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ABSTRACT
The effect of ablation on the nonlinear spike growth of single-mode ablative Rayleigh–Taylor instability (RTI) is studied by two-dimensional
numerical simulations. It is shown that the ablation can reduce the quasi-constant velocity and significantly suppress the reacceleration of the
spike in the nonlinear phase. It is also shown that the spike growth can affect the ablation-generated vorticity inside the bubble, which further
affects the nonlinear bubble acceleration. The vorticity evolution is found to be correlated with the mixing width (i.e., the sum of the bubble
and spike growths) for a given wave number and ablation velocity. By considering the effects of mass ablation and vorticity, an analytical
model for the nonlinear bubble and spike growth of single-mode ablative RTI is developed in this study. It is found that the nonlinear growth
of the mixing width, induced by the single mode, is dominated by the bubble growth for small-scale ablative RTI, whereas it is dominated by
the spike growth for classical RTI.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0106832

I. INTRODUCTION

Rayleigh–Taylor instability (RTI)1,2 is a commonly occurring
phenomenon in many natural and engineering systems. Classical
RTI (CRTI) usually arises when a lighter fluid is pushed toward a
heavier fluid by an external force, and spikes (bubbles) form when
the heavy (light) fluid, of density ρh (ρl) penetrates into the light
(heavy) fluid. RTI can cause mixing, which is determined by the
penetration depths (i.e., the mixing widths) of the bubble hb and
the spike hs. This mixing process plays an important role in, for
example, inertial confinement fusion (ICF)3 and supernova (SN)
explosions.4 In ICF, a cold dense shell is accelerated by the pressure
caused by the ablation of the shell into a hot, low-density plasma,
and the RTI is then affected by the mass ablation at the interface. The
RTI in this case is often termed ablative RTI (ARTI), as opposed to

CRTI. In ICF implosions, ARTI-induced mixing can lead to degra-
dation of implosion performance and to ignition failure.5 ARTI also
plays a significant role in SN explosions, where it can accelerate the
deflagration front.6

According to linear CRTI theory,1 a small perturbation
will grow exponentially with time at a rate γcls

L =
√

ATgk, where
AT = (ρh − ρl)/(ρh + ρl) is the Atwood number, g is the gravita-
tional or inertial acceleration, and k is the wave number. Compared
with CRTI, the linear growth of ARTI is significantly reduced owing
to mass ablation.7–12 The ARTI linear growth rate can be written as12

γabl
L =

¿
ÁÁÀATgk − A2

Tk2V2
a

rd
− (1 + AT)kVa
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for large Froude numbers Fr = V2
a/g L0, where Va = ṁa/ρh is the

ablation velocity, ṁa is the ablation rate, rd = ρl/ρh is the fluid den-
sity ratio, and L0 is the thickness of the ablation front. Mass ablation
leads to a linear cutoff wave number kc beyond which the ARTI
modes are linearly stable (γabl

L ≤ 0). Nevertheless, it has been demon-
strated that linearly stable ARTI modes can be destabilized by a
finite-amplitude initial perturbation.13,14

It has been found that the single-mode CRTI bubble front can
reach a quasi-constant velocity

Vcls
b =

√
2 AT

1 + AT

g
Cgk

in the nonlinear phase,15–17 and this has been verified by
simulations18–21 and experiments.22 Here, Cg is a constant having
a value 3 or 1 for a two-dimensional (2D) or three-dimensional (3D)
geometry, respectively. During the nonlinear growth of single-mode
ARTI,13,14,23,24 the vorticity generated at the spike tip is convected
toward the bubble vertex. Consequently, the bubble growth is accel-
erated by the vorticity-induced centrifugal force Fc, with a nonlinear
bubble velocity

Vabl
b ≈

¿
ÁÁÀ 2 AT

1 + AT

g
Cgk

+ rdω2
0

4 k2

greater than the classical value Vcls
b . Here, ω0 is the strength of the

vorticity ∇× v, and v is the fluid velocity.
As concluded by Wei and Livescu,25 the single-mode CRTI

spike growth at large Reynolds numbers [defined by Eq. (3.2) in
Ref. 25] exhibits three nonlinear growth regimes: a potential flow
regime, a reacceleration regime, and a chaotic regime. In the poten-
tial flow regime, the spike growth can be described by potential flow
theory,15,16 with a quasi-constant velocity

Vcls
s = −

√
2 AT

1 − AT

g
Cgk

.

