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ABSTRACT
A system of reduced equations is proposed for electron motion in the strongly radiation-dominated regime for an arbitrary electromagnetic
field configuration. The approach developed here is used to analyze various scenarios of electron dynamics in this regime: motion in rotating
electric and magnetic fields and longitudinal acceleration in a plane wave and in a plasma wakefield. The results obtained show that this
approach is able to describe features of electron dynamics that are essential in certain scenarios, but cannot be captured in the framework
of the original radiation-free approximation [Samsonov et al., Phys. Rev. A 98, 053858 (2018) and A. Gonoskov and M. Marklund, Phys.
Plasmas 25, 093109 (2018)]. The results are verified by numerical integration of the nonreduced equations of motion with account taken of
radiation reaction in both semiclassical and fully quantum cases.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
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I. INTRODUCTION

With upcoming laser facilities such as ELI,1 SULF,2 SEL,3 and
XCELS,4 investigation of laser–matter interactions in the regime of
extreme laser intensity will become feasible. Radiation reaction is
expected to accompany such interactions, although its direct impact
is usually quite hard to predict. It has been known for more than
a century that a charged particle experiences a recoil force when
radiating, but a consistent model describing this phenomenon in
both theoretical and numerical studies has yet to be firmly estab-
lished. Recently conducted experiments aimed at determining the
correct model of radiation friction are still subject to a certain level
of ambiguity5,6 and thus have not been able to solve this problem.
The problem is becoming more and more acute with the grow-
ing number of studies discovering possible new effects caused by
radiation reaction. It is clear that these effects vary greatly and
include, among many others, alterations in particle acceleration
mechanisms,7–16 highly efficient laser pulse absorption,17 relativistic
transparency reduction,18,19 the inverse Faraday effect,20–22 parti-
cle polarization,23–31 initiation of quantum electrodynamic (QED)
cascades.32–47 The signatures of these effects are expected to be

most prominent in the so-called radiation-dominated regime, i.e.,
the regime in which radiative losses of charged particles are com-
parable to the energy gain in the electromagnetic (EM) field. Esti-
mates show that the field amplitudes needed for realization of this
regime can be achieved experimentally, either at future laser facili-
ties such as ELI, SEL, and XCELS, or at future accelerators such as
FACET-II.48

Via QED, one can describe radiation reaction self-consistently
and calculate the probability of radiation of a photon with a
given energy. While a full QED description currently provides the
most accurate description of radiation reaction, it is not usually
applicable to practical problems involving complex light–matter
interactions, since via QED one calculates scattering probabili-
ties between some stationary (commonly Volkov) electron states.
To describe a dynamic problem where these states evolve owing
to the evolution of the EM fields, nonstationary Dirac equations
have to be solved, which is usually either unfeasible or impracti-
cal. However, under some conditions, this is not necessary, since
the problem can be significantly simplified. The first main para-
meter that defines such a condition is the dimensionless EM field
amplitude a0:
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a0 =
eE0

mcω
, (1)

where m and e > 0 are respectively the electron mass and charge, and
E0 andω are respectively the characteristic strength and frequency of
the EM field. In the regime a0 ≫ 1, the characteristic radiation for-
mation length λ f can in most cases be estimated as λ/a0 ≪ λ, where
λ = 2πc/ω, i.e., individual acts of radiation occur almost instanta-
neously compared with the scale of variation of the EM fields, and
thus these fields can be assumed constant on a radiation forma-
tion length. In this locally constant field approximation (LCFA49–51),
the total radiation probabilities and the shapes of emission spectra
depend only on the QED parameter χ,

χ = γ
ES

√
(E + v × B)2 − (vE)2, (2)

where γ and v are respectively the electron Lorentz factor and veloc-
ity normalized to c, E and B are respectively the electric and magnetic
fields, ES = m2c3/eh is the critical Sauter–Schwinger field,50 and h is
Planck’s constant. These probabilities can be calculated analytically
in either classical (χ ≪ 1) or quantum (χ ≫ 1) regimes:

W rad ≈ α
mc2

γh̵
×
⎧⎪⎪⎨⎪⎪⎩

1.4χ, χ ≪ 1,

0.7χ2/3, χ ≫ 1,
(3)

where α = e2/hc is the fine structure constant. Note that a number
of different approaches have been proposed for calculation of radi-
ation probabilities when the LCFA is no longer valid.52–56 In LCFA,
the characteristic distance traveled by an ultrarelativistic electron
between two consecutive photon emissions, λW , can be estimated
as c/Wrad, which in both classical and quantum cases is at least
1/α ≈ 137 times longer than the radiation formation length. Note,
however, that the above-mentioned estimate for the radiation for-
mation length actually depends on the frequency of the emitted
radiation57 and can be inaccurate for χ ≳ 10. Furthermore, the ratio
between the mean free path λW and the EM field wavelength can be
estimated as

λW

λ
≈ 1
αa0

×
⎧⎪⎪⎨⎪⎪⎩

1, χ ≪ 1,

χ1/3, χ ≫ 1.
(4)

So, as χ ≲ 10 for most experiments that are likely to be performed in
the near future, and for a0 ≫ 137, the hierarchy of the characteristic
scales of the problem is as follows:

λf ≪ λW ≪ λ, (5)

which means that the electron moves classically between short but
frequent acts of photon emission.

