
Matter and
Radiation at Extremes RESEARCH ARTICLE scitation.org/journal/mre

Reflection and transmission properties
of a finite-length electron plasma grating

Cite as: Matter Radiat. Extremes 7, 054402 (2022); doi: 10.1063/5.0096386
Submitted: 18 April 2022 • Accepted: 10 July 2022 •
Published Online: 16 August 2022

G. Lehmanna) and K. H. Spatschek

AFFILIATIONS
Institut für Theoretische Physik I, Heinrich-Heine-Universität Düsseldorf, D-40225 Düsseldorf, Germany

Note: This paper is a part of the Special Topic Collection on Plasma Optics.
a)Author to whom correspondence should be addressed: goetz@tp1.uni-duesseldorf.de

ABSTRACT
Considered here is a plasma grating generated by two counterpropagating short laser pulses. Because of the shortness of the laser pulses, the
plasma dynamics are determined by only electrons, which respond to the ponderomotive pressure generated by the interacting laser fields.
An electron grating cannot exist for longer than the inverse ion plasma frequency, and so because of the limited time of the ponderomotive
pressure, both the life time and spatial extent of an electron grating are finite. When one of the short laser pulses is circularly polarized
(propagating in the x direction with electric field vectors in the yz plane) and the other is linearly y-polarized, the electron grating is produced
by the y components. Meanwhile, the z component is partially reflected, and only a fraction of it is transmitted. Thus, the finite plasma
grating can either alter the polarization of the yz-polarized pulse or act as a pulse splitter. The present paper is focused on the reflection and
transmission rates. The action of the density grating on the z component cannot be explained by the Bloch wave theory for infinite crystals,
and instead a theory is developed based on four-wave mixing, which explains the transmission and reflection of the z component when
interacting with a grating of finite extent.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0096386

I. INTRODUCTION

Because the damage threshold of a plasma is orders of
magnitude higher than that of solid-state optics, plasma compo-
nents are investigated intensively for manipulating laser light at
high intensities.1–3 In recent years, plasma mirrors,4,5 wave- and
q-plates,6,7 and plasma-based polarizers8–10 have shown enormous
potential as high-intensity photonic devices, and active considera-
tion is being given to plasma optical modulators,11 active plasma
lenses,12–15 plasma holograms,16–19 terahertz radiation sources,20

and plasma-based beam combiners for very high fluence and
energy.21 Also, plasma parametric amplification22–27 and the use of
plasma mirrors for focusing are now part of the newly developing
domain of plasma optics, which will eventually lead to high-intensity
lasers.28

Among the proposed optical components are plasma
gratings,29–31 also known as plasma photonic crystals (PPCs).32–35 A
PPC can be understood as a periodic modulation of the refractive
index, with a period close to the wavelength of light.36 The
formation of deep electron and ion density gratings by using two

counterpropagating and intersecting laser pulses began to be studied
in the early 2000s,29,37 and since then many details and applications
have been worked out.4,5,10,11,18,38–46 PPCs are now promising optical
devices that can withstand laser intensities above the solid-state
damage threshold, and many applications have been discussed.

To date, the main interest has been robust gratings that are
established relatively slowly and persist on time scales longer than
the inverse ion plasma frequency. However, for some problems in
basic physics (e.g., frequency up-conversion of lasers and photon
acceleration47–52), it may be desirable to have a rapidly created and
evolving plasma grating at one’s disposal, and the main aim herein is
to elucidate some features of such a rapid grating. Note that a rapid
electron grating appears in the initial phase of a ponderomotive ion
grating, but for the latter, the two generating counterpropagating
pump laser pulses persist for sufficiently long times that ions may
react. Instead, if one uses short pump pulses, then only the first
electron reaction appears, and it will persist for as long as the
pump pulses intersect each other. Therefore the following question
arises: how can one study, for example, the reflection and trans-
mission properties of such a volatile grating? The answer is related
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to nonlinear polarization transfer and control of two laser beams
overlapping in a uniform nonlinear medium.53