However, it has been found21,22 that when AT is close to unity,
the spike growth goes through the reacceleration regime (i.e., keeps
on accelerating) with an asymptotic acceleration as (hs ∼ −0.5ast2,
as ≤ g). This reacceleration is due to a reduction in frictional drag as
a result of the formation of a vortex near the spike tip.22,25,26 When
AT is equal to one, there is no frictional drag, and the spike follows
exactly a free-fall behavior27 hs ∼ −0.5gt2. In the chaotic regime, the
instability experiences random acceleration and deceleration phases
as a result of complex vortical motions.25

For spike growth in single-mode ARTI, the formation of jet-
like spike structures has been observed experimentally during the
nonlinear growth of ARTI,28,29 and Wang et al.30 found that the
preheating effect plays an essential role in this phenomenon. Fur-
thermore, using a Layzer-type approach, Sanz et al.31 discovered that
nonlinear spike growth in single-mode ARTI can reach a reaccel-
eration regime. Ye et al.32 discovered that after the reacceleration
regime, nonlinear spike growth during the evolution of single-mode
ARTI can reach a deceleration regime. Although the stabilizing
effect of ablation on ARTI in the linear regime has been extensively
studied,7–12 its effect on spike growth in the nonlinear regime is still
not well understood.

In this work, we study the effect of ablation on nonlinear spike
growth in single-mode ARTI. The results of simulations show that
the ablative effect can reduce the quasi-constant velocity and sig-
nificantly suppress the reacceleration of the spike in the nonlinear
phase by ablating the spike and convecting vorticity from the spike
to the bubble vertex. In addition, it is also found that the ARTI spike
growth can affect the ablation-generated vorticity, which in turn can
affect the bubble acceleration in the nonlinear regime. This vorticity
is found to be correlated with the mixing width (i.e., the sum of the
bubble and spike growths) for a given wave number k and ablation
velocity Va. The initial perturbation amplitude can affect the vortic-
ity strength (at the same hb) by affecting the contribution of hb to the
mixing width. Finally, an analytical model is developed for the non-
linear bubble and spike growth in single-mode ARTI by considering
ablative and vorticity effects in a CRTI model.33,34 The predictions
of the ARTI model are in good agreement with data from numeri-
cal simulations. It is found that the nonlinear growth of the mixing
width, induced by the single mode, is dominated by bubble growth
in the case of small-scale (large-k) ARTI, whereas it is dominated by
spike growth in the case of CRTI.

The remainder of this paper is organized as follows. Simula-
tions of nonlinear ARTI spike growth are presented in Sec. II. The
effects of the ARTI spike growth on the ablation-generated vorticity
are discussed in Sec. III. Analytical modeling of the nonlinear growth
of single-mode ARTI is described in Sec. IV. The conclusions drawn
from this work are presented in Sec. V.

II. ABLATIVE EFFECT ON NONLINEAR SPIKE GROWTH
This section presents the details of the single-mode RTI simu-

lations performed to study the effect of ablation on nonlinear spike
growth. Here, we focus on the early-time dynamics (i.e., the poten-
tial flow regime and the reacceleration regime). The hydrodynamic
code ART23 is used, which solves the single-fluid equation with
Spitzer–Härm thermal conduction35 and an ideal gas equation of
state. The details of ART can be found in Refs. 23, 24, and 36.

In conventional CRTI, uniform densities ρh and ρl of the heavy
and light fluids, respectively, are usually used, whereas the density
profile is smoothly varying in ARTI owing to thermal conduc-
tion, as shown in Fig. 1(a). The ARTI density profile is obviously
different from that of conventional CRTI. Hence, in addition to
the conventional CRTI and ARTI simulations, we also perform
CRTI simulations with the ARTI density profile. In the simulations
involving a smoothly varying density profile, the Atwood number
is calculated using AT = (ρh − ρl)/(ρh + ρl), where ρh is the maxi-
mum density at the spike tip, and ρl is the density at a distance 2/k
below the tip, as indicated by linear theory.11 Since the initial AT
of ARTI depends on k [Fig. 1(b)], we can use k to represent AT in
the ARTI studies. It should be noted that AT is independent of k in
conventional CRTI because of the short density gradient scale length
(Lm ≪ k−1) at the fluid interface.

