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Intensities and shifts of Lyman and Balmer lines of hydrogen-like ions in
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Abstract

The spectral line intensities and line shifts of Lyman and Balmer series for transitions up to n ¼ 5 of hydrogen-like ion are studied in plasmas
with densities and temperatures in the ranges ne ~ 1018e1021 cm�3, Te ¼ 0.3e1.2 eV respectively. The screened potential used to describe the
interaction between charged particles includes the electron exchange-correlation and finite-temperature gradient effects and is valid for both
weakly and strongly coupled plasmas. The dependencies of alpha, beta and gamma line shifts of Lyman and Balmer series on plasma density (for
fixed temperature) and temperature (for fixed density) are investigated. The results for the Ha line shifts are compared with the available high-
density experimental data.
© 2018 Science and Technology Information Center, China Academy of Engineering Physics. Publishing services by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The radiation emitted from a plasma is the main source of
information about its composition, basic physical parameters
(density and temperature), dynamical processes occurring in
the plasma, and the interactions between its constituents
[1e3]. As a collection of interacting charged particles (elec-
trons and ions), the plasma is characterized by the ratio of the
average potential to kinetic energy (Coulomb coupling
parameter) G ¼ e2=a

kBTe
where a ¼ ð3=4pneÞ1=3 is the average

inter-electron distance, kB is the Boltzmann constant and ne
and Te are the plasma density and temperature, respectively.
Plasmas with G≪1 and G[1 are classified as weakly and

strongly coupled plasmas, respectively. Another parameter
that characterizes the plasma is its electron degeneracy q ¼
Te=TF, where TF ¼ Z2ð3p2neÞ2=3=2me is the Fermi tempera-
ture, Z and me being the reduced Planck constant and electron
mass, respectively. Plasmas with q≪1 and q[1 are classified
respectively as degenerate (quantum) and non-degenerate
(classical) plasmas. The condition q≪1 implies that the
electron de Broglie wavelength lB ¼ Z=ð2mekBTeÞ1=2 is larger
than a.

Due to the manyebody correlations of plasma particles, their
mutual interaction is always screened and only when the con-
dition lD[a is fulfilled, where lD ¼ ðkBTe=4pe2neÞ1=2 is the
plasma Debye length, the inter-particle interaction can be
considered as Coulombic. The effective two-particle potential in
plasmas is usually derived from the plasma dielectric response
function in certain approximations. In the first order of the
expansion of dielectric function over the electron wavenumber,
the effective electron-ion potential has the Yukawa-type form
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[4,5] VðrÞ ¼ Ze2 expð� r=lsÞ, where Z is the ion charge. For
hot, dilute and weakly coupled plasmas, the scale length is ls ¼
lD (Debye-Hückel screening); while for dense and cold degen-
erate plasmas, it is given by ls ¼ lTF ¼ 1=ð4pe2vne=vmÞ
(Thomas-Fermi screening), where m is the plasma chemical
potential. The inclusion of the next term in the expansion of
dielectric response function leads to analytic expressions for the
effective potential that, incorporating the finite-temperature
gradient corrections to the free energy, exchange-correlation
and other effects, describe the screening more completely
[6e8]. These effects become particularly important in many
high density laboratory and astrophysical plasmas, such as laser
produced and inertial confinement plasmas, plasmas in semi-
conductor nanostructures (metal thin films, nanotubes, quantum
wells and dots) [9] and in compact astronomical objects (white
dwarfs, neutron stars) [10].

