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ABSTRACT

Magnetic diffusion plays an important role in inertial confinement fusion with strong magnetic fields. In this paper, we improve a previous
analysis of the generation and diffusion of the magnetic field [Morita et al., Phys. Plasmas 25, 094505 (2018)]. For the generation process, we
calculate the temporal evolution of the coil current using a self-consistent circuitmodel. The results show that the peak of the calculatedmagnetic
field is delayed by 1.2 ns compared with that of the incident laser pulse. For the diffusion process, we evaluate the electrical conductivity of warm
dense gold over awide temperature range (300K–100 eV) by combining theKubo–Greenwood formula based on a quantummolecular dynamics
simulation with the modified Spitzer model. Our simulation shows that the maximummagnetic field (530 T) that penetrates the cone is delayed
by 2.5 ns compared with the laser peak. This result is consistent with experiments [Sakata et al., Nat. Commun. 9, 3937 (2018)] that showed that
applying a strong magnetic field improved the heating efficiency of fusion fuel.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0053621

I. INTRODUCTION

Magnetic fields play an important role in astrophysical plasmas1,2

and laser nuclear fusion.3 The generation of a strong magnetic field for
magnetized plasma physics has been extensively studied.4–6

Multiple experiments suggest that strong magnetic fields of over
100 T can be produced in laser-driven coils using high-power lasers.7

Magnetized plasma phenomena within such strong magnetic fields
have been investigated using such laser-driven coils.8–10

Relativistic electrons generated by a short-pulse laser spread
out at a larger angle as the laser intensity increases.11,12 This
spreading is a problem for fast-ignition inertial confinement fusion
studies with energetic electrons. A large spread angle of a relativistic
electron beam (REB) reduces the heating efficiency from the in-
cident laser to the fuel core. The use of a strong magnetic field may
solve this problem.13,14 External and self-generated magnetic fields
can be applied in fast-ignition fusion studies. This scheme is known
as magnetized fast ignition (MFI). A proof-of-principle experiment

of the MFI scheme was conducted at the GEKKO-XII and LFEX
facilities (both atOsakaUniversity’s Institute for Laser Engineering)
using a laser-driven coil, with efficient core heating being
achieved.15,16

However, there was no direct confirmation in these experiments
that the magnetic field inside the cone was sufficiently strong to guide
the REB to the fuel core. In the fast ignition scheme, a gold guiding
cone is usually attached to the fusion fuel target to exclude ablation
plasma from the path of the heating laser pulse to the fuel.17,18 The
duration of the applied magnetic field should be sufficiently longer
than the diffusion time of themagnetic field into the guiding cone, i.e.,
the magnetic field should soak far enough into conductive materials
such as the guiding cone within the duration. The timescale of this
magnetic diffusionmust be determined to guarantee REB guidance by
the applied magnetic field.

Magnetic fields of over 100 T tend to have shorter durations as
their strength increases. An intense magnetic pulse causes induction
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heating inside materials and greatly changes their electrical and
thermal conduction properties. Under the assumption that a 1-ns
Gaussian magnetic pulse of 600 T soaks into 10-μm-thick gold, the
temperature increase is∼20.7 eV (2.403 104 K) (see the Appendix for
details). A state with solid density and a temperature of several
electron volts is referred to as warm dense matter (WDM). Theo-
retical modeling of such a state is limited, and experimental data are
lacking in the WDM regime. The diffusion time of a magnetic field is
proportional to the electrical conductivity of the material. We must
therefore take into account the temperature dependence of electrical
conductivity in awide range (0.01–100 eV), including theWDMstate,
to evaluate the magnetic diffusion time.

Magnetic diffusion dynamics have been investigated numeri-
cally, with account taken of the dependence of electrical conductivity
on induction heating and temperature.19 However, in a previous
analysis ofmagnetic diffusion, the electrical conductivity in theWDM
state was modeled by the modified Spitzer model, which is not ad-
equate in the temperature range of 0.1–10 eV at high density.20

Further, the current in the laser-driven coil was assumed to be a
Gaussian pulse whose full width at half maximum (FWHM) was 1 ns,
independent of the incident drive laser. In this paper, we improve this
previous analysis ofmagnetic field generation andmagnetic diffusion.
For the generation process, we calculate the temporal evolution of the
coil current using the self-consistent circuit model.21 For the diffusion
process, to accurately estimate the magnetic diffusion through the
warm dense gold cone, we calculate the electrical conductivity of
warm dense gold in the temperature range of 0.2–7 eV using the
Kubo–Greenwood formula based on a quantummolecular dynamics
(MD) simulation, which is combined with density functional theory.