The simulations are carried out within a computational box
of 110 μm in the Z direction and with wavelength λ = 2π/k of
the single-mode perturbation in the X direction. On the basis of
convergence studies, the grid numbers are taken as 2200 and 220
in the Z and X directions, respectively. At the initial time of the
simulations, the RTI is seeded by a velocity perturbation in both
directions near the fluid interface Z = Z0. The perturbation has
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FIG. 1. (a) Initial equilibrium density
profiles in the simulations of conven-
tional CRTI and ARTI. (b) Dependence
of the initial Atwood number AT on wave
number k in the ARTI simulations.

the form Vpz = Vp0 cos(kX) exp(−k∣Z − Z0∣) in the Z direction and
Vpx = Vp0 sin(kX) exp(−k∣Z − Z0∣) in the X direction, which is the
same as the perturbation used by Zhang et al.14 In the ARTI simu-
lations, the bubble/spike penetration velocities Vb/s are computed as
the velocity of the bubble and the spike vertex relative to the veloc-
ity of the dense target averaged in the X direction. The penetration
depths of the bubble and the spike, hb/s, are obtained by integrating
Vb/s over time.

A periodic boundary condition is used at the left (X = 0) and
right (X = λ) boundaries in all the simulations. In the CRTI simula-
tions, all the parameters at the bottom (Z = 0) and top (Z = 110 μm)
boundaries remain equal to their initial values. In the ARTI simula-
tions, a constant heat flux (5.0 MW/μm2) is applied at the bottom
boundary to simulate the energy flux toward the ablation front from
the laser-absorption region, as shown in Fig. 1(a). The value of
the heat flux is determined from the initial equilibrium. The top
boundary is set to be adiabatic, and ∂ZVz = 0 is used for the inflow
boundary condition,36 where Vz is the velocity component in the Z
direction.

First, we perform conventional CRTI simulations with
k = 0.78 μm−1. The simulated histories of the spike velocities V s
are shown in Fig. 2(a). Here, we focus on AT ≥ 0.5, because that
is the usual parameter range of ARTI [Fig. 1(b)]. At early times
(t ≲ 0.6 ns), V s grows exponentially in the linear regime. Then, in
the potential flow regime, V s approaches a nearly constant value
(at about t = 1.0 ns), which is slightly greater than the theoretical
quasi-constant velocity15,16,25 Vcls

s . The nearly constant value of V s
is defined here as the simulated quasi-constant spike velocity V qc

s ,

which can be identified by a local minimum slope in the velocity his-
tory. Finally, as a result of the formation of spike vortices,26 the spike
growth transitions into the reacceleration regime with an asymp-
totic acceleration as. It is found that as increases with increasing AT ,
which is consistent with the CRTI simulations presented in previous
studies.19–21,25,26 It is further found that the normalized spike accel-
eration as/2gAT has a value of ∼0.3 that is not sensitive to AT when
AT = 0.5–0.9 [Fig. 2(b)]. This is different from the results of a pre-
vious 3D CRTI study,21 where as/2gAT had a value of ∼0.3 when
AT = 0.9, and decreased with decreasing AT when AT = 0.6–0.9. The
discrepancy is possibly due to the dimensional difference between
Ref. 21 and this work.

Next, we study the effect of ablation on single-mode ARTI
spike growth, in which the simulation parameters are taken to be
similar to those in our previous work.14,37,38 The ablation velocity
Va = 3.5 μm/ns, and the initial acceleration g0 = 100 μm/ns2, corre-
sponding to the acceleration phase in a typical direct-drive target
designed for the National Ignition Facility (NIF).39 As shown in
Fig. 1(a), the initial ablation front is located at Z0 = 60 μm, and
the maximum density is ρa = 5.3 g/cm2. At the ablation front, the
minimum density gradient scale length is Lm ≈ 0.162 μm, and the
pressure is Pa = 220 Mbar. Based on these parameters and lin-
ear theory,11,12 the thickness of the ablation front L0 ≈ 0.124Lm
≈ 0.02 μm, the cutoff wave number kc = 1.19 μm−1, and the Froude
number Fr = 6.13.

Figure 3(a) shows the evolution of the spike velocity V s in the
single-mode CRTI simulations with the ARTI density profile. Sim-
ilar to the results of the conventional CRTI simulations shown in

FIG. 2. (a) Histories of the spike veloci-
ties Vs in the conventional single-mode
CRTI simulations. (b) Dependence of
the spike accelerations as on AT in the
reacceleration regime.
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FIG. 3. History of the spike velocity Vs

from (a) the CRTI simulations with the
ARTI density profile and (b) the ARTI
simulations. (c) and (d) Dependences of
V qc

s on k and of as on k in the CRTI sim-
ulations with the ARTI density profile, the
conventional CRTI simulations, and the
ARTI simulations. The dashed lines in (c)
are the solutions of Eq. (2) for each case.