In that case, we can approximate the effect of radiation recoil as
an additional continuous force acting on a particle, i.e., the equations
of motion take the form

dp
dt

= −E − v × B − F rrv, (6)

dγ
dt

= −vE − F rrv2, (7)

where the electron momentum p is normalized to mc, the time t is
normalized to 1/ω, and the electric and magnetic fields are normal-
ized to mcω/e. In Eqs. (6) and (7), Frr is the total radiation power
normalized to mc2ω and is given by

F rr =
αaS

3
√

3π∫
∞

0

4u3 + 5u2 + 4u
(1 + u)4 K2/3(

2u
3χ

) du, (8)

where aS = eES/mcω ≡ mc2/hω is the normalized Sauter–Schwinger
field. In the limiting cases, this expression simplifies to

F rr ≈ αaS ×
⎧⎪⎪⎨⎪⎪⎩

0.67χ2, χ ≪ 1,

0.37χ2/3, χ ≫ 1.
(9)

This approach to the description of the electron dynamics
with account of radiation reaction is commonly referred to as
semiclassical.58–62 In the quantum regime, radiated photons can
carry away a significant portion of the electron energy, and as this
radiation is stochastic, electrons contained in a small phase volume
can significantly diverge in phase space after some time. Equa-
tions (6) and (7) essentially describe the zeroth moment, i.e., the
trajectory of the center of mass of the electron distribution function,
while effects caused by the probabilistic nature of radiation, such
as straggling and quenching,62–65 lead to diffusion of the distribu-
tion function and thus cannot be captured using this approach. In
that case, a more accurate description requires equations for higher
moments of the distribution function. Such an approach was applied
to calculate the mean particle energy and energy spread in differ-
ent fields configurations in Refs. 61, 66, and 67. If, on the contrary,
χ ≲ 1, then the recoil from a single-photon radiation is small, and
the approximation of continuous recoil is sufficient to describe the
electron dynamics.

Another important consideration in studying the effect of radi-
ation reaction is its dependence on the internal degree of freedom
of the electron, i.e., spin. Strictly speaking, the quasiclassical limit
of the Dirac equation leads to equations of motion where both the
orbital motion of the electron and the evolution of its spin are
coupled. In particular, one should add the Stern–Gerlach force68

to the equation for the electron momentum and describe the spin
dynamics via the Thomas–Bargmann–Michel–Telegdi (T-BMT)69,70

equation. Note that although the latter is strictly valid only in homo-
geneous EM fields, it can still be used in heterogeneous fields if
the Stern–Gerlach force can be neglected.71 The ratio between the
Lorentz force and Stern–Gerlach force can be estimated to be of
the order of hω/mc2, and thus for optical frequencies the latter
can be neglected with a large margin of accuracy. In that case,
spin dynamics is decoupled from electron orbital motion and can
be calculated after the electron trajectory has been found. Radia-
tion reaction can again couple spin dynamics and electron orbital
motion, since radiation probabilities depend on the spin of the elec-
tron (and the polarization of the emitted photon). Note that the
order-of-magnitude estimates made above where radiation prob-
abilities are averaged over the initial and summed over the final
polarization states of the electron remain valid. However, in certain
scenarios, the assumption that electrons are generally not polarized
may no longer hold, since the radiation probabilities of spin-up and
spin-down electrons are different. Resolving electron polarization
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can lead to effects such as a significant increase in pair produc-
tion during QED cascade development,72 production of polarized
high-energy particles,28,73 and spatially inhomogeneous polariza-
tion.31 In this paper, such effects caused by spin dynamics are not
covered.

Previous studies have shown that the problem can be simpli-
fied even further. In particular, to some extent, radiation reaction
can be accounted for implicitly, i.e., without specifying an expres-
sion for radiation reaction in the equations of motion.74,75 This is
done by noticing that in constant homogeneous EM fields, electron
motion is stable if the electron does not experience transverse accel-
eration. As the radiation probability depends on the parameter χ,
which is essentially proportional to the transverse acceleration, the
direction of such motion is called the radiation-free direction (RFD).
As this direction corresponds to vanishing of the transverse acceler-
ation, and radiation recoil is directed against the electron velocity,
to find the RFD, one does not need to specify any expression for
the radiation probability at all. The timescale τv on which the elec-
tron velocity approaches the RFD in constant fields is of the order
of γmc/eE0. If the EM fields are varying with characteristic fre-
quency ω, then the RFD defined by the local and instantaneous field
configuration changes on the same timescale. In the absence of radi-
ation reaction, one can estimate that γ ∼ a0, and thus, by the time
the electron velocity approaches the RFD, the latter itself changes,
and so the geometric relation between the electron velocity and
the RFD is arbitrary. This is not the case in the strongly radiation-
dominated regime, however, when, by definition, γ≪ a0, and thus
the EM field orients the electron velocity much faster than the field
itself changes, and so the electron velocity quickly aligns to the
RFD defined by the local and instantaneous electric and magnetic
fields. Thus, to approximately determine the electron trajectory, one
can assume that at each time instant, the electron velocity coin-
cides with the RFD. While this approach allows one to describe
the dynamics of the electron in the strongly radiation-dominated
regime without specifying an expression for the radiation power,
it is quite limited for a couple of reasons. First, the electron veloc-
ity converges to the RFD sufficiently fast only at extremely large
intensities I ≳ 1025 W/cm2. Second, this approach does not allow
one to find the electron energy and radiation losses as the RFD is
approached, since the particle energy is assumed to be indefinitely
large, albeit much smaller than the field amplitude at the same time.
Despite its apparent drawbacks, this approach has recently been
applied successfully to describe electron motion in an astrophysical
environment.76 In this paper, we extend this radiation-free approach
to overcome its inherent problems and to describe the dynamics
of an electron in the strongly radiation-dominated regime more
precisely.