II. TEMPORAL EVOLUTION OF COIL CURRENT

A laser-driven coil, which can provide a strong magnetic field,
consists of twoplates connectedwith awire. Laser irradiation of one of
the plates generates high-temperature electrons. These electrons flow
into the other plate, creating a voltage between the two plates. This
voltage drives a large current in the coil region, generating a strong
magnetic field.

The coil current in a laser-driven coil is usuallymodeled with the
following circuit equations:22–24

C
dV
dt

(t) � Id(t)− I(t), (1)

V(t) � L
dI
dt

(t) + I(t)R(t), (2)

where C and L are the capacitance and inductance of the laser-driven
coil. The term Id represents a source current driven by laser
irradiation.

The proposed self-consistent circuit model21 allows a conven-
tional circuitmodel to include current diffusion and Joule heating. An
outline of this model is as follows. The temporal evolution of the coil
resistance R(t) is first calculated using a numerical simulation that
considers the current density diffusion and Joule heating under the
imposed voltage. Then, the circuit equations are solved based on the
obtained coil resistance tomodel the coil current I(t) and voltageV(t).
The obtained voltageV(t) is applied to the numerical simulation in the
next iteration step to solve for the new R(t). The above process is

iterated until I(t) converges sufficiently between iterations. A self-
consistent coil current that includes current diffusion and Joule
heating is thus obtained.

The source current Id is expressed as

Id(t) � eh
ILπr2L
2kBThot

1 + eV(t)
kBThot

[ ]e−eV(t)/kBThot , (3)

where h is the conversion rate from the laser intensity to the hot-
electron flux and rL is the laser focal radius.

22 A square pulse is often
used for the incident laser of the laser-driven coil, and thus the laser
intensity IL and hot-electron temperatureThot can be considered to be
constant during the laser pulse. In theGEKKO-XII facility, aGaussian
pulse is used for the incident laser, and thus IL and Thot are time-
dependent parameters. This time dependence should be considered in
the circuit model.

We now give detailed descriptions of the calculation of the coil
current I(t) and voltage V(t) using the self-consistent circuit model
given by Eqs. (1)–(3). Based on a previous magnetic field measure-
ment conducted at the GEKKO-XII facility with a Gaussian laser
pulse,25 we set the total energy, pulse duration (FWHM), focal spot
size (diameter), and wavelength of the incident laser to 540 J, 1.3 ns,
50 μm, and 1053 nm, respectively. The peak intensity of the Gaussian
pulse was obtained using the relation 0.94ISquare � IGauss to make the
total energy of the two types of laser pulse the same; the value of IGauss
was calculated to be 1.99 3 1016 W/cm2. The hot-electron temper-
ature generated by laser irradiation was evaluated based on the laser
intensity scaling using the following relation:

Thot � 5.7 ILλ
2
L[(31015 W/cm2) μm2]( )0.55[keV]. (4)

This intensity scaling can be obtained from experimental results,26–30

as shown in Fig. 1. In Refs. 24 and 26, an appropriate intensity scaling
that depended on laser intensity was used; by contrast, our analysis
uses wide-range intensity scaling. To model the effects of pulse shape
on the hot-electron temperature, we assume that the hot-electron
temperature at some arbitrary timedepends only on the laser intensity
at that time, i.e., Thot(t) � Thot IL(t)( ). This assumption is valid for a

FIG. 1. Laser intensity scaling of hot-electron temperature.26–30 Squares (■) and
triangles (▲) represent laser wavelengths of 1053 nm and 10.6 μm, respectively.
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pulse longer than 100 ps, based on the experimental results shown in
Fig. 1.

The self-consistent circuit model requires a numerical simula-
tion to obtain the R(t) in Eq. (2). Thus, we ran a two-dimensional
cylindrical simulation to calculate R(t), taking account of current
diffusion and Joule heating.

Figure 2 shows the calculation geometry. The ring-shaped coil
wasmodeledwith a coil radius of 250 μmand awire diameter of 50μm
in the calculation region. The voltage generated by the laser irradi-
ation drives a current in the coil. To implement this voltage, we set up
an azimuthal electric field parallel to the current direction. The
generated voltage becomes an almost-Gaussian pulse when the in-
cident laser uses a Gaussian pulse. Therefore, we imposed a Gaussian
electric field in the first iteration of the numerical simulation. The
imposed electric field is defined asEϕ,back(r, z, t)�E0(t)r/a, whereE0(t)
forms theGaussian function and a represents the coil radius. The total
electric field is expressed as E � Eback + Eind, where Eind is the electric
field that results from the time-changing magnetic field. The back-
ground electric field generates a background magnetic field such that
Bz,back(t) � −∫t