Fig. 2, the evolution of the spikes in the CRTI simulations with
the ARTI density profile can also be divided into a linear regime,
a potential flow regime (with quasi-constant velocity V qc

s ), and a
reacceleration regime (with asymptotic acceleration as). For com-
parison, we also carry out conventional CRTI simulations using the
same AT as the CRTI modes in the ARTI density profile. The values
of V qc

s and as from these CRTI simulations are plotted in Figs. 3(c)
and 3(d). It can be seen that V qc

s and as obtained from the CRTI
simulations with the ARTI density profile are very close to those
obtained from the conventional CRTI simulations. This indicates
that the ARTI density profile has little effect on the nonlinear spike
growth in comparison with the density profile of the conventional
CRTI.

Figure 3(b) shows the evolution of the simulated V s of the dif-
ferent ARTI modes. In the linear regime,7–12 it is found that the
ARTI linear growth rate γabl

L decreases as k increases when k > kmax

≈ 0.3 μm−1, where kmax is the wave number at which γabl
L (k) has its

greatest value. In the potential flow regime, V s of ARTI can reach
a quasi-constant value V qc

s , although the local minimum slope of
the V s history in the ARTI cases is less obvious than that in the
CRTI cases. Also, the values of V qc

s in the ARTI cases for large k
are smaller than those in the CRTI cases, indicating that ablation
alters the global behavior of V s evolution. The ARTI spike growth
also goes through a reacceleration regime, in which the asymptotic
spike acceleration as is much smaller than that of CRTI. It is further
found that both V qc

s and as in the ARTI simulations are insensitive to
the initial perturbation amplitude Vp in the investigated parameter
range 0 < Vp < Va (data not shown in figure).

Figure 3(c) shows the dependence of the simulated V qc
s on k.

For small values of k, V qc
s is close to the classical value, whereas as

k increases, V qc
s decreases, a trend consistent with the enhancement

of the ablative effect. The mode for k = 1.25 μm−1 > kc is destabilized
by a finite-amplitude initial perturbation,13,14 and the negative spike
growth of the mode (V qc

s /Vcls
s < 0) indicates that the spike growth

is strongly suppressed by mass ablation. We further use the drag-
buoyancy model17 to analyze the relation between V qc

s and k. The
steady-state drag-buoyancy model for the single-mode CRTI spike
has the form

(ρh − ρl)g = Cd k ρlV
2
s , (1)

where Cd = 3 is the drag coefficient for 2D CRTI. In a unit volume of
the spike element, the buoyancy force on the left-hand side cancels
out the drag force on the right-hand side. As a result, Vs = Vcls

s . In
ARTI, the ablative effect31 can generate a perturbed dynamic pres-
sure δPa ∼ ρhV2

a , and a restoring force Fa = −∂δPa/∂Z ∼ CakρhV2
a

at the spike tip, where Ca is the ablative restoring coefficient to be
determined later. Thus, Eq. (1) can be rewritten as

(ρh − ρl)g − CakρhV2
a = Cdkρl(Vs − Va)2, (2)

where V s − Va is the spike velocity relative to the ambient fluid.
When the ARTI is linearly unstable (k < kc), the solution for the
spike velocity is

Vs = Vcls
s

¿
ÁÁÀ1 − CakV2

a

(1 − rd)g
+ Va.

When the ARTI is linearly stable (k ≥ kc), the spike velocity
should be V s = Va, owing to the ablation-induced interface motion.
An ablative restoring coefficient Ca = g(1 − rd)/V2

a kc ≈ 7 is obtained
at k = kc. It is found that the solution of Eq. (2) agrees qualitatively
with the dependence of V qc

s on k and Va in Fig. 3(c).
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Finally, to investigate the effect of ablation on the spike growth
in the reacceleration regime, we compare the asymptotic spike accel-
erations as in the CRTI and ARTI simulations, as shown in Fig. 3(d).
Compared with CRTI, the as corresponding to ARTI is significantly
suppressed. Furthermore, as k increases, the ablative effect increases,
resulting in a smaller as at a larger k. Unlike the quasi-constant spike
velocity V qc

s [Fig. 3(c)], the difference between the as of ARTI and
CRTI does not decrease as k decreases, indicating that the ablative
effect on as is less sensitive to k compared with the ablative effect on
V qc

s in the investigated k range.
We further compare the vorticity ω0 structure and the mode

