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ABSTRACT
It is shown that when relativistically intense ultrashort laser pulses are reflected from the boundary of a plasma with a near-critical density,
the Doppler frequency shift leads to generation of intense radiation in both the high-frequency (up to the x-ray) and low-frequency
(mid-infrared) ranges. The efficiency of energy conversion into the wavelength range above 3 μm can reach several percent, which makes
it possible to obtain relativistically intense pulses in the mid-infrared range. These pulses are synchronized with high harmonics in the
ultraviolet and x-ray ranges, which opens up opportunities for high-precision pump–probe measurements, in particular, laser-induced
electron diffraction and transient absorption spectroscopy.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0116660

I. INTRODUCTION

The development of methods for generating and amplifying
femtosecond laser pulses has led to the possibility of obtaining pulses
with peak power up to several petawatts1–4 and intensity above
1023 W/cm2.5,6 The interaction of such radiation with matter leads
to efficient generation of charged particle beams7,8 and radiation in
various ranges.9,10 In particular, much attention has been paid to the
problem of generating high harmonics in the range of up to several
keV from the surfaces of solid-density targets,11,12 with efficiencies
reaching tens of percent. In a number of papers, possible mecha-
nisms for generating low-frequency radiation in the terahertz13–22

and mid-infrared (mid-IR)23–30 ranges have also been discussed, but,
in general, these are still poorly understood.

Like the terahertz range, the mid-IR range, the lower limit of
which we will consider to be 3 μm, is also poorly understood, owing
to the fact that the radiation frequency here is too low for efficient

laser generation, but too high for electronic generation methods.
However, in recent years, there has been a sharp increase in the
efficiency of sources in this range based on parametric amplifica-
tion of light. Peak pulse powers at the sub-terawatt level have now
been reached in the range of 3–4 μm31 and at the gigawatt level in
the range of 5–9 μm,32 which has made it possible to achieve rela-
tivistic intensities and, in particular, to demonstrate the generation
of relativistic high harmonics.33–35

In spite of their scarcity, mid-IR sources are in great demand
for a large number of spectrographic applications.36 In particular,
they are of interest for use in laser-induced electron diffraction, in
which the electronic configuration of a molecule is determined by
the diffraction signal from an electron of the same molecule, ionized
by a powerful mid-IR pulse and scattered by the molecule dur-
ing reverse motion.37 In pump–probe experiments with controlled
delay, this makes it possible to study the dynamics of the elec-
tronic configuration with femtosecond time resolution. The pump
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can be provided by (among other things) ultraviolet or x-ray radia-
tion, which produce either ionization or excitation of the molecule.
Sub-femtosecond synchronization of low- and high-frequency radi-
ation is also needed in the case of transient absorption spectroscopy,
in which an object is excited by a mid-IR pulse and short-duration
ultraviolet radiation is used as a probe.38,39 Thus, synchronized
sources of high- and low-frequency radiation of high intensity are
in demand.

In this work, we take account of the fact that, along with
the generation of high harmonics, when intense laser radiation
is reflected from a plasma surface, generation of low-frequency
radiation is also observed. The underlying mechanism is, in fact,
the same, namely, the Doppler frequency shift. However, unlike
high harmonics, which are observed when the boundary moves
toward the laser radiation, the low-frequency pulses are observed
when it moves toward the plasma. Although the generation of
low-frequency radiation has been reported previously,40,41 it has
not attracted much attention, apparently because of the low
efficiency of generation in most cases, which is a consequence of the
low velocity with which the boundary moves toward the plasma, in
contrast to the velocity of its outward motion, which easily reaches
relativistic values.