0
dt′ =3 Eback(t′)( )z � −∫t

0
dt′ 2E0(t′)/a. When the

imposed electric field E0(t) is given by a Gaussian function, the in-
tegral in Bz,back(t) can be calculated with the Gaussian error function
as follows:

∫t

0
dt′ e−(αt′)

2 � 1
α
∫αt

0
dt′ e−t′

2

�



π

√
2α

erf(αt). (5)

The total magnetic field is expressed as B � Bback + Bind. Our focus is
on the magnetic field generated by the current in the coil, Bind, and
therefore we subtracted the backgroundmagnetic field Bback from the
calculated magnetic field B.

In this transient simulation, the electric andmagnetic fields were
calculated numerically from the following Maxwell’s equations:

zEind

zt
� 1
με

=3Bind −
σ

ε
(Eback + Eind)− zEback

zt
, (6)

zBind

zt
� −=3 (Eind + Eback)− zBback

zt
� −=3Eind, (7)

where μ, ε, and σ are the permeability, permittivity, and electrical
conductivity, respectively. The finite-difference time-domain
method31 was applied to solve these equations in cylindrical

coordinates. The azimuthal electric field Eϕ was calculated using the
following difference equation:

En
ϕ,ind(i, j) � e−(σ/ε)Δt[En−1

ϕ,back(i, j) + En−1
ϕ,ind(i, j)]

+ 1− e−(σ/ε)Δt

σ

zHr, ind

zz
(i, j)− zHz, ind

zr
(i, j)[ ]n− 1

2

.

(8)

The radial and axial magnetic fieldsHr andHz, respectively, were
calculated as

H
n+1

2
r,ind(i, j) � H

n− 1
2

r,ind(i, j) +
Δt
μ

zEn
ϕ,ind

zz
(i, j)[ ]n

, (9)

H
n+1

2
z,ind(i, j) � H

n− 1
2

z,ind(i, j)−
1
r

Δt
μ

z

zr
[rEn

ϕ,ind(i, j)]. (10)

Simulations were run from 0.0 to 10.0 ns. The computational
boundary and mesh size were set to 1000 3 2000 μm2 and 2 μm,
respectively. The time step was 6.67 fs with Courant’s restriction.

The coil was modeled in a two-dimensional simulation with
cylindrical coordinates, and thus the resistance obtainedwas that for a
ring-shaped coil. The actual coil was modeled in a static calculation.32

The ratio of the two- and three-dimensional coil resistances, R3D/R2D,
was calculated to be 1.38. We used this scaling factor to convert the
two-dimensional resistance and voltage to three-dimensional values
in the iteration process. The simulation showed that the temporal
evolution of the coil inductance is negligible, and thus we set the coil
inductance to be 1.37 nH for the actual shape.32

Joule heatingwas implemented as cV ρzT/zt� σ(T)|Eϕ+Eϕ,back|2,
where cV and ρ are the isochoric specific heat and density, respectively.
Thermal diffusion is too small to matter on the experimental time-
scale and was therefore ignored in this simulation. The laser-driven
coil often used in the GEKKO-XII and LULI (at École Polytechnique)
facilities is made of nickel. The specific heat andmass density were set
to 440 J/(kg K) and 7.81 g/cm3, respectively. We calculated the
electrical conductivity of nickel at temperatures above 0.3 eV with the
Lee–More–Desjarlais model.33,34 The application of this model in-
stead of the quantum approach described later is reliable because
nickel has a lower atomic number and density than those of gold. At
temperatures below 0.3 eV, we used experimental data.35

Figure 3(a) shows the temporal evolution of the coil current and
voltage, with the temperature dependence of the nickel conductivity
taken into account. As the voltage increases, the coil current slowly
increases, reaching its maximum at 4.2 ns. Because of the coil in-
ductance, the coil current is delayed by 1.4 ns with respect to the
voltage. Unlike the voltage evolution, the coil current differs from a
Gaussian pulse, because the coil resistance changes dramatically until
4.2 ns. After the peak at 4.2 ns, the current starts to decay with L/R(t),
which is longer than the turn-off time of the voltage.