structure in the spike reacceleration regime of the CRTI and
ARTI, as shown in Fig. 4. For CRTI [Fig. 4(a)], the vorticity is
strong near the spike tip, which is closely related to the spike
reacceleration.22,25,26 For ARTI [Fig. 4(b)], the vorticity near the
spike is much weaker than that in CRTI, which can result in a lower
value of as in ARTI than in CRTI [Fig. 3(d)]. The vorticity in ARTI
is convected from the spike to the bubble by the ablation flow, thus
leading to a weak vorticity ω0 near the spike.23 Furthermore, during
the evolution of single-mode CRTI, a spike with a higher velocity
V s tends to have higher velocity shear ∂XVZ and vorticity ω0 in the
vicinity.40 Because of mass ablation, V s in the reacceleration regime
of ARTI is reduced compared with that of CRTI (Fig. 3), and this
can contribute to a weak velocity shear ∂XVZ and a weak vortic-
ity ω0 near the ARTI spike. On the other hand, the CRTI spike has

FIG. 4. 2D vorticityω0 structures in the spike reacceleration regime from the single-
mode CRTI simulation (with ARTI density profile) and the ARTI simulation for
k = 0.78 μm−1: (a) CRTI at t = 1.30 ns; (b) ARTI at t = 2.25 ns. The black regions
are the high-density fluid. The black rectangular boxes indicated the areas where
the volume average of the velocity shear ∂X VZ is measured. The volume average
of ∂X VZ has values of ∼106.0 and ∼23.0 ns−1 in (a) and (b), respectively.

a characteristic mushroom structure induced by Kelvin–Helmholtz
instability (KHI), the linear growth rate of which increases with
increasing velocity shear.41 In ARTI, the mushroom structure is not
visible, indicating that KHI is stabilized. This phenomenon is consis-
tent with the results of ARTI simulations from previous studies30,32

and is possibly due to the ablation stabilization effect,42 as well as
to the ablation-induced reduction of velocity shear (i.e., the driving
term).

III. EFFECT OF SPIKE GROWTH ON THE EVOLUTION
OF VORTICITY IN ARTI

In this section, we study the effect of ARTI spike growth on the
evolution of vorticity. First, we investigate the relationship between
the vorticity strength ω0 and the ARTI mixing width Wb−s = hb − hs.
The vorticity strength ω0 at the bubble vertex is calculated by per-
forming a volume integration of ∣∇× v∣ between the bubble vertex
and a distance ∼1/k from the vertex into the bubble, identical to pre-
vious studies of ARTI.14,23 Here, ∣⋅ ⋅ ⋅ ∣ indicates the magnitude of a
vector.

Figure 5 shows the evolution of ω0 at the bubble vertex in
single-mode ARTI simulations. For the same wave number k [e.g.,
in Fig. 5(b)], the evolution of the normalized vorticity strength
ω̂ = ω0rd/kVa is related only to the normalized mixing width
Ŵ = Wb−s/λ, and is not sensitive to the initial perturbation ampli-
tude Vp. With the growth of Ŵ, ω̂ approaches an asymptotic
value. It is found that this relation can be roughly fitted by
ω̂ = 2.8Ŵ 1.5/(1.8 + Ŵ 1.5), indicating that ω0 is proportional to k.
The linearly stable ARTI mode (k = 1.57 μm−1) in Fig. 5(c) is excited
by the large value of Vp,14 which induces the oscillation of ω̂ at early
times (Ŵ < 2). Nonetheless, in this case, ω̂ can still come close to
matching the fitting curve later.

In the work of Zhang et al.,14,38 it was pointed out that ω0 has
different values at the same bubble penetration depth hb in the ARTI
simulations with different values of Vp. In this study, we investigate
the penetration depth ratio hs/hb of the mixing width Wb−s with dif-
ferent values of Vp, as shown in Fig. 6(a). Since the relation between
ω0 and Wb−s is identical (Fig. 5), different values of Vp can lead to
different hs/hb of the mixing width Wb−s and further result in differ-
ent ω0 at the same hb. In addition, the 2D vorticity structure is very
similar at the same Wb−s in the ARTI simulations with different val-
ues of Vp, as shown in Fig. 6(b). This indicates that the vorticity has
a global feature, i.e., it is correlated with the bubble growth as well
as the spike growth. This global feature is related to the entire pro-
cess of vorticity evolution, in which the vorticity is generated near
the spike tip and convected toward the bubble vertex.23

We further study the dependence of the asymptotic vorticity
strength on the ablation velocity Va. Figure 7(a) shows the evo-
lution of ω0 in single-mode ARTI simulations for different values
of Va, where ω0 reaches its peak value ωpeak in the deep nonlinear
regime (Wb−s ∼ 5λ). The dependence of ωpeak on Va is then plotted
in Fig. 7(b) and can be fitted by the curve

ωpeak rd

k
= 9.0

V2.0
a

0.5 + V2.0
a

.