Quite recently a new analytic screened potential has been
derived by Stanton and Murillo [11] using the orbital-free
density functional theory which includes the quantum de-
generacy, gradient corrections to the free energy, exchange-
correlations and finite-temperature effects. The potential
connects the limits of Debye-Hückel, Thomas-Fermi, Lind-
hard dielectric response function and Bohmian quantum hy-
drodynamics descriptions of the Coulomb interaction
screening in both weakly and strongly coupled plasmas. The
form of this potential is (atomic units will be used hereafter)

VðrÞ ¼ Z

2r

�ð1þ aÞe�r=l� þ ð1� aÞe�r=lþ
�

; ð1Þ

l2± ¼ nl2TF

2b±2
ffiffiffiffiffiffiffiffiffiffiffiffi

b2 � n
p ; a¼ b

ffiffiffiffiffiffiffiffiffiffiffiffi

b2 � n
p ; ð2Þ

where lTF ¼ fp ffiffiffiffiffiffi

2b
p

=½4I�1=2ðh0Þ�g1=2 is the Thomas-Fermi
screening length, accounting for the electron degeneracy, b ¼
1=Te, and I�1=2ðh0Þ is the Fermi-Dirac integral of order �1/2,
defined as IpðhÞ ¼ Rþ∞

0 dxxpð1þ ex�hÞ. The parameters n and
b account for the gradient correlations and exchange-
correlation effects, respectively, and are defined as [11].

n¼
ffiffiffiffiffiffi

8b
p

I '�1=2ðh0Þ
.

3p;b¼ 1� g0l
�2
TF ; ð3Þ

g0z
1

8
bQ½hðQÞ � 2Qh0ðQÞ�; Q¼ 2=b

�

3p2ne
�3=2

; ð4Þ

hðQÞ ¼ 1þ 2:8343Q2 � 0:2151Q3 þ 5:2759Q4

1þ 3:9431Q2 þ 7:9138Q4
tanh

�

Q�1
�

:

ð5Þ
The parameter h0 in the argument of the Fermi-Dirac

function is related to the average plasma density ne by the
relation

ne ¼
ffiffiffi

2
p

I1=2ðh0Þ
.

�

p2b3=2
� ð6Þ

The potential (1) is valid only for n<b2; in the opposite
case, its exponential terms become oscillatory functions and
the screening lengths l± have somewhat different expressions

[11]. It should be noted that for b/1andn/0 ða/1Þ; the
potential (1) reduces to the Debye-Hückel potential [11]. It
should be also noted that the parameters l� and lþ for a pair
(ne, Te) of plasma parameter are not independent, but they are
mutually related. The pair ðl�; lþÞ corresponding to a plasma
with parameters (ne, Te) will be abbreviated as l± in the
reminder of the paper.

It should be emphasized that the static screened potential
(1), like those in Refs. [6,7] are derived in the long-wavelength
limit of plasma dielectric response function. In general, the
interactions among moving plasma particles are time depen-
dent and can induce time- (or frequency-) dependent
(dynamical) screening of the Coulomb interaction. The static
approximation to the Coulomb interaction screening can be
applied to atomic processes when their time-scale is much
smaller than the time-scale of collective plasma modes (such
as, e.g., oscillations) and for time-averaged plasma quantities
[12]. We are not aware of any dynamic screened potential in
analytic form. As the potential screening is determined by the
imaginary part of the inverse dielectric response function (see
Ref. [12]), which depends on both the electron wave number k
and plasma frequency u (accounting for the collective effects
of plasma micro-fields), it is necessary to calculate the com-
plete dielectric response function by the quantum-statistical
methods and extract its imaginary part. The Green's function
method proved to be the most appropriate one for this purpose,
as discussed at the end of Sec.3.

The purpose of present work is to study the properties of
spectral lines of Lyman and Balmer series of hydrogen-like
ions in finite-temperature dense plasmas by using the
screened potential (1). The calculations are performed for
plasmas with densities and temperatures in the ranges ne
~1018e1021 cm�3, Te ¼ 0.3e1.2 eV, typical for the atmo-
spheres and outer layers of H- and He-rich white dwarfs [13].
Experimental spectroscopic studies of such plasmas are
currently underway at the Sandia National Laboratory [14].
This parametric range spans both the weak and strong
coupling plasma regimes.