Figure 3(b) shows the temporal evolution of the coil resistance
taking account of current diffusion and Joule heating. The coil re-
sistance initially decreases owing to current diffusion (up to 800 ps).
After 800 ps, the surface of the coil starts to heat up dramatically, and
the total resistance increases (the conductivity decreases), reaching a
maximum value of 3.1 Ω at 1.9 ns. This indicates that the coil

FIG. 2. Calculation geometry and initial condition of the cylindrical simulation. The
ring-shaped coil (nickel) was modeled with a coil radius of 250 μm and a wire
diameter of 50 μm. The background field, Eϕ,back, was initially imposed.
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temperature increases up to ∼4 eV until this time. Note that because
the coil cross-section is small (the coil diameter is 50 μm), the current
density diffuses over almost the entire cross-section in 2 ns. The
conductivity of nickel increases above 4 eV, and thus the coil re-
sistance decreases over time. The small temporal fluctuation of the
coil resistance does not significantly affect the temporal evolution of
the coil current.

III. ELECTRICAL CONDUCTIVITY OF WARM
DENSE GOLD

The electrical conductivity of gold was calculated in the range of
300 K–100 eV. Figure 4 shows the electrical conductivity of warm
dense gold at a density of 19.3 g/cm3 vs temperature. For T < 0.27 eV,
experimental data were used. For 0.27 eV < T < 7 eV, the conductivity
was calculated using the Kubo–Greenwood formula based on a
quantum MD simulation. For T > 7 eV, the conductivity was

calculated using the modified Spitzer formula. The details are de-
scribed below.

For the temperature range 0.27 eV < T < 7 eV, we estimated the
electrical conductivity of warm dense gold with a quantum MD
simulation in conjunction with the Kubo–Greenwood formula. The
quantum MD simulation was performed to calculate the temporal
evolution of ionic configurations using the Vienna Ab initio Simu-
lation Package (VASP)36 based on the Nosé–Hoover thermostat.37

The electron orbitals and the eigenenergies for the transport
properties were calculated using plane-wave Kohn–Sham density
functional theory with the ABINIT code.38 The quantum MD cal-
culations were performed in the period 2–4 ps with a time step of 2 fs.
Thirty-two atoms were treated in a supercell. For each atom, 11
electrons (5d106s1) under the projected augmented wave pseudo-
potential39 were taken into account in the calculation. The cutoff
energy was set to 600 eV. The single special point representing
multiple k-points was used forMD steps to reduce the computational
cost. The special point concept was proposed to reduce the k-points
sampling based on crystal symmetry.40,41 This method is also em-
pirically applicable to types of liquid-like structure such asWDM.The
generalized gradient approximation using the Perdew–Burke–
Ernzerhof functional was used as the exchange-correlation poten-
tial.42 In the ground state calculation, 23 k-points were sampled in the
Brillouin zone with the Monkhorst–Pack scheme.40,41

The electrical conductivity at a given frequency ω can be cal-
culated using the Kubo–Greenwood formula

σ(ω) � 2πe2Z2

3m2
eΩω

�
n,m,k

[f(ϵkm)−f(ϵkn)]

3 〈ψk
n|∇|ψk

m〉
∣∣∣∣ ∣∣∣∣2δ(ϵkn − ϵkm − Zω). (11)

Hereme, Z, and Ω are the electron mass, Dirac constant, and volume
of a supercell, respectively. f(ϵkn) is the Fermi distribution function
and describes the occupation of the n-th band corresponding to the
energy ϵkn and the wave function ψk

n at the k-point k.
To obtain theDC electrical conductivity, we extrapolated theDC

limit with the Drude conductivity curve, which represents the free-
electron contribution

FIG. 3. Temporal evolution of (a) self-consistent voltage and current and (b) coil resistance. The coil current increases slowly, reaching a maximum at 4.2 ns. The coil resistance
changes dramatically until 4.2 ns.

FIG. 4. Temperature dependence of the electrical conductivity of solid dense gold.
For T < 0.27 eV, experimental data were used. For 0.27 eV < T < 7 eV, the
conductivity was calculated using the Kubo–Greenwood formula based on a
quantum MD simulation. For T > 7 eV, the conductivity was calculated with the
modified Spitzer formula.
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σ(ω) � σ0
1 + ω2τ2

, (12)

where σ0 and τ are theDC conductivity and collisional relaxation time
of free electrons, respectively. In this calculation, the delta function in
Eq. (11) is replaced with the following Gaussian:

1


π

√ Δe
−(x/Δ)2 . (13)

The parameter Δ was set to 1.36 eV (0.05 hartree). The values were
averaged for five snapshots of an MD trajectory to reduce statistical
error.