The remainder of the paper is organized as follows. In Sec. II,
we reintroduce the concept of radiation-free dynamics and extend it
by application of perturbation theory. In Sec. III, we consider sev-
eral EM field configurations where the reduced equations of motion
obtained can be explicitly solved. In Sec. IV, we discuss the domain
of applicability of the proposed approach and draw conclusions.

II. RADIATION-FREE APPROACH
Let us start by introducing a radiation-free approach to the

description of electron dynamics, loosely following the original

papers.74,75 The equations governing electron dynamics in an EM
field with account taken of radiation reaction can be written in terms
of the electron velocity v and Lorentz factor γ:

dγ
dt

= −vE − F rrv2, (10)

dv
dt

= −1
γ
(E + v × B − v(vE) + F rrv

γ2 ). (11)

Since radiation reaction is sufficient to significantly alter dynamics
only for ultrarelativistic particles (γ≫ 1), the last term in Eq. (11)
can be omitted. There exists a formal stationary solution v0 of these
equations, corresponding to vanishing of the transverse force acting
on the electron and in turn vanishing of radiation reaction. Because
of that property, this solution is called the radiation-free direction
(RFD):

E + v0 × B − v0(v0E) = 0. (12)

Note, first, that there always exists a solution to this equation that
can be calculated algebraically74 or geometrically75 and, second, that
∣v0∣ = 1, as can be shown by taking the scalar product of Eq. (12)
with v0, which means that this solution is not entirely physical,
i.e., an electron is unable to move in the EM fields without expe-
riencing transverse acceleration. To understand how this solution
relates to the actual solution of the equations of motion in the
strongly radiation-dominated regime, let us consider the follow-
ing. By definition, in the strongly radiation-dominated regime, the
energy of an electron is significantly smaller than that of a hypothet-
ical electron that is in the same EM fields but does not experience
radiation reaction. One can roughly estimate that the characteristic
energy of the latter electron is of the order of the dimension-
less electric field amplitude E. Therefore, for a real electron in the
radiation-dominated regime, we can assume that γ≪ E. Under this
assumption, Eq. (11) then states that the EM fields orient the elec-
tron velocity much faster than they themselves change. So, on the
timescale of velocity orientation, the EM fields can be assumed con-
stant and homogeneous. In that case, the electron velocity tends
asymptotically to the RFD. Neglecting the time taken for the elec-
tron velocity to approach the RFD, one can construct an asymptotic
trajectory that in some sense serves as an attractor for real electron
trajectories:

dr
dt

= v0(E(r, t), B(r, t)). (13)

As mentioned in Sec. I, although Eqs. (12) and (13) describe electron
dynamics in the strongly radiation-dominated regime with radia-
tion reaction being accounted for implicitly, there are two draw-
backs to this approach. First, these asymptotic trajectories describe
real particle trajectories well only at extremely large intensities
I ≳ 1025 W/cm2. This is because, for most field configurations, the
characteristic time at which the electron velocity approaches the
RFD is underestimated by above reasoning. Second, this approach
does not allow one to find the electron energy and radiation losses
on approaching this asymptotic trajectory, since the particle energy
is assumed to be indefinitely large (albeit much smaller than the field
amplitude at the same time).
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To deal with these problems, we develop a perturbation theory,
assuming that the electron velocity deviates from the RFD but that
this deviation is small, i.e.,

v = (1 − δ2

2
)v0 + v1, (14)

where v1 � v0, and δ can be found from the condition that
∣v∣2 = 1 − γ−2, from which we get

δ2 ≈ v2
1 + γ−2. (15)

Substituting this into Eqs. (10) and (11), utilizing Eq. (12) and keep-
ing only terms of first order in v1 (see the expansion up to terms of
second order in Appendix A), we obtain a set of general equations
governing electron dynamics in the strongly radiation-dominated
regime:

dv1

dt
= F1

γ
− dv0

dt
− v0(v1

dv0

dt
), (16)

dγ
dt

= −v0E(1 − v2
1

2
− 1

2γ2 ) − v1E − F rr(χ), (17)

F1 = (v0E)v1 + (v0B)[v0 × v1] +O(δ2), (18)

χ = γ∣F1∣
aS

. (19)