The experimental and theoretical studies of the line radi-
ation from plasmas have a long history. The theoretical and
experimental methods for these studies are described in the
books of Griem [1,15,16], Kunze [2] and Fujimoto [17],
where references to the prior experimental and theoretical
investigations in the field are also given. Most of the theo-
retical work has been done on the spectroscopy of hydrogen
plasmas.

The paper is organized as follows. In Sec.2, we briefly
outline our computational method. In Sec.3, we present and
discuss the spectral line intensities and the density and tem-
perature dependences of line shifts, we also give a comparison
of calculated Ha line shifts with available experimental data.
In Sec.4 we give our conclusions.

2. Theoretical method

The radial Schr€odinger equation for a hydrogen-like ion
with the potential (1) is
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�

� d2

2dr2
þ lðlþ 1Þ

2r2
þVðr; Z; l±Þ

�

Pnlðr; Z; l±Þ

¼ EnlðZ; l±ÞPnlðr; Z; l±Þ: ð7Þ
Using the scaling transformations

r¼ Zr;d± ¼ Zl±; εnlðd±Þ ¼ EnlðZ;l±Þ
	

Z2 ð8Þ
Eq. (7) reduces to that for the hydrogen atom (Z ¼ 1)

�

� d2

2dr2
þ lðlþ 1Þ

2r2
þVðr;d±Þ

�

Pnlðr;d±Þ ¼ εnlðd±ÞPnlðr;d±Þ

ð9Þ
The transformations (8) lead to the Z-scaling of matrix

elements

〈Pnlðr;Z;l±Þ




rk




Pn0l0 ðr;Z;l±Þ〉¼ Z�k〈Pnlðr;d±Þ




rk




Pn0l0 ðr;d±Þ〉
ð10Þ

The energies and wave functions of bound states in the
potential (1) are determined by expanding the atomic states
Jnlmðr; d±Þ over an even tempered basis fcklmðr; d±Þg of
Slater-type-orbital functions [18].

Jklmðr;d±Þ ¼
X

k

cnkcklmðr;d±Þ; ð11Þ

cklmðr;d±Þ ¼ Nl½xkðd±Þ�rle�xkðd±ÞrYlmðrÞ; ð12Þ

xk ¼ abk;k ¼ 1;2; :::;N;

where Nl½xkðd±Þ� is a normalization constant, YlmðrÞ are the
spherical harmonics, a and b are variational parameters and n, l
andm are the usual quantum numbers. The coefficients cnk in Eq.
(11) are determined by diagonalization of atomic Hamiltonian
which yields the scaled energies εnlðd±Þ. The radial part,
Rnlðr; d±Þ, of the functionJnlmðr; d±Þ is related to the function
Pnlðr; d±Þ in Eq. (9) by Rnlðr; d±Þ ¼ Pnlðr; d±Þ=r. The energy
scaling in Eq. (8) is valid only in the non-relativistic approxi-
mation; for ions with nuclear charges above Z� 10, where
instead of Eq. (7) theDirac radial equation should be used, the Z-
scaling of fine-structure energies is no more possible.

Besides of lifting the Coulomb degeneracy of angular
momentum states, an important property of screened potential
(1) (that at asymptotically large distances decreases faster than
� 1=r2) can support only a finite number of bound states [19].
This implies that with the increasing screening, the energy Enl

of nl state decreases and at certain critical value of the
screening it becomes zero. The potential (1) contains two
screening lengths, l� and lþ (mutually related through the
plasma temperature and density), and the nl state enters the
continuum only for a combination of lc�;nl and lcþ;nl corre-
sponding to a ðne; TeÞ pair of plasma parameters. The po-
tential parameters l±; n; b are related to the plasma parameters
ne, Te through Eqs. (2), (3) and (6) in which the Fermi-Dirac
integrals and their inversions (Eq. (6)) can be calculated by
using accurate Pad�e approximants and rational function ap-
proximations available in Ref. [20] and Ref. [21], respectively.