We confirmed that the DC limit of the optical properties
converges numerically with 33 and 43 k-points sampling. The nu-
merical fluctuation of the optical conductivity at low frequency can be
reduced by using a large number of k-points. The statistical error with
23 k-points sampling was reduced by taking the average of five
snapshots. We also confirmed that the DC limit of the optical
properties numerically converges with 54 and 108 atoms. The con-
vergence of the DC limit sometimes requires a vast number of atoms
(e.g., 1000) to increase the size of the supercell at a given density.43We
used only 32 atoms in the calculation because computations with such
large numbers of atoms are impractical for a high-Zmaterial such as
gold. The DC conductivity obtained with 32 atoms is similar to that
obtained with 54 atoms. Our results also agree with the conductivity
obtained with 108 atoms.44

The projected augmented wave method, which assumes cold core
electrons for a single atom, does not provide exact results at high
temperatures. We thus evaluated the electrical conductivity using the
quantumMD simulation for warm dense conditions below 7 eV system
temperature. For temperatures above 7 eV, the electrical conductivitywas
calculated using the modified Spitzer–Härm formula20 given by

σ(T) � γ(Zion) T
3
2

38Zion lnΛ
, (14)

where lnΛ, γ, and Zion are the Coulomb logarithm, electron corre-
lation factor, and ion charge state, respectively. The Coulomb log-
arithm proposed by Zaghloul et al.45,46 was used in this calculation.
The electron correlation factor47 describes the effect of electron
degeneracy, and is given by a fitting function as follows:

γ(Zion) � 3π
32

1 + 153Z2
ion + 509Zion

64Z2
ion + 345Zion + 288

( ). (15)

The ionization state was calculated using the nonideal Saha equation,
which contains continuum lowering due to the electron screening
effect

nzne
nz−1

� 2
Uz

Uz−1

mekBT

2πZ2
( )3

2

exp −
Ieffz
kBT

( ), (16)

where nz andUz are the number density and internal portion function
for z-fold ions. Ieffz is the effective ionization energy, i.e., Iz − ΔIz, from
z − 1 to z. The correction to the ionization energy, ΔIz (potential
lowering), was calculated as follows:

ΔIz � (z + 1)e2










λ2D + 2

3az( )2√ , (17)

where λD and az are the Debye length and ion sphere radius for z-fold
ions, respectively. The excited state data, such asUz and Iz in Eq. (16),
were taken from a database compiled by the National Institute of
Standards and Technology.48

At low temperatures (≲0.2 eV), where the atoms are ordered
periodically, material conductivity is primarily determined by
electron–phonon scattering (especially Umklapp scattering), which
changes the momentum. The Kubo–Greenwood expression does not
account for this mechanism, and the DC limit of the Kubo–
Greenwood expression is no longer valid.49,50 Thus, the conductivity
at a temperature below the boiling point Tb � 0.27 eV was obtained
from the empirical fitting formula αT−n based on experimental
results,51 where α and n are fitting parameters. For the solid phase,
i.e., at temperatures below the melting temperature Tm � 0.12 eV, we
find that α � 6.90 3 105 and n � 1.14 provide the best fit to the
experimental data. For the liquid phase, at temperatures below
the boiling temperature Tb � 0.27 eV, we find that α � 7.913 105 and
n � 0.65 provide the best fit.

IV. MAGNETIC DIFFUSION INTO GOLD CONE TARGET

We also performed two-dimensional simulations to investigate
how the magnetic field generated by the laser-driven coil discussed in
Sec. II diffuses into the guiding cone, which has the σ(T) calculated in
Sec. III. In this simulation, we used the obtained coil current shown in
Fig. 3 as a current source to analyze the magnetic diffusion under the
assumption that the current density distribution in the coil is uniform
during the simulation and themutual induction on the source current
is negligibly small. The current density distribution only slightly
affects themagnetic field distribution, because the cross-section of the
modeled laser-driven coil is sufficiently small compared with the coil
radius.

The azimuthal electric fieldEϕwas calculated using the following
difference equation:

FIG. 5. Temporal evolution of the incident laser pulse (dashed black line), the
magnetic field generated in vacuum (solid blue line), and the magnetic field that
penetrated the gold cone with a previously reported σ(T)19 (solid green line) and the
σ(T) shown in Fig. 4 (solid red line), respectively. The square point shows the
experimental data on the magnetic field measured inside a plastic insulator
(corresponding to vacuum).25 The shaded area (4.8–5.2 ns) represents the time
window in the arrival times of several shots of a short-pulse laser to heat the fuel core
in the previous MFI experiment.15
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En
ϕ(i, j) � −

1− e−(σ/ε)Δt

σ
jn−1ϕ (i, j)

+ e−(σ/ε)ΔtEn−1
ϕ (i, j)

+ 1− e−(σ/ε)Δt

σ

zHr

zz
(i, j)− zHz

zr
(i, j)[ ]n− 1

2

. (18)

The magnetic field was solved using the difference Eqs. (9)
and (10) (see Sec. II).