We investigate the short-pulse interaction scenario in which a
circularly polarized laser pulse interacts with a counterpropagating
y-polarized laser pulse. We treat the circularly polarized wave
as a superposition of two linearly polarized components that we
designate as z- and y-polarized, respectively, and the interaction of
the y components (parallel polarization) leads to standing density
changes in the plasma. Because of the shortness of the laser beams,
the plasma dynamics are dominated initially by only electrons as
they respond to the ponderomotive pressure, and an electron grating
can appear for a time of no more than the inverse ion plasma
frequency, with the wave with a z component propagating in the
grating. Note that a standing electron grating differs from the
moving train of potential wells of two slightly detuned laser pulses
that collide in a plasma and give rise to a short-duration burst of
coherent terahertz radiation.54

Because of the limited time of the ponderomotive pressure,
an electron grating is finite in both space and time. Therefore, its
properties cannot be explained by (infinite) Bloch wave analysis,
and instead we develop a theory based on four-wave mixing,31,55–57

which explains the transmission and reflection of the z-polarized
component when interacting with the grating. The present four-
wave-mixing theory differs from previous models because we do
not have parallel polarization of all four waves. This allows us to
simplify the otherwise complex scenario into two manageable parts,
i.e., (i) the generation of a grating by the y components and (ii) prop-
agation of the z component in a modulated plasma, and we compare
the predictions of the four-wave-mixing model with the results of
extensive particle-in-cell (PIC) simulations. An alternative to the
present modeling is analysis with a finite transfer-matrix calculation
for layered matter, and that method is outlined in the Appendix
(perhaps for later use when considering more details of grating
structures); however, we do not evaluate the transfer-matrix method
in all its specifics because the much simpler four-wave-mixing model
already gives convincing results.

The rest of this paper is organized as follows. In Sec. II,
we present the considered arrangement and PIC simulations. The
simulations are for counterpropagating and interacting short laser
pulses of the same frequency; by short, we mean that the duration
of a laser pulse is of the order of 40 fs in a plasma whose density is
5% of the critical density. We analyze the generated electron grating
itself and its transition and reflection properties for electromagnetic
waves. In Sec. III, we discuss the understanding provided by the PIC
simulations, and we develop a four-wave-mixing theory to interpret
the numerical results. We conclude in Sec. IV with a short summary
and outlook, and in the Appendix we discuss an alternative method
for analyzing finite PPCs.

II. PARTICLE-IN-CELL SIMULATION
OF A FINITE ELECTRON GRATING
A. General arrangement

An electron grating appears when two counterpropagating
laser pulses interact in a plasma, and the scenario is sketched in
Fig. 1. Figure 1(a) shows the initial state. In general, the laser
pulse propagating from the left can be either linearly or circularly

FIG. 1. (a) Initial situation in which two counterpropagating pulses approach a
plasma slab; the left one (in purple and green) is circularly polarized, while the
right one (in purple) is linearly polarized. (b) Transmission and reflection after the
initial pulses have traversed the plasma.

polarized, and in the latter case we decompose it into two linearly
polarized ones; the left beam propagates in the positive x direc-
tion and comprises a y-polarized component (in purple) and a
z-polarized component (in green). The second laser beam (prop-
agating from the right in the negative x direction) is always
y-polarized (in purple). The y components produce the plasma
grating, while the z component feels the density modulations.
Figure 1(b) shows a later stage at which the original (initial) pulses
have left the plasma, and we observe transmission and reflection; of
particular interest here is the behavior of the z component (in green).

The two laser beams shown in Fig. 1(a) should be short, by
which we mean that the duration of laser-pulse overlap is less than
the inverse ion plasma frequency. Below, we present some typical
numbers.

The vacuum laser frequency is ω0 ≈ 2.35 × 1015 s−1, leading to
a period of τ0 =

2π
ω0
≈ 2.6 fs. The wavelength is λ0 = 0.8 μm, and the
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wavenumber is k0 ≈ 8 × 104 cm−1. We measure the mean (electron)
plasma density in terms of the critical density nc, with the latter
being when the laser frequency equals the plasma frequency,
i.e., ω0 =

√
4πnce2/me. When n0 = 0.05nc, we obtain ωpe0 ≈ 0.528

× 1015 s−1 and ω−1
pe0 ≈ 1.9 fs. For a hydrogen plasma, the ion plasma

frequency is ωpi ≈ 1.23 × 1013 s−1 and ω−1
pi ≈ 80 fs. We assume a

typical pulse-duration FWHM (full width at half maximum of the
electric field) as being 40 fs. The y components of the two laser
beams may have equal intensities of order I0 = 5 × 1016 W/cm2,
leading to a normalized vector potential a0 = eA0/mec of the order
of a2

0 ≈ 2.3 × 10−2.
In Sec. II C, we present PIC simulations showing the growth

and lifetime of a pure electron grating.