ωpeak increases with Va and saturates as Va → 3.5 μm/ns. This result
indicates that the relation between ω0 and Va is more complicated
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FIG. 5. (a)–(c) Evolution of the normalized vorticity strength ω̂ at the bubble vertex in single-mode ARTI simulations (Va = 3.5 μm/ns) with different initial perturbation
amplitudes Vp and wave numbers k (in μm−1). Ŵ = Wb−s/λ is the normalized mixing width. The purple lines represent the same fitting curve.

FIG. 6. (a) Evolution of the ratio of spike
to bubble penetration depths, hs/hb, in
single-mode ARTI simulations with differ-
ent initial perturbation amplitudes Vp. (b)
and (c) Comparison of 2D vorticity struc-
tures at the same mixing width W b−s
between single-mode ARTI simulations
with Vp = 4.6Va (at 1.8 ns) and 2.8Va

(at 2.2 ns), respectively. The black line
shows the ablation front interface.

FIG. 7. (a) Evolution of the vorticity at the
bubble vertex in single-mode ARTI sim-
ulations with different values of the abla-
tion velocity Va (in μm/ns). (b) Depen-
dence of Va on the peak value of the
vorticity ωpeak. The black dot-dashed line
is a fitting curve.

than the simple relation ω0 ∼ kVa/rd given in the work by Betti and
Sanz.23

Finally, we conclude the relationship between the growth of the
mixing width of single-mode ARTI and the evolution of the vor-
ticity. The ARTI mixing width growth consists of bubble as well
as spike growth. Even though the growth of the nonlinear spike is
suppressed by the ablative effect (Sec. II), it can affect the ablation-
generated vorticity, which in turn can affect the bubble acceleration.
This vorticity is correlated with the mixing width Wb−s, for a
given wave number k and ablation velocity Va (Fig. 5). The initial

perturbation amplitude can influence the vorticity strength (at the
same hb) by influencing the contributions of hb and hs to Wb−s
(Fig. 6).

IV. ANALYTICAL MODEL FOR NONLINEAR
GROWTH OF SINGLE-MODE ARTI

Since the evolution of the ablation-generated vorticity is related
only to the growth of the mixing width, one can introduce the
evolution of vorticity into the nonlinear growth of single-mode
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ARTI. In this section, we present an analytical model developed for
describing the nonlinear growth of single-mode ARTI [Eqs. (8) and
(9)] by incorporating the effects of mass ablation (Sec. II) and the
ablation-generated vorticity (Sec. III) into a CRTI model proposed
by Mikaelian.33,34

In the linear growth regime, the penetration depths of the
bubble and the spike hb/s in single-mode CRTI1,2 can be written as

hCRT
b/s = ±h0 exp(∫

t

0
γcls

L dt), (3)

where h0 is the initial perturbation amplitude. For ARTI, hb/s is
defined as the distance from the bubble or spike vertex to the ini-
tial ablation front in the frame of an imploding shell. Thus, in the
linear regime of single-mode ARTI, hb/s satisfies

hART
b/s = ±h0 exp(∫

t

0
γabl

L dt) + Vat. (4)

In Mikaelian’s model,33,34 the nonlinear growth of hb in single-
mode CRTI can be described by

hCRT
b = hb0 +

3 + AT

3(1 + AT)k
ln{cosh[(6kAT(1 + AT)s)1/2

3 + AT
]

+ ḣb0

Vcls
b

sinh[(6kAT(1 + AT)s)1/2

3 + AT
]}, (5)

which is the solution of the potential flow model for an arbitrary

AT .16 Here, s = (∫ t
tbNL

√gdt)
2
, tbNL is the transition time from the lin-

ear regime [Eq. (3)] to the nonlinear regime [Eq. (5)], and hb0 = 1/3k
and ḣb0 are the bubble amplitude and velocity, respectively, at the
transition time. The CRTI spike can be expressed as34

−hCRT
s (AT)= hCRT

b (AT)
⎧⎪⎪⎨⎪⎪⎩

1 + (0.4 + 0.6A10
T )