The target configuration (laser-driven coil and guiding cone) in
this simulation was set to be the same as that in a previous MFI
integrated experiment.15,16 The specific heat and mass density of the
solid gold were 129 J/(K kg) and 19.3 g/cm3. The simulation con-
ditions were set to be the same as those in the transient simulation
discussed in Sec. III.

Figure 5 shows the temporal evolution of the incident laser pulse
(dashed line), themagneticfield generated in vacuum (solid blue line),
and themagnetic field that penetrated the gold cone with a previously
reported σ(T)19 (solid green line) and the σ(T) shown in Fig. 4 (solid
red line).

A single data point is provided fromRef. 25, whichwasmeasured
inside a plastic insulator using proton deflectometry. Two laser-
driven coils were used in a Helmholtz geometry in this experi-
ment, although the coil-centered field is not expected to deviate
significantly from the field of a single laser-driven coil. A plastic
insulator was placed at the middle of the Helmholtz geometry so that
the laser-produced plasma did not affect the proton-deflectometry
measurements. Comparison with proton ray-tracing simulations

suggests that the magnetic field diffused quickly into the plastic and
that the measurements were equivalent to those in a vacuum.

The incident laser is a Gaussian pulse whose FWHM is 1.3 ns and
whose peak is at 3 ns. In a vacuum, themagnetic field at the center of the
coil has the same temporal evolution as that of the coil current. The
generated magnetic field increases over time, reaching a maximum
strength of 600 T at 4.2 ns. The time delay from the peak of the incident
laser intensity to the peak of the generated magnetic field was calculated
to be 1.2 ns. This delay is approximately consistent with the results of a
magnetohydrodynamic simulation.52 The magnetic fields inside the
gold cone when using previous and recent σ(T) are almost zero until
2.0 ns, because the cone retains high conductivity. Once the gold cone
heats up to the melting temperature (0.12 eV), the magnetic field begins
to diffuse into the gold cone and gradually increases. Consequently, the
magneticfield that penetrates the gold cone reaches amaximumstrength
of 560 T at 4.9 ns and 530 T at 5.5 ns using previous and recent σ(T),
respectively, The maximum magnetic field that penetrates the cone is
delayed by 2.5 ns with respect to the laser peak for our recent simulation.

In theMFI experiments performed by Sakata et al.15 andMatsuo
et al.,16 a heating laser with 1.5-ps duration arrived 1.88–2.22 ns after
the peak of the coil drive laser (the shaded area in Fig. 5). The
maximum coupling efficiency was observed 2.2 ns after the incident
laser. To help explain this observation, we discuss distributions of the
wall temperature on the guiding cone and the magnetic field at 5.2 ns
(i.e., 2.2 ns after the laser peak at 3 ns).

Figure 6(a) shows the two-dimensional profile of the cone
temperature 2.2 ns after the peak of the incident laser pulse (i.e., at
5.2 ns in the simulation). The cone wall heats up to several tens of
electron volts owing to the induction heating caused by the applied
magneticfield. In this temperature range, the electrical conductivity of
gold is an order of magnitude lower than that at room temperature,
leading to rapid magnetic diffusion. Figure 6(b) shows the
two-dimensional profile of the simulated magnetic field 2.2 ns after
the peak of the incident laser pulse. The generated magnetic field

FIG. 6. Spatial distributions of (a) temperature and (b) magnetic field at 5.2 ns. The
cone wall heats up to several tens of electron volts owing to induction heating, and
the electrical conductivity drops by an order of magnitude. This conductivity drop
leads to rapid diffusion, and thus the applied magnetic field penetrates the cone wall
at this time.

FIG. 7. Line-outs of the magnetic field strength at 5.2 ns on the z axis with (i) a
constant electrical conductivity of 4.073 107 S/m, (ii) the temperature-dependent
electrical conductivity based on a previous analysis,19 and (iii) the temperature-
dependent electrical conductivity shown in Fig. 4. Themagnetic field strengths at the
cone tip are 102, 385, and 397 T, respectively.
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penetrates the 7-μm-thick cone wall sufficiently at this time, as also
shown in Fig. 5.