Note that although χ is proportional to a small term v1, it can
be arbitrarily large owing to the factor γ, and therefore the term
Frr should be kept at all expansion orders, as a consequence of
which the equations of motion remain nonlinear. This does not
contradict the fact that the last term in Eq. (11) is smaller than
the first three, which are equal to F1, and thus it can be omit-
ted. Indeed, ∣Frrv/γ2∣ ≲ αaSχ2/γ2 = α∣F1∣2/aS ∼ αEv1∣F1∣/aS ⋘ ∣F1∣,
since E ≪ aS, α≪ 1, v1 ≲ 1. The full time derivatives should be con-
sidered as derivatives of the vector field v0 along the real electron
trajectory r(t), i.e.,

dv0

dt
= ∂v0

∂t
+ (v∇)v0. (20)

Let us consider the equation for the magnitude of the vector v1:

1
2

dv2
1

dt
= −v1

dv0

dt
+ v2

1(v0E)
γ

. (21)

In a constant EM fields (dv0/dt = 0), one can estimate the char-
acteristic timescale on which the electron velocity approaches the
RFD:

τv =
γ

∣v0E∣ ∼
γ
a0

. (22)

However, for varying EM fields, the sign of the first term in Eq. (21)
can be arbitrary and its magnitude can be as large as v1, and so the

condition γ≪ a0 alone is not enough to justify the description of
the electron dynamics by Eq. (13) in an arbitrary field configuration.
Instead, one should use the set of Eqs. (16) and (17), where the vari-
ation of the RFD is taken into account. Moreover, these equations
allow one to find the electron energy and radiative losses.

The procedure to obtain the reduced equations of motion can
be explained in few simple steps. First, it is shown that there exists
a preferred RFD that the electron velocity approaches in constant
EM fields. By decomposing the electron velocity in a new basis in
which one axis coincides with the RFD, the equations of motion
can be split. Motion along the RFD is essentially described via the
particle energy, while the equations for the transverse velocity can
be expanded in series, which clearly converge, since the magni-
tude of the velocity is strictly smaller than unity. Although the final
set of equations remain nonlinear and cannot be solved explicitly
in an arbitrary field configuration, the examples considered below
show that this approach can be superior to solving the nonreduced
Newton equations. It is worth noting that recently, in Ref. 77, a
similar decomposition of the velocity vector was used to explore
equilibrium solutions of Eqs. (16) and (17).

III. EXAMPLE PROBLEMS
Below, we consider several examples of field configurations in

which Eqs. (16) and (17) can be solved explicitly.

A. Generalized Zeldovich problem
The equations of electron motion with a radiation reaction

force can be integrated analytically for a rotating uniform electric
field, as was first demonstrated by Zeldovich.78 Recently Zeldovich’s
solution has been extended to a configuration with rotating electric
and magnetic fields that are parallel to each other.37 Let us ana-
lyze the latter configuration within our approach. We assume that
the electric and magnetic fields are uniform and parallel, and rotate
with velocity Ω. The RFD in this configuration is antiparallel to
the electric field: v0 = −E/E = −e. Let us consider a stationary solu-
tion in which the deviation vector v1 rotates synchronously with
the electric and magnetic fields. In this case, all the time deriva-
tives can be replaced by the cross product Ω×. Equation (16) then
becomes

Ω × v1 = −
E
γ

v1 +
B
γ

e × v1 +Ω × e + v1e. (23)

Keeping in mind that v1 � v0, we can express v1 as follows:

v1 = v�Ω × e + vxΩ. (24)

Equation (23) can then be split into a set of linear equations, the
solution of which is easily found:

vx =
γB

E2 + B2 , (25)

v� =
γE

E2 + B2 . (26)
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This stationary solution corresponds to constant radiative losses
and constant energy. Consequently, the final relation between the
electron energy and the EM fields can be obtained from Eq. (17):

E = F rr(χ) = F rr(
γ2

aS
). (27)

This result coincides exactly with the result obtained in Ref. 37 and,
in the special case B = 0, with Zeldovich’s original solution.78 A com-
parison of the solution obtained here with numerical solutions of the
nonreduced equations of motion (10) and (11) for both semiclas-
sical and quantum approaches to radiation reaction is presented in
Fig. 1. The magnitude of the EM fields has been chosen in such a way
that the average value of the χ parameter of an electron is around
5. This has been done deliberately to show where the assumptions
made in our approach start to break down. In particular, our ana-
lytical solution and the quasiclassical numerical solutions assume
that the χ parameter does not deviate significantly between particles,
and thus it is assumed that ⟨Frr(χ)⟩ ≈ Frr(⟨χ⟩), where the angular
brackets denote averaging over the particle distribution function.
However, as can be seen from Fig. 1, the parameters of individual
electrons with the same initial conditions spread quite significantly,
owing to the stochastic nature of radiation in the quantum regime,
as mentioned in Sec. I. Because of this and the nonlinearity of
Frr, in fact ⟨Frr(χ)⟩ < Frr(⟨χ⟩), which explains the discrepancy in
Fig. 1 between the values averaged over quantum solutions and those
obtained analytically or via numerical solution in the quasiclassical
approximation.