⎡⎢⎢⎢⎢⎣
(−hCRT

s (1)
hCRT

b (AT)
)

A

− 1
⎤⎥⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭
,

(6)which is obtained by interpolation.
In the present study of CRTI, we use Eq. (5) to describe the

nonlinear growth of hCRT
b , the same as in Mikaelian’s model. For the

spike, an exponentially growing spike acceleration ḧCRT
s [Eq. (3)] is

used, until it is equal to an effective acceleration acls
eff(AT , g), at which

point ḧCRT
s is replaced by acls

eff . Thus, the nonlinear growth of hCRT
s can

be written as

hCRT
s =

t

∬
tsNL

ḧsdt2 + ḣs0(t − tsNL) + hs0. (7)

Here, tsNL is the transition time from the linear regime [Eq. (3)]
to the nonlinear regime [Eq. (7)], ḧs = −acls

eff , and ḣs0 and hs0 are
the spike velocity and amplitude, respectively, at the transition time
tsNL. The effective spike accelerations acls

eff(AT , g) are obtained by
fitting the simulated CRTI results with Eq. (7). Four input para-
meters are required in this model: the gravitational acceleration g,
the Atwood number AT , the wave number k, and the initial per-
turbation amplitude h0. Figure 8 compares the present spike model
[Eq. (7)], Mikaelian’s model [Eq. (6)], and the simulated hCRT

s . It is
found that the two models can describe the nonlinear growth of the
CRTI spike when 0.5 ≲ AT ≲ 0.9.

Next, we consider the effect of ablation. The mass ablation and
the associated vorticity effect are taken into account in the present
model of single-mode CRTI [Eqs. (5) and (7)] for the description of
the nonlinear growth of single-mode ARTI. In the nonlinear regime,
the ARTI spike penetration depth hART

s has the same form as that of
CRTI [Eq. (7)]

hART
s = hCRT

s (ḧs = −aabl
eff ). (8)

Here, aabl
eff is obtained by fitting the simulated ARTI results with

Eq. (8). The ablative effect on the nonlinear spike growth is rep-
resented by the difference between the effective spike accelerations
in CRTI, acls

eff , and ARTI, aabl
eff . Figure 9(a) shows the dependence of

acls,abl
eff on AT in the conventional CRTI and the ARTI simulations.

The fitting formula aeff/g = 0.777 A4.797
T + afit is used here, where the

fitting parameter afit [Fig. 9(b)] controls the shift of the fitting curve.
It is found that the relation between afit and Va can be fitted by
afit = −0.041Va + 0.130. Owing to the ablative effect, the AT − aeff/g
curve of ARTI shifts downward compared with that of conventional
CRTI. It is also found that the analytical expression of Sanz et al.31

for asymptotic spike acceleration (data not shown in figure) can
roughly describe aabl

eff in the current model.
Similar to the nonlinear spike growth discussed in Sec. II,

the nonlinear ARTI bubble evolution can also be divided into a
potential flow regime and a reacceleration regime. When ARTI

FIG. 8. Comparison of the evolution
of the spike amplitude in conven-
tional single-mode CRTI simulations, the
present model, and Mikaelian’s model at
(a) AT = 0.9 and (b) AT = 0.5.
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FIG. 9. (a) Dependence of effective spike
acceleration aeff on AT in the conven-
tional CRTI and the ARTI simulations.
The dashed lines represent the fitting
curves. (b) Dependence of the fitting
coefficient afit on the ablation velocity Va

(in μm/ns). The red dot-dashed line is a
linear fit.

is linearly stable (k ≳ kc), a finite initial perturbation amplitude
is required to destabilize the mode.13,14 Therefore, ARTI growth
can begin in the nonlinear regime with a strong vorticity effect.14

When ARTI is linearly unstable (k < kc), the bubble evolution in
the potential flow regime tends to be classical, because the effects
of mass ablation and vorticity on bubble growth are negligible.23

Thus, the expression for the ARTI bubble penetration depth hART
b in

the potential flow regime has the same form as the classical expres-
sion given by Eq. (5). At the transition time tbNL from the linear to
the potential flow regime, the bubble penetration depth and velocity
are given by hb0 = hART

b (tbNL) = 1/3k + VatbNL and ḣb0 = ḣART
b (tbNL),

respectively.
In the reacceleration regime, the bubble is accelerated by the

vorticity-induced centrifugal force Fc, which is opposite to the iner-
tial acceleration g. Together with the bubble buoyancy force Fb, the
total force per unit volume acting on the bubble element is increased
from Fb = ρh g − ρl g to

Fb + Fc ≈ ρhg − ρlg +
3ρlω2

0

4k
= ρh[(1 − rd)g + 3rdω2

0

4k
].

