path of the filled foam with ρ = 0.05 g/cm3 and T = 150 eV, and
the thickness of the Au wall is 0.001 cm.

FIG. 3. Heat front position xF as a function of time t. The black dashed and red
solid curves show the results with and without a lossy wall, respectively.

A. Two-dimensional Marshak waves
with and without a lossy wall

With the help of the MULTI2D code,26,27 we carry out a valida-
tion of our proposed method describing the effect of the energy loss,
in which this loss is subtracted from the drive source and the wall
loss is ignored, as a consequence of which the energy deposited in the
low-Z foam remains unchanged. In the simulations, we assume one-
frequency-group radiation transport along rays in three dimensions,
with the 4π solid angle discretized in direction.

First, the process described above is simulated using the
MULTI2D code for the case with a lossy wall, and the results for the
heat front position xF are shown in Fig. 3 by the black dashed curve.
The heat front position is taken to be the position at which the tem-
perature drops to zero, and the radial position is taken to be that at
which the radius is half that of the low-Z foam cylinder. Figure 4
shows the simulation result for the energy deposited in the low-Z
foam per unit cross-sectional area of the foam cylinder, ẼFoam(t).

FIG. 4. Simulation results for the energy deposited in the low-Z foam per unit cross-
sectional area of the foam cylinder, ẼFoam, for the process with a lossy wall and
TDrive = 150 eV.
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Second, the corresponding process without a lossy wall is sim-
ulated using the MULTI2D code, with the energy loss to the wall
in the previous simulation now being subtracted from the drive
source instead. This situation corresponds to an SiO2 cylinder of
infinite radius coated by Au of thickness 0.001 cm and irradiated
by the reduced drive source. From the ẼFoam(t) shown in Fig. 4, the
reduced drive source is obtained, and the corresponding effective
drive temperature is presented in Fig. 5. Finally, the result for the
heat front position is obtained and is shown in Fig. 3 by the red solid
curve.

It can be seen that the two curves in Fig. 3 are close, which indi-
cates that our method for describing the two-dimensional effect is a
reasonable one.

Before presenting the numerical results of our model, we inves-
tigate the error due to the theoretical tools employed, which is one of
two sources of modeling error, the other being the modeling scheme.
The solutions obtained by Hammer and Rosen11 have proved to
be very useful, but they do cause errors in optically thin regions
because of the adoption of the diffusion approximation in their
derivation.

In Fig. 6, the divergence between the Hammer–Rosen solutions
and the simulations is presented, where the simulation conditions
are as follows: TDrive = 150 eV, the SiO2 material parameters are
those in Eq. (16), and the radius of the SiO2 cylinder is 4.0 cm,
which can be considered to be infinite compared with the free path
of SiO2. Here, we redefine the optical depth as τ′ = xF/l′R, where xF
is the heat front position from the MULTI2D code and l′R is the
Rosseland free path for SiO2 with its temperature that at the source
position.

As the Marshak wave propagates, the error due to the diffusion
approximation becomes negligible, being less than 15% for τ′ ≥ 1
and dropping to ∼5% for τ′ = 3. Therefore, it is expected that the
results estimated using the model and the MULTI2D results will be
comparable once the Marshak wave has propagated at least one free
path. In other words, our model can be considered to be reliable
when the thickness of the heated material is greater than one free
path.

FIG. 5. Effective drive temperature for the process without a lossy wall. With this
drive source, the ẼFoam of the process without a lossy wall is the same as that for
the process with a lossy wall and TDrive = 150 eV.

FIG. 6. Error due to the Hammer–Rosen solutions. Here, Ratio and τ′ are defined
as xHR

F /x
MULTI
F and xMULTI

F /l′R, respectively, where xHR
F and xMULTI

F are the heat front
positions from the Hammer–Rosen solutions and the MULTI2D code, and l′R is the
Rosseland free path of the heated material with temperature that at the source
position.

B. Energy loss, deposited energy, and heat front
position from model and simulation

The key step in the proposed model is the estimation of the
energy loss to the high-Z wall, which is also an important quantity
for the two-dimensional Marshak wave. In addition, the deposited
energy and the heat front position in the low-Z foam are critical for
the two-dimensional process. All three of these quantities are esti-
mated in our model, and to validate the model, relevant simulations
are also performed.