Fig. 1 shows the lines of ðne; TeÞ pairs for which the states
1s, 2l, 3l, 4s, 4f, 5s and 5g become unbound. The state is
bound in the ðne; TeÞ region above the corresponding line. In
the same figure we show the G ¼ 1 line, separating the regions
of weak and strong coupling plasma regimes. The black line in
Fig. 1 represents the equation n ¼ b2; the region n< b2 of
validity of the potential (1) lies above this line.

Fig. 1 shows that in certain regions of the ðne; TeÞ
parametric space, some of the states are bound and others are
not. This fact has obvious consequences on the plasma spec-
troscopic features (e.g. termination of spectral series at some
upper levels).

The absorption oscillator strength for the nl/n'l' transition
in hydrogen-like ions with nuclear charge Z is given by [22].

fnl;n0l0 ðZ;l±Þ ¼ fnl;n0l0 ðd±Þ ¼ 2unl;n0l0 ðd±Þ
3

lþ 1

2lþ 1
j〈Pn0l0 jrjPnl〉j2:

ð13Þ
where unl;n'l'ðd±Þ ¼ εn'l'ðd±Þ� εnlðd±Þis the transition energy
(frequency).

The radiative transition probabilityAn'l';nlðZ; l±Þfor
thenl/n'l' transition can be expressed in terms of that for
hydrogen atom An'l';nlðd±Þ as (cf. Eq. (10))
An'l';nlðZ;l±Þ ¼ Z�4An'l';nlðd±Þ;

An'l';nlðd±Þ ¼ 2ð2lþ 1Þ
2l'þ 1

a3u2
nl;n'l'ðd±Þfnl;n'l'ðd±Þ

ð14Þ

where a is the fine-structure constant. The oscillator strengths
and radiative transition probabilities in hydrogen-like ions in
finite-temperature quantum plasmas have been studied
recently in detail [23] by using the screened potential (1).

Under local thermodynamic equilibrium conditions, the
spectral line intensity associated with the transition nl/n'l' in

Fig. 1. The positions of critical screening lengths d± for 1s (red), 2s (green), 2p

(blue), 3s (cyan), 3p (magenta), 3d (dark yellow), 4s (navy), 4f (purple), 5s

(wine) and 5 g (olive) states in the (ne, Te) parametric space. The dashed line

represents the Coulomb coupling parameter G ¼ 1 (orange). The region of

validity of the potential (the conditionn< b2) lies above the black solid linen ¼
b2.
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a hydrogen-like ion with charge Z embedded in a non-
degenerate plasma is given by [24].

In'l';nlðZ;l±Þ ¼ DEn'l';nlðZ;l±ÞAn'l';nlðZ;l±ÞNn'l'; ð15Þ

Nn0l0 ¼ N1sð2l0 þ 1Þexpð �DEn0l0;1s=TeÞ; ð16Þ

where Nn'l' and N1s are the populations of the upper jn0l0〉 and
the ground j1s〉 state, respectively, and Te is the plasma tem-
perature expressed in energy units. Keeping in mind the
scaling relations (8) and (10) and introducing scaled temper-
ature te ¼ Te=Z

2, we define the reduced scaled line intensity
as

Z2In0l0 ;nlðd±Þ=N1s ¼ð2l0 þ 1Þun0l0 ;nlðd±ÞAn0l0;nlðd±Þexp
ð �un0l0 ;1s=teÞ:

ð17Þ

The symbol d± in Eqs. (13e17) represents the combination
of d� and dþ screening lengths corresponding to the values of
ðne; TeÞ pair for which the indicated quantities are calculated.

As mentioned in Sec.1 the energies εnlðd±Þ decrease with
the increasing screening and the transition frequency
unl;n'l'ðd±Þ ¼ εn'l'ðd±Þ � εnlðd±Þ changes when the screening
varies. In Ref. [23], it was shown that when the screening
increases, the transition frequency associated with the nl/n'l'
transition in the screened potential (1) is red-shifted (for nsn')
or blue-shifted (for n ¼ n') with respect to the pure Coulomb
interaction (unscreened plasma) case. The ne- and Te-de-
pendences of oscillator strengths and radiative transition
probabilities (for fixed Te and ne, respectively) have also been
studied in Ref. [23] for nl/n'l' Lyman and Balmer transitions
with n' � 5.