B. Simulation technique and parameters
To simulate the interaction of the laser pulses in a one-

dimensional geometry, we use the EPOCH particle-in-cell (PIC)
code.58 The total length of the simulation box is 400 μm, and we
use 15 000 cells (i.e., 30 cells per λ0). In the center of the simula-
tion box sits a (pre-ionized) hydrogen plasma slab of 100 μm in
length with homogeneous density n0 = 0.05nc. To the left and right
of the plasma, there is 150 μm of vacuum. We simulate mobile elec-
trons and ions (Z = 1, mi = 1836me) and use 250 pseudoparticles per
species per occupied cell. We use the cold-plasma approximation,
but we also performed several runs with finite electron tempera-
ture, and when varying the latter (e.g., around 100 eV) we found
no significant changes.

From the left boundary of the simulation domain, we inject
a circularly polarized laser pulse with electric field components Ey
and Ez , and from the right boundary we inject a linearly polarized
laser pulse of equal duration but with only an Ey component. The Ey
components of the two pulses have equal intensity, and hereinafter
mention of pulse intensity refers to that of the Ey components. The

FIG. 2. Temporal evolutions of electron density ne (upper) and ion density ni (lower)
in center of plasma. The initial homogeneous plasma density is n0 = 0.05nc . At
830 fs, the laser pulses start interacting. Their duration is 40 fs (FWHM), and the
Ey components have equal intensity of 1017 W/cm2.

Ez component of the circularly polarized pulse has the same intensity
as that of the Ey component, otherwise the pulse would be elliptically
polarized; however, the intensity of the Ez component could be
less than that of the Ey component, and all subsequent conclusions
would still be valid. We define the pulse duration τ as the FWHM
of the electric field and use a Gaussian temporal pulse shape. The
pulses arrive at the center of the simulation box (and thus of the
plasma slab) at the same time.

C. Electron grating
Here, we present results for the density ripples produced by

interacting laser pulses, and a typical example is shown in Fig. 2. We

FIG. 3. (a) Spatial modulations of electron density (blue or light gray line) and ion
density (black line) at t = 850 fs. (b) Temporal evolutions of electron density (blue
or light gray line) and ion density (black line) at x = 0.5λ0. The main overlap of the
two laser pulses occurs between 830 and 870 fs, and the parameter values are
the same as those for Fig. 2.
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plot the temporal evolution of electron (upper figure) and ion (lower
figure) density contours vs x, with the spatial coordinate in units of
λ0 and time t in femtoseconds.

Between 830 and 870 fs, the y-polarized components of the two
40 fs FWHM laser pulses with equal intensity of 1017 W/cm2 overlap
and drive a strong electron density modulation. During that time
period, the ions are mostly quiet; their response sets in later and leads
to the typical behavior of an ion grating.

Figure 3(a) shows a snapshot of the electron grating at time
t = 850 fs for the same parameter values as those for Fig. 2. Clearly,
the grating has a finite extent of over ∼25 wavelengths λ0. The
distribution of the density spikes is inhomogeneous, reflecting the
pulse shapes of the driving laser pulses. Therefore, we cannot expect
exact agreement (in all details) with analytical models based on finite
but more-or-less rectangular density grating distributions. Note that
the grating distribution is almost independent of the polarization
of the left laser pulse if the y component in the circularly polar-
ized case has the same amplitude as that in the linearly polarized
case.

To demonstrate the different time scales on which electrons
and ions react to the overlapping laser pulses, in Fig. 3(b) we
show the electron and ion densities in the center of the grating
as functions of time; this is where we observe the largest electron
density modulation throughout the simulation. The electrons react
almost instantaneously to the laser fields once the two driving pulses
begin to overlap (t ≈ 810 fs), and the modulation of the electron
density then follows closely that of the local laser intensity. After
t ≈ 850 fs, the two pulses separate and the local electron density
relaxes to almost its initial value. Meanwhile, the ions (ω−1

pi ≈ 80 fs)
have been attracted to the electron density spike and have begun
their dynamics, which lead eventually to the formation of an
electron–ion plasma grating. This collective grating forms on a
time scale of O(ω−1

pi ) and has been studied previously; herein,

we focus on the electron grating that occurs on the time scale of
O(ω−1

pe ).