1. Constant drive temperature
For the process described in Sec. III A with a constant drive

temperature T = 150 eV, our model is applied to estimate the energy
loss, the deposited energy, and the heat front position, with the
results shown in Fig. 7 (red solid curves), together with those of the
simulations (black dashed curves). It can be seen that the energy loss
predicted by our model is smaller than that from the simulation. For
the heat front position, our model predicts a faster Marshak wave
than the simulation. Meanwhile, corresponding to the larger value of
the heat front position, the deposited energy predicted by the model
is also larger. As we have mentioned above, the energy loss is the pri-
mary two-dimensional effect slowing down the Marshak wave, and
it is thus natural that the estimated smaller energy loss leads to a
larger value of the heat front position, where the diffusion approx-
imation, as shown in Fig. 6, also has an effect. For the results at
t = 10 ns, the errors in the energy loss, the deposited energy, and
the heat front position are ∼15%, ∼2%, and ∼6%, respectively.

2. Time-dependent drive temperature
In experiments, a time-dependent drive temperature is usually

employed. Therefore, the process in which a cylinder with sleeve
irradiated by a time-dependent radiation source is now consid-
ered, with the filled material and the coated material again being
0.05 g/cm3 SiO2 and 19.3 g/cm3 Au, respectively. The correspond-
ing material parameters are given in Eqs. (16) and (17). The radius of
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FIG. 7. Numerical results in the case of a constant drive temperature for (a) energy loss EWall, (b) deposited energy EFoam, and (c) heat front position xF from the simulations
(black dashed curves) and our model (red solid curves).

the cylinder is 0.08 cm, the thickness of the sleeve is 0.0025 cm, and
the time-dependent drive temperature is that shown in Fig. 8. The
corresponding experiments were carried out by Back et al.34 at the
Omega laser facility at the Laboratory for Laser Energetics, where a
2.4 ns long laser pulse was applied to heat a hohlraum with ∼10 kJ of
0.35 mm laser light. The length and diameter of the hohlraum were
1.2 and 1.6 mm, respectively, and there was only one laser entrance
hole, with diameter 1.2 mm.

The energy loss, the deposited energy, and the heat front posi-
tion were estimated using our model, and the results are presented
in Fig. 9 (red solid curves), together with the simulation results (blue
dotted curves). Compared with the simulation results, the energy
loss estimated by the model is slightly smaller, while the deposited
energy is larger, causing a faster Marshak wave. Nevertheless, the
results from the model and the simulation can be regarded as con-
sistent, which is similar to the case of a constant drive temperature
TDrive = 150 eV. It is found that the errors here (e.g., 17% in the heat
front position) are larger than those in Fig. 7 at t = 10 ns, the rea-
son being that the transported distance of the Marshak wave in the
low-Z foam is much smaller than the mean free path of the foam.

FIG. 8. Time-dependent drive temperature, which first increases and then
decreases.

3. Different cylinder sizes and foams
Besides the drive temperature, the behavior of the two-

dimensional Marshak wave in a cylinder with sleeve also depends
on the radius of the cylinder and the type of foam. To validate
our model, two more processes similar to that in Sec. III B 1 but
with different cylinder radius and filling material are considered.
The cylinder radius is changed to R = 0.043 cm. As filling material,
the 0.05 g/cm3 SiO2 is replaced by 0.15 g/cm3 CH. The material
parameters for the CH are39

g = 1/2818.1 g/cm2, α = 2.79, λ = 0.81,
f = 21.17 MJ, μ = 0.06, β = 1.06.

(18)

In Table I, we present the numerical results for the energy
loss, the deposited energy, and the heat front position from both
the model and simulations. The time chosen is that at which the
Marshak wave has propagated one free path, because the model
results can be considered reliable from that moment onward. It can
be seen that the results of the model are in agreement with those of
the simulation.