To increase the efficiency of generation in the wavelength
range above 3 μm, we propose the use of near-critical-density
targets, which have already been successfully used in various
experiments with high-intensity laser pulses.42–47 Reducing the
target density to a near-critical value leads to an increase in the
velocity of the boundary motion without a decrease in the reflection
efficiency in terms of the number of reflected photons. A simple
estimate shows that if the maximum speed is reached for a time
of about α = 1/10 of the laser radiation period in the reference
frame associated with the plasma boundary, and the ratio of the
incident laser frequency to the Doppler-shifted one is about δ = 5,
then for a laser pulse with a wavelength of 0.8 μm, the energy
efficiency of conversion to the 4 μm wavelength range will be about
α/δ = 0.02, which for an incident pulse with an energy of about
10 J will give a mid-IR pulse with an energy of 0.2 J. Assuming
that the reflected pulse will have a duration of the order of that of
the driving pulse, namely, 50 fs, we get a power estimate of 4 TW.
For a transverse pulse size of about 4 μm, the intensity will be
about 1018 W/cm2, and the dimensionless relativistic parameter is
amIR = (eλ/mec2

)

√

2I/πc = λ (μm)
√

I (W/cm2
)/1.38 × 1018

≈ 3.4
(where c, e, and me are the speed of light, the elementary charge, and
the mass of the electron, respectively, and λ and I are the wavelength
and intensity, respectively, of the radiation), which is higher than
the record values achieved to date. This pulse will be automatically
synchronized to sub-femtosecond precision with high harmonics,
allowing them to be used together in high-precision pump–probe
experiments. At the same time, the high radiation power makes
it possible to perform measurements in a large volume of matter,
increasing the diffraction signal.

II. RELATIVISTIC ELECTRON SPRING MODEL
Let us consider the process of radiation generation at the

boundary of a plasma irradiated by a short relativistically intense
linearly polarized laser pulse. For the sake of clarity, we restrict our-
selves to the one-dimensional (1D) case along the x axis with normal

incidence of the laser pulse from the region x < 0. Since we are also
interested in a near-critical-density plasma, in which internal plasma
fields can play a significant role, the most suitable approach for the-
oretical analysis is to adopt the relativistic electron spring model
proposed in Ref. 48 and developed in Ref. 49.

The relativistic electron spring model is based on three
relatively simple approximations, which can be justified by com-
parison with the results of fully electrodynamic kinetic numerical
simulations. First, the ultrarelativistic limit is considered, in which
electrons can have a speed equal to either zero or the speed of
light. Second, it is assumed that the plasma at any moment of time
consists of a stationary ion background occupying the region x > 0,
an infinitely thin electron layer at the point x = xs(t), containing
all the electrons squeezed out by the ponderomotive pressure from
the region 0 < x < xs(t), and unperturbed electrons in the rest of
the space x > xs(t). Third, it is assumed that the incident field and
the field emitted by the electron layer exactly compensate for each
other in the region x > xs(t), which allows us to write the equation
of motion of the electron layer as49

dxs

dt
=

f 2
(xs − t) − (n0xs/2)2

f 2
(xs − t) + (n0xs/2)2 , (1)

where relativistic units are used: f (ξ) = e∣E�(ξ)∣/meωc is the value of
the transverse electric field of the incident wave, n0 = 4πe2Ne/mω2

is the unperturbed concentration of electrons in the plasma (the
plasma is assumed to be initially homogeneous for simplicity), and
distances are measured in c/ω and time intervals in ω−1, where ω is
some frequency, which we choose equal to the carrier frequency of
the incident radiation.

With a known laser pulse shape f (x − t), Eq. (1) can be
integrated numerically. Knowing the position of the layer at each
moment of time and determining the currents in it based on the
assumptions of the model, we can calculate the reflected radiation:49

f r
(xs(t) + t) = −

1 − βx

1 + βx
f (xs(t) − t), (2)

where f r
(x + t) is the electric field of the reflected pulse and

βx = dxs/dt is the longitudinal velocity of the electron layer.
Figure 1 shows an example of a solution of Eq. (1), together with