As well known, the spectral lines in plasmas, besides by
their intensity and frequency shift, are also characterized by
their broadening, resulting from the thermal motion of emit-
ting particle and its interaction with the surrounding plasma
particles and plasma microfields. There is a vast amount of
theoretical studies devoted to the spectral line shift and
broadening in both dilute and dense plasmas (see, e.g.
[15,16,25], respectively, and references therein). All the
studies have been performed for hydrogen plasmas. While in
the low-density limit the line shift and broadening can be
described within the concept of an emitting atom embedded in
an environment of perturbers, in dense plasmas their
description has to include the manyebody correlations,
plasma degeneracy, dynamic interactions and collective
plasma effects. An effective static screened potential of the
formð� Z=rÞxðrÞ, like the potential (1), by modifying the
bound state binding energies and their differences, can provide
information only about the line shift of spectral lines. The line
broadening results from time-dependent processes in the
plasma (e.g. collisions of the emitting atom/ion with plasma
electrons and ions), plasma microfields effects (linear and
quadratic Stark effects), multipole interactions and thermal
(Doppler) effects [15,16,25e28]. The line broadening does not
affect significantly the line intensity given by Eq. (17), but
broadens its spectrum over a frequency range around the

transition frequency u0 ¼ un0l0; nl. The line intensity then
takes the form

Z2In0l0 ;nlðd±Þ=N1s ¼ð2l0 þ1Þu0An0l0;nlðd±Þexpð�un0l0;1s=teÞSðuÞ;
ð18Þ

whereSðuÞis a profile function. The functionSðuÞ has a bell-
shaped form (Lorentzian or Gaussian, or their combination),
with its maximum at the transition frequencyu0. Since the
determination of SðuÞ is outside the scope of the present work,
for the purpose of representing uniformly the scaled reduced
line intensities, we shall adopt a Lorentzian profile function,
which is widely considered to be appropriate for dense
plasmas [26e31].

FðuÞ ¼ 1

pG

"

G2

ðu�u0Þ2 þG2

#

; ð19Þ

where G is the half-width at the half maximum (HWHM) of
the line. In hydrogen plasmas with unscreened Coulomb
electron-ion interaction, the main contribution to the line
broadening is considered to be due to the linear Stark effect. If
the electron-ion interaction is described by a static screened
potential, the angular momentum degeneracy of the states with
the same principle quantum number, as we have seen in Sec.2,
is lifted by the short-ranged character of the potential (the
finiteness of the screening length) and the linear Stark effect
on the energy levels is absent. The plasma microfields can
induce only second-order effects on the energies of nl-states
(quadratic Stark effect). In order to represent the line in-
tensities in a uniform way, we shall adopt the quasistatic
expression for the HWHM from Ref. [32].

G¼ 2:16
ðn02 � n2Þ

Z
F0; ð20Þ

where n' and n are the principle quantum numbers of the upper
and lower levels involved in the transition, and F0 is the
Holtsmark normal field strength

F0 ¼ 2p

�

4

15

�2=3

n2=3e : ð21Þ

We should admit that the use of Eq. (20) for the half-width
of n'l'/nl lines is obviously a rather crude approximation,
except when the screening is small. However, as emphasized
earlier, more accurate determination of the line width is
outside the scope of the present work. We also note that the
function (19) reduces the intensities calculated by Eq. (17) by
a factor of 1=pG.