D. Concurrent interaction of electromagnetic pulses
Here, we focus on the behavior of the Ez component when the

left driving laser pulse is circularly polarized. Typical distributions
of electric fields Ey and Ez are shown in Fig. 4 before (a) and after (b)
interaction of the initial laser pulses.

Starting with the two pulses having equal amplitude before
interacting [case (a) in Fig. 4], we recognize that after interaction
[case (b) in Fig. 4] the field components Ey and Ez are being reflected
and transmitted, respectively. For the y component, it is difficult
to distinguish between reflection and transmission because we have
two counterpropagating Ez fields already at the beginning. However,
the two Ez pulses in the lower part of Fig. 4 can clearly be appor-
tioned to reflection and transmission, respectively. In the absence
of Ez , the two Ey pulses labeled with (b) (upper panel of Fig. 4)
would be symmetric, and their slight asymmetry for Ez ≠ 0 points
to (nonlinear) interaction effects that are not considered further
here.

In Sec. II E, we investigate how the transmission and reflection
rates depend on the plasma and laser parameters.

E. Transmission and reflection
Transmission and reflection of the Ez field depend mainly on

two parameters, i.e., (i) the FWHM pulse duration τ and (ii) the
intensity of the laser pulses that drive the electron grating. From
the simulations, we determine the fractions R and T of the inci-
dent pulse energy that is reflected and transmitted, respectively;
for R = 1, the Ez field would be completely reflected, and for T = 1
it would be completely transmitted. We obtain these fractions by
summing E2

z in the left and right vacuum regions before and after

FIG. 4. Electric fields Ey and Ez at times (a) t = 400 fs (blue and green lines) and (b) t = 1100 fs (red and black lines), i.e., before (a) and after (b) the interaction inside the
plasma (indicated by the central box). The arrows indicate the propagation direction of each pulse component, and the parameter values are the same as those for Fig. 2.
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the pulse interaction, respectively. Because the duration of the
transmitted and reflected components of Ez is almost identical to
that of the incoming pulses, R and T can also be interpreted as the
fractions of the power that are transmitted or reflected, respectively.
Figure 5(a) shows how R and T depend on the pulse duration τ for
three different values of the intensity I0 of the driving pulses. Note
that the grating length L is proportional to the pulse duration τ.

Two tendencies are evident. First, the transmission (resp.
reflection) decreases (resp. increases) with increasing pulse dura-
tion τ. Second, there is a crossover point τcrossover after which
reflection dominates transmission, and τcrossover decreases with
increasing intensity I0.

FIG. 5. (a) Transmission ratio T (black lines) and reflection ratio R (blue or light
gray lines) as functions of the FWHM pulse duration τ. (b) Ratio R/T as a function
of τ. The line styles in (a) and (b) correspond to the intensities 1017 W/cm2 (solid
lines), 5 × 1016 W/cm2 (dashed lines), and 2.5 × 1016 W/cm2 (dotted lines with
crosses).

III. FOUR-WAVE-MIXING MODEL
AND ITS PREDICTIONS

In this section, we discuss the interaction of the Ez pulse with an
electron grating by four-wave mixing. Note that the present situation
differs significantly from degenerate four-wave-mixing55 because
the latter occurs only for four parallel polarized waves.

A. Reflection and transmission
in four-wave-mixing model

In the present case, the four waves are polarized in the y and
z directions, and the four-wave scenario is shown schematically
in Fig. 6. Waves 2 and 4 constitute a circularly (or elliptically)
polarized laser pulse from the left, while wave 1 corresponds to
a linearly (y-)polarized laser pulse from the right. Note that the
analytical treatment is for waves and not pulses, given that the latter
would require numerical evaluation of some integrals; neverthe-
less, the following simplified theory reproduces the main scaling
behavior.