The magnetic field strength at the cone tip is important for
guiding the REB by an externalmagnetic field. Our numerical analysis
reveals that the applied magnetic field penetrates the guiding cone
sufficiently and that the magnetic field has sufficient strength at the
cone tip to guide the REB to the fuel core at a time when the heating
laser was incident in previous MFI experiments.15,16

Figure 7 shows the line-outs of the simulated magnetic field
strength at 5.2 ns [Fig. 6(b)] on the z axis obtained with (i) a constant
electrical conductivity of 4.073 107 S/m, which is the value at room
temperature, (ii) the temperature-dependent electrical conductivity
based on a previous analysis,19 and (iii) the temperature-dependent
electrical conductivity shown in Fig. 4. For the simulation with
constant conductivity, the magnetic field strength at the coil center
(z � 225 μm) is 15.6 T, which means that the magnetic field cannot
penetrate the cone wall until 5.2 ns. For the simulations with time-
varying conductivities, the magnetic field strengths are 560 and 530 T
for (ii) and (iii), respectively, as shown in Fig. 5. At the cone tip
(z � 100 μm), the magnetic field strength for (i) is 102 T, which is
relatively weak, and those for (ii) and (iii) are 397 and 385 T, re-
spectively. Although the magnetic field strength for (iii) is slightly
weaker than that for (ii), it is still sufficiently strong to guide the REB
to the fuel core, as discussed in a previous study.14,19

V. SUMMARY

In summary, we have developed a model of magnetic field
generation valid for laser-driven coils with thin wire loops, and we
have improved a previous analysis of magnetic field diffusion into the
gold guiding cone.

For the generation process, we calculated the temporal evolution
of the coil current and laser-generated magnetic field in the laser-
driven coil using the self-consistent circuit model. The peak of the
calculated magnetic field is delayed by 1.2 ns compared with that of
the incident laser pulse. For the diffusion process, we calculated the
electrical conductivity of warm dense gold over a wide temperature
range (300 K–100 eV) using a combination of the Kubo–Greenwood
formula based on a quantumMDsimulation and themodified Spitzer
model to estimate themagnetic diffusion into the guiding cone target,
taking account of the temperature dependence of the electrical
conductivity. The magnetic field that penetrates the gold cone
reaches a maximum strength of 530 T at 5.5 ns. The maximum
magnetic field that penetrates the cone is delayed by 2.5 ns with
respect to the laser peak. In theMFI experiments performed by Sakata
et al.15 andMatsuo et al.,16 a heating laser was irradiated 1.88–2.22 ns
after the incident laser peak of the laser-driven coil. The maximum
coupling efficiency was observed 2.2 ns after the incident laser. At this
timing, the calculation shows that the field strength at the tip of the
gold cone is 385 T, which is sufficiently strong to guide the REB to the
fuel core.

In magnetized high-energy-density plasma experiments with
intense magnetic pulses, the temperature of sample materials in-
creases dramatically owing to induction heating accompanied by
magnetic diffusion, and the electrical and thermal conductivities both
change over time. Knowledge of the temperature dependence of
transport properties such as the electrical conductivity over a wide
temperature range is essential for numerically evaluating intense field

dynamics. Our results contribute to the modeling of a high-power
laser-driven coil and the estimation of intense magnetic diffusion.
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APPENDIX: SIMPLE ANALYSIS OF INDUCTION
HEATING THROUGH MAGNETIC DIFFUSION

An intense magnetic pulse such as that created by a laser-
generated magnetic field causes induction heating in a conductor.
We need to carefully consider the temperature dependence of the
electrical conductivity to estimate the magnetic diffusion time. Here,
we estimate the temperature increase in a metal as a result of in-
duction heating when a magnetic pulse is applied.

Assume that a parallel magnetic field in the x direction is applied
to only the outside (z < 0) of the conductor, whose thickness is d, as
shown in Fig. 8. The high-frequency modes of this pulsed magnetic
field contribute to induction heating. We just consider a mode of Bx
[A/(m s)], expressed as

Bx(z;ω) � b(z)e−iωt � B(ω)e−z/δ(ω)e−iωt, (A1)

where δ(ω) is a skin depth for an oscillatingfield at a given frequencyω
and is defined as (2/μσω)1/2. To estimate the temperature increase, we
can take the time average of this mode as follows:

Bx(z;ω) � 1

2

√ B(ω)e−z/δ(ω). (A2)

FIG. 8. Simple illustration of magnetic diffusion. An infinitely wide conductive plate of
thickness d is placed on the x–y plane. A magnetic field is applied in the x direction
outside the conductor (0 < z). This magnetic field causes an eddy current in the y
direction and diffuses into the conductive plate, causing induction heating.
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When the magnetic pulse is a Gaussian pulse with FWHM of τ, a
mode of the magnetic pulse, B(ω) [A/(m s)], is expressed as