B. Monochromatic linearly polarized plane wave
Some interesting results can be obtained if our approach is

applied to electron motion in a plane wave. In this configuration,
the RFD coincides with the direction of the Poynting vector

v0 =
E × B

E2 , (28)

where both E and B are functions of the phase φ = x − t. For simplic-
ity, let us assume that initially the deviation vector v1 is parallel to the
electric field, in which case it will remain so at any time instant. It is
also more convenient to write down equations in terms of momen-
tum p1 = γv1 and phase φ. Since χ oscillates with constant amplitude
in a plane wave without account of radiation reaction and radia-
tion leads only to decrease χ, eventually any electron will reach the
classical regime when χ ≪ 1, and so we will only consider electron
dynamics in that regime. In this case, Eqs. (16) and (17) take the
form

dγ
dφ

= −2
pγE

1 + p2 − 2ArrE2(1 + p2), (29)

dp
dφ

= −E − 2ArrE2 p
γ
(1 + p2), (30)

where Arr = α/6ES. Note that in a plane wave configuration, F1
as defined in Eq. (18) contains only terms of second and higher
orders of smallness in v1, the derivation of which can be found in
Appendix A. Let us start solving Eqs. (29) and (30) without account
of radiation reaction for a linearly polarized monochromatic plane

FIG. 1. Electron dynamics in an electric field with dimensionless amplitude
eE/mcΩ = 2500 and a parallel magnetic field with dimensionless amplitude
eB/mcΩ = 2000 rotating with angular frequency Ω, corresponding to the wave-
length λ = 1 μm: (a) component of electron velocity transverse to the electric field;
(b) component of electron velocity along the angular velocity vector Ω. Orange and
cyan lines correspond to numerical solution of the nonreduced equations of motion
(10) and (11) with radiation reaction taken into account via semiclassical and quan-
tum approaches, respectively. Blue lines correspond to the average value of 100
“quantum” solutions. Black dashed lines correspond to the analytical solution (25)
and (26).

wave, i.e., assuming Arr = 0 and E = a0 cosφ. In this case, it is easy to
obtain the following solution:

p pw = −a0 sin φ, (31)

γ pw = γ0(1 + p pw
2), (32)

where it has been assumed that initially the electron momentum has
only a component along the direction of plane wave propagation.
Note that the exact solution of the electron equations of motion in
a linearly polarized plane wave (see, e.g., Ref. 79) coincides exactly
with the solution given by Eqs. (31) and (32) in the limit γ0 ≫ 1.
Thus, our method, which is essentially a series expansion, can be
applied even for certain problems where radiation reaction is not
taken into account.

When Arr ≠ 0, it can be shown from Eqs. (29) and (30) that
there is an asymmetry in the particle motion in the accelerating
and decelerating phases. This leads to a nonzero energy gain in a
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single period. Under several additional assumptions, we can obtain
the following solution (see the detailed step-by-step solution in
Appendix B):

γ ≈ γ0(1 + a2
0 sin2 φ)(1 + Arra2

0

γ0
φ), (33)

v ≈ −a0 sin φ
γ

. (34)

Rewriting the solution in terms of laboratory time t yields the
following result

⟨χ⟩, ⟨v1⟩, ⟨γ−1⟩ ∝ (Arrt)−1/3. (35)

Note that the average behavior of the dependences in Eq. (35)
asymptotically coincides with that extracted from the exact solution
derived in Ref. 80.

In obtaining the above solution, we have assumed that at the
initial moment, the transverse momentum of the particle is equal
to zero and the longitudinal momentum is sufficiently large and
positive. To obtain a solution with arbitrary initial conditions, one
can perform a Lorentz boost to an auxiliary reference frame where
the above assumptions are satisfied and then transform the solution
obtained there back to an initial reference frame. The solution shown
in Fig. 2 was obtained in such a way, with the auxiliary reference
frame taken to be moving with a velocity corresponding to a Lorentz
factor 1000 along the negative x axis in the laboratory reference
frame, and so the initial longitudinal electron momentum in the
auxiliary reference frame was approximately 5mc.

The obtained solution is not only nonperiodic, but also features
quite unexpected behavior: instead of slowing down the electron,
radiation reaction actually allows it to gain infinite energy (in infi-
nite time, obviously). Although this behavior has been reported
before78,80–84 and has been confirmed by numerical solution of the
nonreduced equations of motion (10) and (11) (see Fig. 2), it does
not appear to be widely acknowledged. Simple reasoning can explain
this seemingly controversial phenomenon. For this, it is more con-
venient to resort to a quantum description of radiation reaction. In
a relativistically strong plane wave (E ≫ 1), the formation length
of the radiation can be estimated as λ/E ≪ λ, which can be inter-
preted as indicating that an electron moves classically between short
acts of photon emission. Without radiation reaction, the light-front
momentum γ − px is a constant of motion, where px is the elec-
tron momentum along the direction of plane wave propagation
[see the red line in Fig. 2(b)]. The radiation probability depends
on the QED parameter χ, which in the plane wave configuration is
given by

χ = E(φ)
ES

(γ − px). (36)