In the following, we distinguish between the y-polarized pulses
1 and 2 (also called pump waves) and the z-polarized pulse 4
that because of transmission and reflection also generates the
wave-3 pulse. Via their ponderomotive forces, the two y-polarized
pump waves 1 and 2 generate a density grating, and depending
on the amplitudes, we are in either the collective or trapping
regime.5,10,22,32,44,59,60 The initial (relative) electron density perturba-
tion δne =

Δne
n0

obeys the equation

δn̈e + ω2
peδne = ω2

b cos(Ψ) (1)

with

ω2
pe =

4πn0e2

me
, ω2

b = 2∣a1a2∣ω2
0, Ψ = 2k0x, (2)

FIG. 6. Visualization of four-wave-mixing scenario discussed herein. Waves 1 and
2 produce the grating, while wave 4 propagates therein, becoming partially trans-
mitted and partially reflected (the latter being wave 3). Shown here is a general
four-wave-mixing scenario, including wave 3 in the region L ≤ x <∞ originating
from +∞; however, in the present application, the amplitude A3(L) of wave 3 at
the right plasma boundary is zero.
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where k0 is the common wavenumber of waves 1 and 2 with
common frequency ω0. The vector potential A⃗ is normalized as
a⃗ = eA⃗

mec . Damping could be included but is neglected here for clarity.
The general solution of Eq. (1) is

δne(t) = δne0 cos(ωpet) + δṅe0
1

ωpe
sin(ωpet)

+∫

t

0
dt′

sin(ωpe[t − t′])
ωpe

ω2
b cos(Ψ), (3)

and for constant ω2
b we have the special inhomogeneous solution

δne(t) =
ω2

b
ω2

pe
cos(Ψ)(1 − cos[ωpet]), (4)

which will be used. As mentioned above, generalizations are
straightforward. Equation (4) has two contributions: one is constant
in time and is referred to as a stationary grating, and the other oscil-
lates with frequency ωpe. One might suppose that the latter would
stimulate direct Raman scattering, but that is impossible because
of the missing resonance in space due to the spatial mismatch
originating from wavenumber 2k0.

For the following discussion, it is helpful to use

cos Ψ ≡
e2ik0x

+ e−2ik0x

2
(5)

and

cos(ωpet) ≡
eiωpet

+ e−iωpet

2
(6)

when using the wave equation for waves 3 and 4, i.e.,

(c2
∇

2
−

∂2

∂t2 − ω2
pe)E⃗ = ω2

peδneE⃗. (7)

Inserting only the stationary part of Eq. (4), i.e.,

δne(t) =
ω2

b
2ω2

pe
(e2ik0x

+ e−2ik0x
), (8)

into Eq. (7) and collecting terms with equal phases, for the ampli-
tudes A3 and A4 of the z-polarized pulses under the approximation
of a slowly varying envelope, we obtain

2ik0c2 dA4

dx
=

ω2
b

2
A3, (9)

− 2ik0c2 dA3

dx
=

ω2
b

2
A4. (10)

The four-wave-mixing model contains the laser amplitudes via the
trapping frequency ωb, so in principle the starting equations are
nonlinear. However, we linearize the model by assuming constant

intensity (i.e., constant ωb) of the lasers generating the electron
grating. The laser intensities appear in the coefficient

κ =
ω2

b
4k0c2 (11)

when we write the general solutions as

A3(x) = αeκx
+ βe−κx, A4(x) = α̃eκx

+ β̃e−κx. (12)

We start with A3(x) and assume interaction in the plasma
between zero and L, in which case we have

A3(0) = α + β, A3(L) = αeκL
+ βe−κL, (13)

which lead to

α =
1

e−κL − eκL [e
−κLA3(0) − A3(L)], (14)

β =
1

e−κL − eκL [−eκLA3(0) + A3(L)]. (15)

A similar calculation can be done for α̃ and β̃ upon changing the
subscript from 3 to 4.

Next, we make the natural assumption A3(L) = 0 and obtain

α =
e−κL

e−κL − eκL A3(0), β = −
eκL

e−κL − eκL A3(0). (16)

Considering

iκA4 =
dA3

dx
= καeκx

− κβe−κx, (17)

we solve for A4(x), leading to A4(0) and A4(L) in terms of A3(0),
i.e.,

A4(0) = −i
e−κL
+ eκL

e−κL − eκL A3(0), (18)

A4(L) = −i
2

e−κL − eκL A3(0), (19)

from which follow immediately

A3(0) = i
e−κL
− eκL

e−κL + eκL A4(0), (20)

A4(L) =
2

e−κL + eκL A4(0). (21)

Thus, we have expressed the reflected amplitude A3(0) and
the transmitted amplitude A4(L) in terms of the incident amplitude
A4(0). Note that
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∣A3(0)∣ ≤ ∣A4(0)∣ and ∣A4(L)∣ ≤ ∣A4(0)∣. (22)

The relative strength of reflection and transmission is shown in
Fig. 7(a). Unlike in the case of parallel polarization of all four
waves,55 the present device does not act as a reflection amplifier.