4. Comparison with a different model
For the process with time-dependent drive temperature con-

sidered in Sec. III B 2, the energy loss, the deposited energy, and
the heat front position were also estimated in Ref. 38 using a differ-
ent theoretical model, the results of which are also shown in Fig. 9
(black dashed curves). It can be seen that for both the model in
Ref. 38 and our model, the results for the deposited energy [Fig. 9(b)]
and the heat front position [Fig. 9(c)] fit the simulation results well.
However, there is a significant divergence in the results for the
energy loss between the model in Ref. 38 and the simulation. The
results for the energy loss from our model, however, still show a good
fit with the simulation results. In particular, at t = 2.5 ns, the energy
losses according to our model and the simulation are very similar,
0.421 kJ and 0.423 kJ, respectively, whereas the energy loss accord-
ing to the model in Ref. 38 is ∼1.92 kJ. Our model provides a better
description of the experiments compared with the model in Ref. 38
because of the different way describing the energy loss to the wall:
in Ref. 38, a greater energy loss was obtained, since it was not esti-
mated self-consistently via a slowed 2D Marshak wave depending on
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FIG. 9. Numerical results in the case of a time-dependent drive temperature for (a) energy loss EWall, (b) deposited energy EFoam, and (c) heat front position xF from
simulations (blue dotted curves), our model (red solid curves), and Ref. 38 (black dashed curves).

TABLE I. Numerical results of the energy loss EWall, the deposited energy EFoam and the heat front position xF . The para-
meters in the square bracket are the material of the filled low-Z foam MFoam, the drive temperature TDrive (eV), the density of
the filled foam ρ (g/cm3), and the radius of the foam cylinder R (cm).

EWall (kJ) EFoam (kJ) xF (cm)

Process (MFoam, TDrive, ρ, R) Model Simulation Model Simulation Model Simulation

I (SiO2, 150, 0.05, 0.043) 0.355 0.440 0.737 0.706 0.195 0.175
II (CH, 150, 0.15, 0.034) 0.0963 0.110 0.924 0.844 0.0600 0.0547

this energy loss. It should also be stressed here that Marshak waves
in the case of a cylinder with smaller radius depend more strongly
on the energy loss.

C. Discussion
Our model, which provides a good description of a two-

dimensional Marshak wave, has been validated by simulation results
for a number of processes. Owing to the use of the diffusion approx-
imation, there is a deviation between the results of our model and
those of simulations in the early stage, but as the Marshak wave
propagates, this deviation decreases. The results obtained using the
model indicate that the behavior of a Marshak wave with or with-
out a lossy wall depends mainly on the deposited energy and that
the energies in the case of a low-Z foam and a high-Z wall can be
approximately estimated from those for processes without a lossy
wall.

Our model provides a much better description of a two-
dimensional heat wave than the solutions obtained without the
energy loss effect. Calculations with our model are also more effi-
cient than simulations. Although the present model is for a cylinder
with sleeve, it could be extended to more complicated geometries. In
addition, for specific problems, the Hammer–Rosen solutions could
be replaced by other solutions, and the model should still work.

IV. SUMMARY
In the present work, two-dimensional Marshak waves in a

cylinder filled with low-Z foam and with a sleeve made of high-Z
material have been studied. Two-dimensional Marshak waves

behave differently from one-dimensional Marshak waves owing to
the presence of an additional boundary, and current theories are
incomplete. An important experimentally observed phenomenon
in the case of two-dimensional Marshak waves is their slower
propagation compared with one-dimensional Marshak waves.

To explain the slowing of two-dimensional Marshak waves,
as well as the associated energy transport, a semi-analytical model
has been constructed under the assumption that the primary two-
dimensional effect is the loss of energy to the high-Z wall. In the
model, the effect of this energy loss is included in an indirect way,
in which the energy loss is subtracted from the drive source and
the wall loss is ignored. It is then possible to investigate the two-
dimensional process using the familiar one-dimensional theory in
a planar geometry. Calculation of the energy loss is a crucial task
and is performed taking account of the interdependence of this
energy loss and the deposited energy. Using this approach, the
energy loss, the deposited energy, and the heat front position are
determined.

The model has been employed to investigate two-dimensional
Marshak waves under typical ICF conditions, and the processes
involved have also been simulated by the MULTI code to validate
the model. For a given energy of the region heated by the Marshak
waves, it is found that these waves behave similarly for processes
with and without a lossy wall. It is also found that the results from
the model and simulations are consistent when the Marshak waves
propagate more than one free path. Calculations using the model are
more efficient than simulations, and the model can be regarded as
an additional tool for investigating two-dimensional Marshak waves.
With the development of numerical simulations of two-dimensional
radiation transport, further theoretical investigations are desirable,

Matter Radiat. Extremes 8, 026901 (2023); doi: 10.1063/5.0119240 8, 026901-7

© Author(s) 2023

https://scitation.org/journal/mre


Matter and
Radiation at Extremes RESEARCH ARTICLE scitation.org/journal/mre

and we hope that better understanding of radiation transport can be
achieved in the future, providing support for studies of ICF physics.
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