B(ω) � B0τ
π

4 ln 2
( )1

2

exp −
(ωτ)2
16 ln 2

[ ]
� B0






4πA

√
e−Aω

2
, (A3)

where A � τ2/(16 ln 2) and B0 corresponds to the peak value of the
magnetic pulse. Inside a conductor (z < 0), a mode of the current
density, jy(ω) [A/(m

2 s)], is obtained from Ampère’s law

1
μ

B(ω)
δ(ω) e

−z/δ(ω), (A4)

A mode of the electric field, Ey(ω) [V/(m s)], can be obtained from
Ohm’s law

1
2
ωδ(ω)B(ω)e−z/δ(ω). (A5)

With Eqs. (A4) and (A5), the current density jy [A/m] and the electric
field Ey [V/m] inside the conductor are expressed as follows:

jy � 1
μ
B0






4πA

√ 



μσ

2

√ ∫∞

0
dω




ω
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e−α



ω
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, (A6)

Ey � 1
2
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2
μσ
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0
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e−α



ω

√
e−Aω

2
. (A7)

Here,wehave replaceddepth zwith thicknessd, anddefined τdif≡ μσd2/2
andα � 




τdif
√

. From these equations, the induction heating j · E [W/m3],
accompanied by magnetic diffusion can be expressed as

4πA
B2
0

2 μ
∫∞

0
dω




ω

√
e−α



ω

√
e−Aω

2( )2

. (A8)

The integral in parentheses cannot be calculated analytically, and so
we expand e−α



ω

√
as a series

e−α


ω

√
∼�

n

(−α)n
n!

ωn/2. (A9)

The integral can then be written as

�
n

(−α)n
n!

∫∞

0
dωω(n+1)/2 e−Aω

2
. (A10)

To deal with this integral, we can apply the following formula:

∫∞

0
dx x2k+1 e−ax

2 � Γ(k + 1)
2ak+1

, (A11)

where Γ(x) is the gamma function. After substituting k� (n− 1)/4 into
Eq. (A11), the expression (A8) can be written as

4πA
B2
0

2 μ
�
n

(−α)n
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� 4π
τ
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0

2 μ
�
n

(−1)n
n!

Γ n + 3
4

( )(ln 2)(n+1)/4 τdif
τ

( )n/2[ ]2

. (A12)

Neglecting the thermal diffusion effect, we can obtain the temperature
increase as follows:

ΔT � 4π
cVρ

B2
0

2 μ
�
n

(−1)n
n!

Γ n + 3
4

( )(ln 2)(n+1)/4 τdif
τ

( )n/2[ ]2

� 1
cVρ

B2
0

2 μ
�
n
Cn

τdif
τ

( )n/2[ ]2

. (A13)

The high-order series expansion of Cn in (A13) gives an accurate
value. Here, we introduce the following fitting function of the high-
order expansion:

�
n
Cn

τdif
τ

( )n/2[ ]2

≈ 5π
e−(τdif/τ)0.36

1 + 0.51τdif/τ. (A14)

We finally get the approximate temperature increase as

ΔT ≈
1
cVρ

B2
0

2 μ

5πe−(τdif/τ)0.36
1 + 0.51τdif/τ. (A15)

The temperature increase ΔT expressed as in Eq. (A13) or Eq. (A15)
depends on the ratio between diffusion time and pulse width, τdif/τ.
The function (A14) is amonotonically decreasing function of τdif/τ. A
long pulse (small τdif/τ) can heat the conductor for a long time,
causing a large temperature increase. When the diffusion time is long
(τdif/τ is large), the applied magnetic field does not soak into the
conductor and thus does not significantly heat its inner surface. The
expression (A14) converges to zero for large values of τdif/τ. This
means that the applied magnetic field cannot penetrate the wall
(thickness d) during the pulse duration; it heats only the surface of the
conductor. Consequently, the inner surface is not heated (i.e., its
temperature does not increase).

Finally, we estimate the temperature increase of a gold foil as an
example. The specific heat and density of solid gold are 129 J/(K kg)
and 19.3 g/cm3. When a 1-ns Gaussian magnetic pulse of 600 T soaks
into 10-μm-thick gold, the temperature increase can be calculated to
be 1.59 eV (1.85 3 104 K) using Eq. (A15). If the electrical con-
ductivity drops by an order of magnitude owing to this temperature
increase, the diffusion time will also drop by an order of magnitude.
The estimated temperature increase is 20.7 eV (2.40 3 104 K).
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