the corresponding forms of the incident and reflected pulses, calcu-
lated using Eq. (2). Under the influence of ponderomotive pressure,
the electron boundary oscillates, and during the return motion its
speed at some moments of time almost reaches the speed of light. At
these times, the most efficient generation of high harmonics occurs,
which sharp peaks with a sub-femtosecond duration in the reflected
field. Those peaks are easily recognized in Fig. 1(c): three between
t = 3 fs and t = 9 fs generated during the average motion of the
pulse toward the plasma and three after t = 10 fs during the average
motion of the pulse outward from the plasma when the laser pulse
has become extinct. It should be noted that these peaks are infinite,
which is due to the prescribed infinitesimally small thickness of the
reflected electron layer and its consequent infinitely large density.
Along with this, however, there is an average motion of the bound-
ary deep into the plasma with a velocity of the order of 0.5c–0.6c.
This movement should also lead to an enrichment of the spectrum
of the reflected signal in the low-frequency region. It can also be
expected that the efficiency of generation of a low-frequency signal,
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FIG. 1. Solution of the equations of the relativistic electron spring model for a Gaus-
sian pulse of duration 3 fs and amplitude a0 = 30 and a homogeneous plasma of
density n0 = 10. (a) Trajectory of the electron boundary xs(t). (b) Trajectory of the
electron boundary in phase space (x, vx = dx/dt). (c) Temporal profiles of the
incident (blue) and reflected (orange) pulses.

as well as its wavelength, will increase with an increase in this speed.
Such an increase can be achieved either by increasing the laser pulse
amplitude or by decreasing the plasma density. Thus, it can be
expected that it will be more optimal to use plasma of near-critical
density, which, on the one hand, is still opaque and is able to effec-
tively reflect radiation, and, on the other hand, makes it possible to
achieve the maximum boundary velocity.

III. PARTICLE-IN-CELL SIMULATIONS
To test the predictions of the theoretical model and study the

interaction process in the range of parameters in which the model is
not applicable, we performed numerical simulations based on the
particle-in-cell (PIC) method. For these purposes, the PICADOR
package was used, which implements the fully electrodynamic
relativistic PIC method.50 We first present the results of 1D cal-
culations and then discuss the features of the multidimensional
problem.

The simulations were carried out in a box 40 μm in size with
a grid step Δx = 2.5 nm. The time step was Δt = Δx/2c ≈ 4.2 as. The
plasma at the initial moment of time was set as a layer with a uniform
concentration of particles 10 μm long, with 50 macroparticles in the
cell. Its left boundary was initially at 30 μm from the left boundary
of the box. Ions were considered immobile for clarity and because
of the short interaction time. The electron temperature at the initial
moment of time was set equal to 100 eV, which is much less than the
energy of electron motion in the field of the incident wave. The total
simulation time was 150 fs, which was sufficient to observe the entire

interaction process, as well as the subsequent plasma emission. The
parameters of laser radiation corresponded to a Gaussian pulse at a
wavelength of 800 nm with an energy of 10 J and a duration of 20 fs
at full width at half maximum (FWHM) of the intensity, focused into
a spot with a diameter of 5 μm. For these parameters, the amplitude
of the incident pulse is a0 = 27.85.

Figure 2 shows a typical result of a 1D calculation for the
plasma density n0 = 30. It can be seen that under the action of
incident radiation, the plasma boundary undergoes oscillations of
significant amplitude with a gradually averaged movement deep into
the plasma. Spectral filtering of the reflected pulse shows the pres-
ence of high-energy harmonics in it, as well as a low-frequency
signal. The low-frequency signal filtered in the wavelength range
above 3 μm reaches an amplitude E ≈ 0.5mecω/e ≈ 2 TV/m in the
given case, which corresponds to a normalized relativistic value
amIR = eE/(mecω3μm) ≈ 1.9, where ω3μm is the frequency corre-
sponding to a wavelength of 3 μm. Note that the wavelength in this
range significantly exceeds the duration of the time intervals during
which the boundary motion velocity is positive, and so this signal is
determined mainly by the envelope of the incident laser pulse, and
not by the details of the boundary motion.