In order to demonstrate the accuracy of the adopted line
profile function, we present in Fig. 2 a comparison of calcu-
lated Ha line intensity in two plasmas, calculated by using the
profile functions (19e21), with the experimental data from
Ref. [29] (panel (a)) and Ref. [31] (panel (b)). The small peaks
at the right wings of the experimental lines originate from the
667.8 nm He I line [29,31].
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3. Results and discussions

3.1. Dependences of line intensities on plasma
temperature and density

We have performed line intensity calculations for the
Lyman (np-1s) and the three branches (np-2s, nd-2p, ns-2p) of
Balmer series transitions with n � 5 in the scaled temperature
te range 0.3e1.2 eV for three plasma densities: 1018, 1019 and
1020cm�3. In the considered temperature range, the upper
states involved in the above transitions are determined by the
density (see Fig. 1): for ne ¼ 1018cm�3 all states with n � 5
are bound and included in the calculations; for ne ¼ 1019cm�3

the uppermost state is still bound in the potential depends on
the value of te (5p for te ¼ 0.3 eV, 5d for te ¼ 0.4 and 0.6 eV
and 5 g for te > 0.7 eV), while for ne ¼ 1020 cm�3 the line
series terminate at 3s (for te < 0.4 eV), 3p (for te ¼ 0.6 eV),
3d (for te ¼ 0.8 eV), 4s (for te ¼ 1.0 eV) and 4p (for
te ¼ 1.2 eV) upper states. The gradient correction effects and
Coulomb coupling parameters, n and G, are also quite different
for these densities: for ne ¼ 1018 cm�3, n � 0.05, G < 1 for all
te values from the considered range, for ne ¼ 1019 cm�3,
n � 0.05, G > 1 for te < 0.5 eV and G < 1 for te > 0.5 eV, and
for ne ¼ 1020 cm�3, n � 0.43, G > 1 for all te values from the
considered range.

Below we show the results of our calculations for the lines
of Lyman and Balmer series for the case of plasmas with
density ne ¼ 1019 cm�3 and a number of temperatures in the
range 0.3e1.2 eV. The screening lengths d± of the potential,
the gradient correction parameter n, the Coulomb coupling
parameter G and the states bound in the potential for these
plasmas are shown in Table 1. For the plasmas with G< 1 we
also show the values of Debye-Hückel screening lengths,
which are very close to the values of d�. Table 1 indicates that
G z 1 for d�z32 and dþ z 2.2.

The scaled reduced line intensities of the Lyman and the
three branches of the Balmer series transitions are shown in
Figs. 3 and 4, respectively. We observe that line intensities
increase with the increasing temperature. The increase of line
intensity with te for a given transition is related to the similar
increase with te of all the factors in Eq. (18) (exceptu0, see
[23]). It should also be noted that the lines are red-shifted and
that the line shifts increase with decreasing the temperature.

In Figs. 5 and 6 we show the reduced scaled line intensities
for the Lyman and Balmer series, respectively, for plasmas
with a fixed scaled temperature te ¼ 0.4 eV and a number of
densities in the range 8� 1018 � 1020cm�3. The gradient
corrections parameters n, the screening lengths d± of the po-
tential and Coulomb coupling parameters G for these plasmas,
as well as the bound states supported by the potential, are
given in Table 2. As seen from the table all these plasmas are
strongly coupled (G> 1).

Figs. 5 and 6 show that the peaks of line intensities
decrease when density increases. This is in accord with the
similar density dependence of radiative transition probabilities
for Dns0 transitions [23]. With increasing plasma density the
line shifts increase.

3.2. Dependences of line shifts on plasma temperature
and density

As mentioned in the previous subsection, the variation of
difference of bound state energies with varying the strength of
the potential screening provides a possibility to investigate the
dependence of line shifts on plasma density and temperature in
a uniform way. The line shift dependence on density at high
plasma densities has so far been investigated both theoretically
[15,16,25e28] and experimentally [29e31] only for the Ha

line within certain, relatively small temperature ranges, but the

Fig. 2. Comparison of Ha line shapes calculated with Eqs. (19e21) for two

plasmas with the experimental data of Ref. [29] (a) and Ref. [31] (b). The

experimental peaks at 667.8 nm belong to He I line (cf. [29,31]).