The quasi-constant bubble velocity can be rewritten as

Vabl
b ≈

¿
ÁÁÀ 2A

3(1 + A)
g
k
+ rdω2

0
4k2 ≈ Vcls

b

√
1 + Fc

Fb
,

where the ratio Fc/Fb represents the importance of vorticity in accel-
erating the bubble. It is found that the expression for Vabl

b agrees well

with the simulated results when Fc/Fb > 0.3 is chosen as the crite-
rion for the transition from the potential flow regime [Eq. (5)] to
the reacceleration regime. The bubble penetration depth can then be
obtained by simple numerical integration:

hART
b = hART

b (tvort) + ∫
t

tvort

Vabl
b (Wb−s)dt, (9)

where tvort is the time at which the criterion Fc/Fb > 0.3 is reached.
It should be noted that Vabl

b is affected by ω0, and further by Wb−s, as
indicated in Sec. III. This implies that the nonlinear bubble growth
is affected by the spike growth, owing to the vorticity, and to obtain
hART

b , the expression for hART
s [Eq. (8)] should be known in advance.

In comparison with the CRTI model [Eqs. (3), (5), and (7)], the
only additional input parameter in the ARTI model [Eqs. (4), (5), (8),
and (9)] is Va. For the acceleration g(t) in the model, we obtain the
time history of the inertial acceleration from the simulations, which
depends on Va and the target equilibria (i.e., density and pressure).
In addition, the initial amplitude h0 in the model is different from
the initial velocity perturbation amplitude Vp in the simulations.
It is found that the relation between h0 and Vp can be described
by the simple expression h0 ≈ 0.085Vp/γabl

L for ARTI, whereas the
expression is h0 ≈ 0.15Vp/γcls

L for CRTI.
The results of the ARTI model and the simulations are com-

pared in Fig. 10. The predictions of the model are in good agreement
with the simulation results, within an error of 5% for the bubble

FIG. 10. Comparison of the evolution
of the bubble and spike penetration
depths hb and hs, respectively, from
the single-mode ARTI simulations (with
Va = 3.5 μm/ns), the present ARTI
model, and the present model using the
classical forms [Eqs. (5) and (7)] in the
nonlinear regime at (a) k = 0.5 μm−1

and (b) k = 0.78 μm−1.
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growth and 20% for the spike growth. When the effects of mass abla-
tion and vorticity are excluded from the model [i.e., when Eqs. (5)
and (7) are used], the growth in the mixing width (Wb−s = hb − hs)
growth has a smaller contribution from hb and a considerably larger
contribution from hs than the simulation results. It should be noted
that these deviations increase with k because of the increasingly
stronger effects of mass ablation and vorticity. For large k, the com-
parison indicates that the nonlinear Wb−s growth induced by the
single mode is dominated by spike growth for CRTI, whereas it is
dominated by bubble growth for ARTI.

The analytical ARTI model can describe the simulation results
satisfactorily for the linearly unstable modes (k < kc) with a small
initial perturbation amplitude (h0 < 0.1λ). However, when ARTI is
linearly stable, a large initial perturbation amplitude is required to
destabilize it. Hence, the ARTI growth starts directly from the non-
linear regime. In this case, it is found that the present model deviates
from the simulation results.

V. CONCLUSION
In this work, the effect of ablation on the nonlinear spike

growth of single-mode ARTI has been studied. The results of sim-
ulations show that the ablative effect can reduce the quasi-constant
velocity and significantly suppress the reacceleration of the spike in
the nonlinear phase owing to mass ablation and vorticity convection.
It is also observed that the ARTI spike growth can affect the ablation-
generated vorticity, which in turn can affect the bubble acceleration
in the nonlinear phase. This vorticity is correlated with the mixing
width for a given wave number and ablation velocity. The initial
perturbation amplitude can influence the vorticity strength (at the
same hb) by influencing the contribution of hb to the mixing width.
Finally, an analytical model has been developed for the nonlinear
growth of single-mode ARTI. The predictions of this model are in
good agreement with the data from numerical simulations. It has
been shown that the nonlinear growth of the mixing width induced
by the single mode is dominated by bubble growth for small-scale
(large-k) ARTI, whereas it is dominated by spike growth for CRTI.
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