FIG. 7. (a) Plots of reflection coefficient R = ∣ e−x
−ex

e−x+ex ∣
2 (blue) and transmission

coefficient T = ∣ 2
e−x+ex ∣

2 (red) as functions of κL. (b) Ratio R/T of reflection
over transmission as a function of κL.

We recognize clearly the dependence on the length L of the
system. Previous plasma-grating calculations were for infinite
extent, but of course finite systems can be considered by a matrix
approach without using Bloch’s theorem, and such a calculation is
presented in the Appendix.

An electron grating of infinite extent would lead to a band gap
for waves with the same frequency ω as that of the pump waves (with
frequency ω0), and this agrees with the behavior shown in Fig. 7(b)
for κL→∞. The power reflectivity R and the power transmission
T are defined as

R = ∣A3(0)∣2

∣A4(0)∣2
and T = ∣A3(L)∣2

∣A4(0)∣2
(23)

and are readily identified with R and T, respectively, as obtained
from the simulation results in Fig. 5. Note that R +T = 1 holds.

The factor i in A3(0) points to a phase change of the backward-
propagating Ez wave. However, because we consider only a one-
dimensional configuration, we cannot draw conclusions about phase
conjugation.

B. Parameter κL
Although simplified considerably, the present model should

explain the scaling behavior seen in the numerical results. Specifi-
cally, the pump-amplitude dependence and the finite-length effects
are contained in the dependencies on the parameter κL.

First, for fixed intensity I0 (i.e., fixed κ), the theory predicts that
R/T increases with L [Fig. 7(b)], and this is exactly what the simula-
tions showed [Fig. 5(b)]. Second, the theory predicts that for smaller
intensity I0 (i.e., smaller κ) we obtain a crossover from transmission-
dominated to reflection-dominated conditions at larger L [Fig. 7(a)],
and because L corresponds directly to τ, this again explains the
simulation results in Fig. 5.

Most of the present PIC simulations were performed
for κL ∼ O(1). For example, for pulses with power intensity
I0 = 5 × 1016 W/cm−2, we have a2

0 ≈ 2.3 × 10−2 and ωb ≈ 0.21ω0,
which we evaluate for ω0 ≈ 2.4 × 1015 s−1. For laser pulses of 40 fs
in duration, we estimate L from L

c ≈ 40 fs and obtain κL ≈ 1.1. For
such a value, according to Fig. 7, reflection of Ez will be of the same
order, which agrees remarkably well with the PIC simulations.

IV. SUMMARY AND DISCUSSION
Herein, we studied a dynamic electron grating driven by coun-

terpropagating lasers. The fast electron response also occurs during
the initial development of an ion grating, but in the case of short
pump pulses it is the only significant plasma reaction. The lifetime
of a pure electron grating is short (depending on the pump-pulse
duration and the inverse ion plasma frequency), and the struc-
ture develops rapidly and may be of interest for studying frequency
conversion. Also, a pure electron grating is of finite extent, and
so infinite-length theories based on Bloch wave solutions are inap-
propriate for investigating the optical properties of an electron
grating.

The specific scenario studied herein—i.e., the z component of
a circularly polarized pulse experiencing an electron grating driven
by the y components of that pulse and a second linearly polarized
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pulse—can be interpreted as either an ultra-fast pulse splitter
(in reflection and transmission) or a mechanism for altering the
polarization state of the circularly polarized laser pulse.

To investigate interaction with other waves, it is important
to take due note of the finite lifetime. We overcame this difficulty
by preparing a specific initial configuration: one of the pump
laser pulses was linearly (y-)polarized, while the other had circular
polarization, and we decomposed the latter into the y and z direc-
tions. The interaction of the y components led to the development
of a steady electron grating, and the z component felt the density
ripples and was partially reflected and partially transmitted. The
ratio of reflection to transmission depended on several parameters,
and we considered in detail the sensitivity to the pulse strength and
duration. One-dimensional PIC simulations supplied data over a
broad range, and the theoretical interpretation via four-wave mixing
showed the dependence on κL that correctly described the numerical
findings.