To confirm the Doppler mechanism of low-frequency radia-
tion generation, we performed a direct comparison of the spectra
of reflected signals obtained within the framework of the relativis-
tic electron spring model and from calculations, shown in Fig. 3.
The Fourier spectra in the PIC simulations were taken for spa-
tial distributions of the magnetic field. Note the good qualitative
agreement between these spectra. Some discrepancy is explained by
the fact that, strictly speaking, the model of a relativistic electron

FIG. 2. Result of a 1D PIC simulation for a Gaussian laser pulse of duration
20 fs and amplitude a0 = 27.85 and a homogeneous plasma of density n0 = 30.
(a) Spatiotemporal dynamics of the electron concentration (orange) and reflected
radiation (violet). The concentration is normalized to the critical concentration for
the carrier frequency of the incident laser pulse Ncr = mω2/4πe2. (b) Time profile
of the reflected pulse without filtering (red), after filtering in the <0.1 μm wave-
length range (blue), and after filtering in the <3 μm wavelength range (orange).
The field is normalized to mecω/e.
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FIG. 3. Comparison of Fourier spectra for the incident pulse (blue dotted line), the
reflected pulse obtained from the relativistic electron spring model (orange dashed
line), and the reflected pulse obtained from the 1D PIC simulation (green full line).
The inset shows the time profile of the pulse obtained after filtering the reflected
signal in the 1D PIC simulation in the range 3–20 μm. The simulation parameters
are the same as in Fig. 2.

spring is not applicable in the parameter range under study, since
at n0/a0 ∼ 1, signs of relativistic self-induced transparency begin to
appear and some of the electrons begin to fly out of the plasma
toward the laser radiation, as can be seen in Fig. 2 at a time t ≈ 50 fs.
This leads to a violation of the assumption that there are no electrons
in the region x < xs(t). Nevertheless, the proximity of the spectra
obtained within the framework of the model and from the simu-
lation allows us to conclude that the model correctly captures the
main mechanism of low-frequency radiation generation and that
since the model is purely electrodynamic, this mechanism is the
Doppler effect.

Figure 3 also shows the shape of the filtered mid-IR pulse. This
pulse contains several field oscillations, although there are fewer of
these than in the incident pulse. Thus, after filtering, it is possible to
obtain an extremely short pulse with relativistic amplitude.

One might think that it is the threshold of the induced
transparency that determines the optimal plasma density at which
the maximum efficiency of low-frequency radiation generation is
observed, but our analysis has shown that this is not the case.

Figure 4 shows the dependence of the reflected signal spectrum
on the plasma density. Indeed, for n0 < a0, a strong modification
of this spectrum is observed. An increase in the spectral width,
an increase in the maximum generated wavelength, and a shift of
the spectral maximum to the long-wavelength region are observed.
However, it should be noted that the position of the spectral maxi-
mum does not exceed 3 μm, even for n0 ∼ 1, and thus does not enter
the mid-IR region. Despite these changes, the total radiation power
in the long-wavelength region does not decrease with a decrease in
density in the range 1 < n0 < a0. This can be seen from the radiation
energy integrated over the range λ > 3 μm, whose dependence on the
plasma density is shown in Fig. 5.

This behavior can be explained by the fact that, as has been
noted previously,51–54 induced transparency at a sharp plasma
boundary manifests itself in the appearance of electron beams

FIG. 4. Dependence of the Fourier spectrum of the reflected signal obtained in 1D
PIC simulation of the plasma density. The data shown are for a laser pulse ampli-
tude a0 = 27.85 and a duration of 20 fs. The red line corresponds to a Doppler
shift induced by a mirror moving at the velocity of the laser front penetrating into
the plasma as estimated from the simulations.

breaking off toward the incident laser radiation. This is accompanied
by a deeper penetration of the radiation into the plasma. However,
if the plasma density is not too low, this process inevitably stops,
and later the laser radiation is completely reflected. Even after the
disruption, the reflective electron layer is not completely destroyed
and continues to reflect radiation. Therefore, generation of low-
frequency radiation is also observed in this case, and its efficiency
does not decrease.