As the radiation formation length is much smaller than the wave-
length, the EM fields can be assumed constant during a single
act of photon emission, and it follows from energy and momentum
conservation that the parameter χ of the electron strictly
decreases after this act of emission [see the distinct jumps
corresponding to emission of individual photons in the blue line

FIG. 2. Dynamics of an electron with initial momentum px = −100 mc in a plane
wave with amplitude a0 = 500 and wavelength λ = 1 μm propagating along the x
axis: (a) energy of electron normalized to its initial value; (b) maximum value of
QED parameter χ: a0(γ − px)/ES. Red lines correspond to the classical solution
without radiation reaction. Orange and blue lines correspond to numerical solu-
tion of the nonreduced equations of motion (10) and (11) with radiation reaction
taken into account via semiclassical and quantum approaches, respectively. Black
dashed lines correspond to the analytical solution (33) and (34). Note that for visual
clarity, the black dashed line only depicts the amplitude of the oscillations of γ in
(a).

in Fig. 2(b)]. We can therefore conclude that owing to radiation
reaction, the light-front momentum γ − px tends asymptotically to
zero, which can be satisfied only when px (and correspondingly γ)
grows indefinitely.

C. Plasma accelerator
Finally, let us consider a toy model of a plasma accelerator

and derive conditions for a known stable solution in a radiation-
dominated regime9,16 using our approach. For this, we assume that
the EM fields are a uniform accelerating field z0Eacc and a linear
focusing field yEfoc in which the electron undergoes betatron oscilla-
tions. To find a solution that corresponds to the averaged radiation
losses being constant over many betatron periods, we will assume
that any function of the QED parameter χ is a strictly periodic
function of time, and thus the average of any function of χ is also
constant, i.e.,

d⟨χ2⟩
dt

= 0, (37)
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where χ2 is used for convenience. In the field configuration under
consideration, from Eq. (19), we get

χ = γEv1

aS
. (38)

Hereinafter, we will assume that γ ≈ ⟨γ⟩, i.e., oscillations of the
particle energy are much smaller than the energy itself, and so we
can extract γ from the angular brackets. Also, as the particle is accel-
erated, γ grows with time, while χ remains constant on average. This
means that the oscillation amplitude of v1 decreases, and therefore
at later times we can safely assume that the electric field experienced
by the electron is mostly accelerating, so E ≈ Eacc = const. Both of
these assumptions are reliably confirmed by numerical simulations
and remain valid in the final solution that we obtain below. Utilizing
these assumptions and expanding Eq. (37) yields the following:

⟨F rr⟩⟨v2
1⟩ + γ⟨v1

dv0

dt
⟩ = 0. (39)

Differentiating this expression again, we obtain the following result:

⟨F rr⟩
γ

(3⟨F rr⟩ − 2E acc)⟨v2
1⟩ + γ⟨v1

d2v0

dt2 − ( dv0

dt
)

2
⟩ = 0. (40)

To deal with the last two terms in this expression, let us write the
equation for the electron trajectory:

dr
dt

= v0 + v1, (41)

where

v0 = −
−z0E acc + yE foc

E
≈ z0 − y

E foc

E acc
≡ z0 − κy. (42)

If we assume that the betatron oscillations are harmonic, i.e.,

y = y0 cos ωt, (43)

then from the y component of Eq. (41) we get

v1,y = y0(κ cos ωt − ω sin ωt). (44)

To calculate the average of the last two terms in Eq. (40), we note
that dv0/dt = −κdy/dt:

⟨v1
d2v0

dt2 − ( dv0

dt
)

2
⟩

= y2
0ω

2 κ(κ⟨cos2 ωt − sin2 ωt⟩ − ω⟨sin ωt cos ωt⟩) = 0. (45)

So, finally, in a model accelerator, we get

⟨F rr⟩ =
2
3

E acc. (46)

Thus, on average, the particle is accelerated only at one-third of the
classical rate of acceleration.9,16 Figure 3 shows that the solution

FIG. 3. Electron dynamics in a model accelerator with Eacc = 30 TV/m and Efoc
growing linearly from 0 to 30 TV/m at displacement 0.1 μm: (a) average rate
of acceleration; (b) average value of QED parameter χ. Time is normalized to
the initial value of the inverse betatron frequency ωb/

√γ0 of the electron. Blue
lines correspond to the solution of the nonreduced equations of motion (10) and
(11) without account of radiation reaction Orange lines correspond to the solution
with radiation reaction taken into account via a semiclassical approach. The black
dashed line corresponds to the analytical solution (46).

obtained here coincides quite well with the numerical solution of
the nonreduced equations of motion (10) and (11). It should be
noted that we have not used a specific expression for the power of
radiative losses, although a more rigorous derivation of the relation
(46) shows that the result actually depends on the scaling law of
the radiation power with the parameter χ: for example, according
to Ref. 16, in the fully quantum regime when χ ≫ 1 and Frr ∝ χ2/3,
the relation (46) should in fact be slightly different, specifically,

⟨F rr⟩ =
12
19

E acc, (47)

although this is only 5% different from (46). However, reasoning
using our approach cannot exactly reproduce this minor difference,
owing to the approximations used throughout, in particular the
neglect of terms proportional to 1/γ2 when calculating χ.