In some respects, the present modeling perhaps oversimplifies
what is actually a complex situation. Another scheme that could
be used to analyze the present configuration is outlined in the
Appendix. The finite transfer-matrix method may be applied and
generalized to handle different aspects such as inhomogeneity and
random variations in the height and strength of the unit cells, but we
leave that for future considerations (also for other types of gratings).
Currently, the four-wave-mixing theory is sufficient for a rough
classification of the main phenomena.

In the present work, we studied the possibility of using electron
gratings as pulse splitters, but the range of possible applications
seems much wider, and it seems reasonable to expect that many
of the previously investigated applications of ion gratings (e.g.,
wave plates, polarizers, holograms) could also be realized with fast
electron gratings. Further work is in progress, especially on the tran-
sition from a short electron grating to a wider (more extended) ion
grating. In asymmetric situations (i.e., when gratings are produced
by pulses of different lengths), density modulations and wake fields
may act as seeds for effective Raman scattering. Returning to the
present configuration, we reason that frequency up-conversion in a
rapidly developing electron grating requires further attention, with
the potential to give new insights into basic phenomena.
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APPENDIX: REFLECTION AND TRANSMISSION
BY TRANSFER-MATRIX METHOD

To investigate the properties of a finite electron grating, one
may also use the transfer-matrix method for periodic structures.61

In that description, one starts from simple variations of the dielec-
tric constant, as done in Refs. 10 and 52 for example. However,
unlike for an ion grating, for an electron grating we cannot apply the
Bloch wave solution of the Maxwell equations62 because an electron
grating is finite in extent.

Here, we split the whole grating (within the block named
“plasma” in Fig. 6) into N unit cells of length Λ = a + b, where we
have refractive index n1 over distance a and refractive index n2 over
distance b. The transverse electric field component Ez ≡ E (note that
for simplicity, we omit the index z in this Appendix) is a function of
x, and we write it as

E(x) = cme−ik2x(x−mΛ+a)
+ dme+ik2x(x−mΛ+a) (A1)

for (m − 1)Λ < x < mΛ − a, where m = 1, 2, . . . , N. Similarly, we
write

E(x) = ame−ik2x(x−mΛ)
+ dme+ik2x(x−mΛ) (A2)

for mΛ − a < x < mΛ. Following Yeh,61 we obtain

⎛
⎜
⎝

am

bm

⎞
⎟
⎠
=
⎛
⎜
⎝

D −B

−C A

⎞
⎟
⎠

m
⎛
⎜
⎝

a0

b0

⎞
⎟
⎠
≡ Tm

⎛
⎜
⎝

a0

b0

⎞
⎟
⎠

, (A3)

where for TE waves we have

A = eik1a
[cos(k2b) +

i
2
(

k2

k1
+

k1

k2
) sin(k2b)], (A4)

B = e−ik1a i
2
(

k2

k1
−

k1

k2
) sin(k2b), (A5)

C = −eik1a i
2
(

k2

k1
−

k1

k2
) sin(k2b), (A6)

D = e−ik1a
[cos(k2b) −

i
2
(

k2

k1
+

k1

k2
) sin(k2b)]. (A7)
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We abbreviate as Tm
≡ Tm. The wavenumbers k1,2 are in the x direc-

tion with magnitudes k1,2 = n1,2
ω0
c . The refractive indices n1 and

n2 follow from the particle densities na and nb in regions a and b,
respectively. Denoting the plasma frequencies in regions a and b by
ωpea and ωpeb, respectively, we have

n1,2 =

¿
Á
ÁÀ1 −

ω2
pea,b

ω2 . (A8)

The coefficients A, B, C, and D satisfy

AD − BC = 1 or (A −D)2
+ 4 B C = (A +D)2

− 4. (A9)

It is straightforward to show that the transfer matrix

TN ≡
⎛
⎜
⎝

T11 T12

T21 T22

⎞
⎟
⎠

(A10)

is related to the scattering matrix (S-matrix) via

S ≡
⎛
⎜
⎝

r t̄

t r̄

⎞
⎟
⎠
=

⎛
⎜
⎜
⎝

−
T12

T11

1
T11

1
T11

T21

T11

⎞
⎟
⎟
⎠

. (A11)

The reflection rate R = ∣r∣2, the transmission rate T = ∣t∣2, and the
reflection-to-transmission ratio ρ = R

T follow from

R = ∣T12

T11
∣

2
, T = ∣ 1

T11
∣
2
, ρ = ∣T12∣

2. (A12)