It should be noted, however, that for a sufficiently low
n0 < 1, the radiation begins to penetrate into the plasma contin-
uously, total reflection does not occur, and the efficiency of the
Doppler generation mechanism here becomes low. Figure 5 also
shows the dependence of the total reflected energy on the plasma

FIG. 5. Dependence of the energy efficiency of the conversion of the incident laser
radiation into the reflected signal in different ranges for different amplitudes of
the pulse. The results are shown for 1D PIC simulations with immobile ions. For
comparison, the result for the case of mobile ions is also presented. The laser
pulse duration is 20 fs, and its amplitude is given in the legend.
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density. It can be seen that it almost equals unity down to n0 ∼ 5 and
begins to decline for lower densities. A sharp decrease in reflection
is observed, however, only for n0 < 0.5. It turns out to be optimal to
use a plasma with a density n0 ≈ 0.5–1, at which conversion of up to
5% of the incident energy into radiation energy with a wavelength
greater than 3 μm is achieved. This result agrees well with the rough
estimate we gave at the beginning.

Figure 5 also shows the efficiency of generation of long-
wavelength radiation at lower laser pulse amplitudes. It can be
seen that the efficiency decreases with a decrease in the ampli-
tude. However, at the optimum plasma density, even at a relatively
small amplitude a0 = 3, the efficiency still reaches several percent.
Simultaneously, the range of densities at which the efficiency exceeds
a certain level becomes narrower with decreasing amplitude.

Up to now, it has been assumed that the ions are immobile. This
has been done primarily for simplicity and clarity of presentation.
At the same time, we do not expect ions to play a significant role in
the mechanism under discussion, although they can slightly modify
the results of the analysis. This is due to the fact that relatively short
pulses and relatively low plasma densities are considered. Indeed,
the ion response time is of the order of the reverse ion frequency
ω−1

pi = [Mi/(4πZie2Ne)]
1/2 (where Mi and Zi are the ion mass and

charge state, respectively), which in the case of protons and a
density of n0 = 10 is about 12 periods of the laser field. For heav-
ier ions and lower plasma densities, this number will be even higher,
while pulses with a duration of 30–50 fs, typical of experiments, con-
tain just 10–20 cycles. To confirm the weakness of the influence of
the ionic component on the ongoing processes, Fig. 5 shows for
comparison the efficiency of long-wavelength radiation generation
in the case of mobile ions with a charge-to-mass ratio Zi/Mi = 1,
corresponding to protons. It can be seen that the ions start to play a
role only at densities higher than n0 > 30.

From the point of view of applications requiring both low-
and high-frequency pulses, a potential disadvantage may be that
the increase in the efficiency of low-frequency generation with

decreasing plasma density is accompanied by a decrease in the effi-
ciency of high-harmonic generation. This is due to the fact that the
generation of harmonics requires the movement of plasma electrons
toward the radiation, while at sufficiently low densities, electrons can
move inward toward the plasma almost continuously. To investi-
gate this effect, Fig. 5 also shows the efficiency of generation of short
wavelengths. As expected, it can be seen that as the density decreases,
this efficiency gradually decreases, and at n0 < 2 it becomes less
than 1%, after which it drops sharply. However, there is a density
range n0 = 2–5 in which the efficiency of generating both low- and
high-frequency radiation exceeds 1% and which can be used for
the simultaneous efficient generation of pulses in the mid-IR and
ultraviolet ranges.

We would also like to note that at low densities, mechanisms
other than the Doppler effect can contribute to the generation
of long wavelengths, namely, backward stimulated Raman scatter-
ing (BSRS) and nonlinear self-phase modulation, which have been
discussed previously.55,56 We are not going to investigate the rela-
tive roles of these mechanisms in detail here; however, we do not
expect them to dominate in the mid-IR range for our parameters.
First, as follows from reported simulations, even in near-critical-
density targets, the peak of generation is above ω/3.57 Second,
the efficiency of BSRS drops rapidly at laser pulse durations less
than the plasma wavelength. In the case of n0 ∼ 1 and a0 ∼ 30,
the relativistically corrected plasma wavelength can be estimated as
λ rel

p = (π
√

1 + a2
0 mec2

/e2Ne)
1/2
≈ (a0/n0)

1/2λL ≈ 5.5λL (where λL is
the laser wavelength), whereas the laser pulse in our simulations
contained only seven to eight optical cycles. For lower amplitudes
and longer pulses, however, the contribution of BSRS can be more
pronounced. Finally, we tried to compare the measured spectra
with what would be expected from the Doppler effect. For this,
we estimated the average velocity of the laser front penetrating
into the plasma and calculated the Doppler shift expected from
a mirror moving at this velocity. The result is shown in Fig. 4
and it reveals a good coincidence. This allows us to suppose that