IV. DISCUSSION AND CONCLUSION
In this paper, we have developed an approach to tackle the

problem of single-electron dynamics in arbitrary EM fields in the
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strongly radiation-dominated regime. We have shown that the elec-
tron velocity approaches a certain direction, moving along which
an electron does not experience transverse acceleration and thus
does not radiate. If we assume that the electron velocity deviates
slightly from this radiation-free direction (RFD), then the equations
of motion can be simplified. In certain EM field configurations, this
simplification is enough to allow an analytical solution of the elec-
tron equations of motion to be obtained. Remarkably, in a plane
wave example, the solution obtained is valid even if radiation reac-
tion is not taken into account. This shows that the domain of
applicability of our method is wider than was initially expected. This
can be partially attributed to the fact that our approach is based
on an expansion of the equations of motion in terms of the elec-
tron velocity. Since the magnitude of this velocity vector is smaller
than unity, series expansions in terms of velocity should converge.
The rates at which these series converge depend on how close
the zeroth order is to the real value. We have shown that in the
strongly radiation-dominated regime, the RFD can be chosen as a
zeroth-order approximation of the direction of the electron velocity.
However, a plane wave example shows that the same expansion can
be valid even without account of radiation reaction in certain field
configurations.

It should be noted that the approach developed here is valid
when the continuous radiation recoil approximation is justified. The
validity of this approximation is mostly determined by the value
of the QED parameter χ. In particular, in a sufficiently quantum
regime, when χ ≫ 1, electron dynamics can become stochastic, and
thus the electron distribution function can evolve in a complex
way. In that case, equations for higher moments of the distribution
function can provide a more accurate description, but this lies
outside the scope of this paper.

In conclusion, we have proposed a general approach for the-
oretical investigation of single-particle dynamics in the strongly
radiation-dominated regime. Most importantly, the method devel-
oped here allows one to obtain qualitatively new results compared
with the radiation-free approach originally developed in Refs. 74
and 75. We have demonstrated the applicability of our method
in different EM field configurations. In particular, we have
reproduced the generalized Zeldovich solution in rotating parallel
electric and magnetic fields,37,78 the damping of the average rate
of electron acceleration in a model plasma accelerator in the
radiation-dominated regime,9,16 and a peculiar feature of the elec-
tron motion in a strong plane wave, namely, unlimited longitudinal
acceleration.80–84 Utilizing this approach to explore plasma behavior
in a radiation-dominated regime is planned for future work.
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APPENDIX A: DERIVING REDUCED EQUATIONS
OF MOTION UP TO TERMS OF THE SECOND
ORDER OF SMALLNESS

To obtain the reduced equations of motion, we consider the
following representation of the electron velocity:

v = v0(1 − v2
1

2
− 1

2γ2 ) + v1. (A1)

Let us substitute this into Eq. (10) and expand it, keeping only terms
up to second order (v2

1) and larger:

(1 − v2
1

2
− 1

2γ2 )
dv0

dt
− v0

2
( dv2

1

dt
+ dγ−2

dt
) + dv1

dt

= −1
γ
{−(v2

1

2
+ 1

2γ2 )v0 × B + v1 × B

+ (v2
1 +

1
γ2 )v0(v0E) − v0(v1E) − v1(v0E) − v1(v1E)}.

(A2)

To eliminate the term dv2
1/ dt from this equation, we take the scalar

product of the equation with v1, keeping in mind that v1v0 = 0 and
neglecting higher-order terms:

1
2

dv2
1

dt
= −v1

dv0

dt
+ v2

1(v0E)
γ

. (A3)

We expand the term dγ−2/dt:

dγ−2

dt
= − 2

γ3
dγ
dt

≈ 2v0E
γ3 . (A4)

Substituting Eqs. (A3) and (A4) back into Eq. (A2), we get

dv1

dt
= −F1

γ
− (1 − v2

1

2
− 1

2γ2 )
dv0

dt
− v0(v1

dv0

dt
), (A5)

F1 = −(
v2

1

2
+ 1

2γ2 )v0 × B + v1 × B

− v0(v0E)
γ2 − v0(v1E) − v1(v0E) − v1(v1E). (A6)
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Let us separately examine the vector v1 × B:

v1 × B = −(v0B)[v0 × v1] + v0(v0[v1 × B]). (A7)

We now take the scalar product of Eq. (12) with v1:

v1E + v1[v0 × B] = 0. (A8)

Performing a cyclic permutation of the scalar triple product, we get

v0[v1 × B] = v1E. (A9)

Substituting this relation into Eq. (A7), we obtain

v1 × B = −(v0B)[v0 × v1] + v0(v1E). (A10)

Finally, substituting this into Eq. (A6), we get

F1 = −(v0B)[v0 × v1] − (v0E)v1

− (v2
1

2
+ 1

2γ2 )v0 × B + v0(v0E)
γ2 − (v1E)v1. (A11)