We determine the entries Tμν (μ, ν = 1, 2) by diagonalizing T, i.e.,

T−1
diag T Tdiag =

⎛
⎜
⎝

λ+ 0

0 λ−

⎞
⎟
⎠

for T =
⎛
⎜
⎝

D −B

−C A

⎞
⎟
⎠

, (A13)

where the eigenvalues of T are

λ± =
1
2
(A +D) ±

1
2

√
(A +D)2 − 4. (A14)

We introduce the abbreviation

W ≡
√
(A +D)2 − 4 (A15)

and find Tdiag from the eigenvectors, i.e.,

Tdiag =
⎛
⎜
⎝

2B
−A +D −W

2B
−A +D +W

1 1

⎞
⎟
⎠

. (A16)

The inverse is

T−1
diag =

1
W

⎛
⎜
⎜
⎜
⎝

−C
1
2
(A −D +W)

C
1
2
(−A +D +W)
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⎟
⎟
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⎠

. (A17)

The diagonalization process leads to

⎛
⎜
⎝

T11 T12

T21 T22

⎞
⎟
⎠
= Tdiag

⎛
⎜
⎝

λN
+ 0

0 λN
−

⎞
⎟
⎠

T−1
diag, (A18)

from which transmission and reflection can be determined in the
case of N unit cells.

To determine the transmission rate, we require the element T11,
and we find

T11 =
AD − 1

W
[

A +D +W
A −D +W

λN−1
+ −

A +D −W
A −D −W

λN−1
− ]↝ T = 1

∣T11∣2
.

(A19)

From the definition (A14), we recognize that A +D plays the leading
role. For

∣A +D∣ ≥ 2 ↝ Ttransition → 0 for N →∞, (A20)

because either ∣λ+∣ or ∣λ−∣ will be greater than 1.
The element T12 determines the ratio of reflection to transmis-

sion, i.e.,

T12 =
B
W
(λN
− − λN

+) ↝ ρ ≡
R
T
= ∣T12∣

2. (A21)

On one hand, for

∣A +D∣ ≥ 2 ↝ ρ→∞ for N →∞. (A22)

On the other hand, for

∣A +D∣ < 2 ↝ ∣λ±∣ = 1 ↝ ρ = 0. (A23)

Wave propagation with corresponding wavenumber k and fre-
quency ω will be possible.

The numerical evaluation requires specification of n0/nc, n1, n2,
a, b, ω, and N. Figure 8 shows an evaluation of ρ ≡ R

T = ∣T12∣
2 as a

function of the number N of unit cells. The parameter values are
n0
nc
= 0.05, a

Λ =
b
Λ = 0.5, na

n0
= 1.8 and nb

n0
= 0.2, and the frequency

is ω = ω0. Bloch wave calculations for an infinite system (corres-
ponding to N →∞) would show a band gap for this frequency (cor-
responding to ∣T12∣

2
→∞), and indeed we see that this behavior

is realized for N →∞. However, substantial transmission becomes
possible for smaller N, and so we understand the partial trans-
parency of the finite electron grating for the Ez component of the
incident pulse.
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FIG. 8. Plot of ρ ≡R/T = ∣T12∣
2 vs N for n0 = 0.05nc , a = b = 0.5Λ, na = 1.8n0,

and nb = 0.2n0. The frequency is ω = ω0. Subfigure (a) shows that for N →∞,
the bangap of an infinite configuration is obtained. Subfigure (b) is a magnified part
of subfigure (a) for better comparison with the numerical results.

However, a grating produced by short pump pulses will show
spatial inhomogeneity, so the strict assumption of periodicity is not
satisfied. In future work, we will account for the spatial inhomo-
geneity and randomness of gratings, in which case the present finite
transfer-matrix method may be the method of choice.

The Bloch wave case (infinite grating) occurs for N →∞, and
in the case of strict periodicity we find

e±iKΛ
=̂λ±, (A24)

where K is the Bloch wavenumber. The band structure and
condition for transmission follow from55

K =
1
Λ

arccos[
1
2
(A +D)]. (A25)

Note here the correspondence to the previous discussion of the mag-
nitude of A +D. The infinite situation with N →∞ predicts band
gaps, whereas a theory for finite N results in a finite ratio ρ, and for
∣A +D∣ < 2 we find propagating modes.
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