FIG. 6. Result of a 2D PIC simulation of the interaction of a Gaussian pulse of duration 20 fs, width 5 μm, and amplitude a0 = 27.85 with a plasma of density n0 = 30, which
has a preplasma layer of thickness 2 μm with a linear density gradient. In the center is shown the laser pulse at the beginning of the calculation. On the right are shown the
transverse fields and the electron density at time t = 200 fs after the start of the calculation. On the left are shown the low-frequency (in the wavelength range >3 μm, red)
and high-frequency (in the wavelength range <300 nm, blue) parts of the reflected pulse at time t = 550 fs after the start of the calculation.
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the Doppler mechanism plays the main role, even at relatively
low densities.

IV. 2D PIC SIMULATIONS
One-dimensional modeling makes it possible, on the one hand,

to highlight the most important physical mechanisms responsi-
ble for the observed effects, and, on the other hand, to carry out
a relatively fast multiparameter study. However, in reality, it is
difficult to create conditions close to one-dimensional, in particu-
lar because of the need to use relatively sharp focusing to achieve
the desired intensities, and also because of the possible develop-
ment of transverse instabilities. To confirm that these features do not
fundamentally affect the result obtained in the 1D analysis, we also
carried out a two-dimensional (2D) calculation using the same fully
electrodynamic kinetic PIC method implemented in the PICADOR
package.

In this calculation, the box size was 140 × 60 μm2, with
a computational grid of 7000 × 3000 points. The time step was
Δt = Δx/2c ≈ 33 as. The plasma at the initial moment of time con-
sisted of a homogeneous layer of density n0 = 30 and thickness
10 μm and a preplasma layer in which the density increased lin-
early from n0 = 0 to n0 = 30 at a distance of 2 μm. The preplasma
layer started at a distance of 120 μm from the left boundary of the
box. The preplasma layer mimics the influence of a possible prepulse
in the experiment. The ions were mobile, and their charge-to-mass
ratio was equal to unity, corresponding to protons. There were ten
macroparticles in the cell. The electron temperature at the initial
moment of time was set equal to 100 eV. The total simulation time
was 1.5 ps. The incident pulse had a wavelength of 800 nm and a
Gaussian shape with a duration of 20 fs at FWHM, and it was focused
on the surface of the plasma layer in a spot with a diameter of 5 μm
at FWHM. The pulse energy was assumed to be 10 J, which corre-
sponds to an amplitude at the focus of a0 = 27.85 and an intensity of
1.7 × 1021 W/cm2.

The results of the calculation are shown in Fig. 6. Note that,
as in the 1D case, efficient generation of both high-frequency bursts
and low-frequency radiation containing several field oscillations is
observed. Owing to diffraction, however, the amplitude of the low-
frequency signal turns out to be lower than in the 1D case, and, in
addition, a rather strong divergence of this signal is observed, caused
by the relatively small focusing radius of the laser pulse and the
consequent small size of the emitter compared with the generated
wavelength. Nevertheless, the main effect is retained in the 2D case,
which allows us to hope for the possibility of successful experimental
demonstration as well.

V. CONCLUSIONS
We have proposed a new scheme for the simultaneous

generation of x-ray and mid-IR pulses internally synchronized with
sub-femtosecond accuracy. This scheme is based on the well-known
method of Doppler frequency conversion in the interaction of
relativistically intense laser pulses with the surfaces of overdense
plasma targets. Owing to the use of near-critical density targets, the
efficiency of mid-IR pulse generation can be greatly increased and
can reach several percent in energy. The generated mid-IR pulses
have only a few optical cycles and can reach relativistic amplitudes

exceeding the record values achieved to date by alternative
methods.

Simultaneous generation of high-power synchronized x-ray
and mid-IR pulses can be required for pump–probe experiments, for
example, laser-induced electron diffraction with increased accuracy.
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