APPENDIX B: APPROXIMATE ELECTRON MOTION
IN A PLANE MONOCHROMATIC WAVE

Let us consider the following plane wave configuration:
E = E(φ)y0, B = E(φ)z0, v0 = E × B/E2, φ = t − x. For the sake of
simplicity, we take the initial electron velocity to lie in the xy plane,
in which case the y component of the electron velocity will always
remain zero. The reduced equations of motion (16) and (17) in the
considered configuration are as follows:

dv
dt

= E
2γ

(v2 − 1
γ2 ), (B1)

dγ
dt

= −vE − F rr(χ), (B2)

dφ
dt

= 1
2
(v2 + 1

γ2 ), (B3)

where v = v1. Changing the integration variable from t to φ, we get

dv
dφ

= E
2γ

(v2 − 1
γ2 )

2
v2 + 1/γ2 (B4)

dγ
dφ

= −[vE + F rr(χ)]
2

v2 + 1/γ2 . (B5)

The expression for the QED parameter χ is as follows:

χ = γE
ES

1
2
(v2 + 1

γ2 ). (B6)

As χ decreases owing to radiation, any electron will eventually reach
the classical regime when χ ≪ 1. In that case,

F rr(χ) =
2
3
αESχ2 = Arrγ2E2(v2 + 1

γ2 )
2

. (B7)

Equations (B4) and (B5) can then be rewritten as

dv
dφ

= E
γ
(vγ)2 − 1
(vγ)2 + 1

, (B8)

dγ
dφ

= −2
(vγ)γE
(vγ)2 + 1

− 2ArrE2[(vγ)2 + 1]. (B9)

Introducing the momentum p = vγ, we obtain the final set of
equations:

dγ
dφ

= −2
pγE

1 + p2 − 2ArrE2(1 + p2), (B10)

dp
dφ

= −E − 2ArrE2 p
γ
(1 + p2). (B11)

Let us start by solving Eqs. (B10) and (B11) without account of radi-
ation reaction for a linearly polarized monochromatic plane wave,
i.e., assuming Arr = 0 and E = a0 cosφ:

dγ pw

dφ
= −2

p pwγ pwa0 cos φ
1 + p pw2 , (B12)

dp pw

dφ
= −a0 cos φ. (B13)

Equation (B11) has the solution

p pw = −a0 sin φ. (B14)

Substituting this into Eq. (B10), we get

dγ pw

dφ
= γ pw

2a2
0 sin φ cos φ

1 + a2
0 sin2 φ

, (B15)

γ pw = γ0(1 + a2
0 sin2 φ) = γ0(1 + p pw

2). (B16)

To find the solution when A ≠ 0, let us assume

p = p pw + u, ((B17))

γ = γ pwΓ, ((B18))

where u ≪ ppw. Equations (B10) and (B11) transform to

dΓ
dφ

= −2
Arra2

0 cos2 φ
γ0

− 2uΓa0 cos φ
1 − a2

0 cos2 φ
(1 + a2

0 cos2 φ)2 , (B19)
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du
dφ

= 2Arra3
0

cos2 φ sin φ
γ0Γ

. (B20)

Assuming that Γ changes only slightly during a single period, it can
be factored outside the integration, i.e.,

u ≈ 2Arra3
0

γ0Γ

φ

∫
0

cos2 φ′ sin φ′ dφ′

= 2Arra3
0

3γ0Γ
(1 − cos3 φ). (B21)

Substituting this into Eq. (B19) gives

dΓ
dφ

= −2
Arra2

0 cos2 φ
γ0

− 4Arra4
0

3γ0

cos φ(1 − cos3 φ)(1 − a2
0 sin2 φ)

(1 + a2
0 sin2 φ)2 . (B22)

Since we assume that Γ changes on a timescale much longer
than a single wave period, we can replace the right-hand side of this
equation by its average value, i.e.,

dΓ
dφ

≈ 1
2π

2π

∫
0

[−2
Arra2

0 cos2 φ
γ0

− 4Arra4
0

3γ0

cos φ(1 − cos3 φ)(1 − a2
0 sin2 φ)

(1 + a2
0 sin2 φ)2 ] dφ

= Arr

γ0
(a2

0 + 4 − 4
√

1 + a2
0)

a0≫1≈ Arra2
0

γ0
. (B23)

Thus,

Γ ≈ 1 + Arra2
0

γ0
φ. (B24)

The final solution is then

γ ≈ γ0(1 + a2
0 sin2 φ)(1 + Arra2

0

γ0
φ), (B25)

v ≈ − a0 sin φ
γ0(1 + a2

0 sin2 φ)(1 + Arra2
0γ0φ)

. (B26)

To express the solution in terms of the laboratory time instead of the
wave phase, we solve the following equation:

dφ
dt

= 1
2
(v2 + 1

γ2 )

= 1

2γ2
0(1 + a2

0 sin2 φ)(1 + Arra2
0

γ0
φ)

2 , (B27)

t = 2γ2
0 ∫ (1 + a2

0 sin2 φ)(1 + Arra2
0

γ0
φ)

2

dφ. (B28)

Averaging over a wave period, we get the approximate relation

⟨t⟩ ≈ a6
0A2

rrφ
3. (B29)
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