Table 1

The strength n of gradient corrections, Coulomb coupling parameter G,

screening lengths d± and the bound states in the potential for plasmas with a

mean electron density ne ¼ 1019 cm�3 at a number of scaled temperatures te
(in eV units).

te n G d� dþ dD Bound states

0.3 0.050 5 1.667 0 23.742 4 2.812 6 n � 4, 5s, 5p

0.4 0.028 5 1.250 2 27.721 2 2.410 4 n � 4, 5s, 5p, 5d

0.6 0.012 7 0.833 5 34.211 8 1.954 1 34.410 7 n � 4, 5s, 5p, 5d

0.8 0.007 2 0.625 1 39.607 2 1.688 3 39.734 1 n � 5

1.0 0.004 6 0.500 1 44.334 6 1.508 4 44.424 0 n � 5

1.2 0.003 2 0.416 7 48.596 9 1.376 2 48.664 1 n � 5
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temperature dependence of the line shift, to the best of our
knowledge, has never been investigated systematically.

In Figs. 7 and 8 we present the temperature dependences of
Lyman-a, b, g and Balmer-a, b, g line shifts (the later
calculated as 1/3 of the sum of np-2s, ns-2p, nd-2p contribu-
tions, n ¼ 3, 4, 5 for a, b, g), respectively, in the temperature
range 0.3e1.2 eV for the densities ne ¼ 1018, 1019 and
1020cm�3. Fig. 7 shows that in the considered temperature
range the line shift for Lyman-a, b, g lines monotonically
decreases with the increasing temperature for all selected
plasma densities. This decrease results from the inverse pro-
portionality of the wavelength with the transition frequency
that increases with the increase of temperature (like in the case
of Debye-Hückel and cos- Debye-Hückel potentials [33]). It
should be noted that the line shift decrease is not linear. The
figure shows that for the density ne ¼ 1020 cm�3 the states 3p
and 4p are unbound for te < 0.6 eV and te < 1.2 eV,
respectively.

The temperature dependences of Balmer-a, b, g line shifts,
shown in Fig. 8, exhibit somewhat more complex behavior.
For ne ¼ 1018 cm�3 all three line shifts have a monotonic
decrease with the increasing temperature in accord with the
decrease of transition frequency with the increasing screening.
The non-monotonic behavior of line shifts for 1019 cm�3 and

1020 cm�3 densities is a consequence of the fact that at certain
temperatures one or both of the upper states contributing to the
population of n ¼ 2 manifold may be unbound for these
densities. Thus, for ne ¼ 1019 cm�3 the shift of Balmer-g line
at te ¼ 0.3 eV is smaller than that for te ¼ 0.4 eV because at
te ¼ 0.3 eV only the 5s-2p transition contributes to the pop-
ulation of n ¼ 2 level and 5p and 5d states are unbound. The
absence of Balmer-g line shift for ne ¼ 1020 cm�3 indicates
that 5s, 5p and 5d states are all unbound in the considered
temperature range (see Fig. 1). The figure also shows that for
the same density and temperature the Balmer-a, b, g line
shifts are much larger than the corresponding Lyman line
shifts. This is, of course, a reflection of the inverse propor-
tionality of the wavelength with the transition frequency,
which for the levels involved in the Balmer lines is much
smaller than the one for the corresponding Lyman lines.

The density dependences of Lyman-a, b, g and Balmer-a,
b, g line shifts in the interval ne ¼ 8� 1018 � 8� 1020cm�3

for plasma temperatures te ¼ 0.4 eV and te ¼ 1.0 eV are
shown in Figs. 9 and 10, respectively. We note that transition
energy un'l';nl (n' > n), in an exponentially screened potential
decreases with the increasing screening strength (through the
increase of plasma density) [33]. Therefore the wavelength
shift for the nl/n'l' transition should increase. Fig. 9

Fig. 3. Scaled reduced intensities of hydrogen-like ion Lyman lines in a plasma with mean electron density ne ¼ 1019 cm�3 at different temperatures.
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demonstrates this dependence for the shifts of Lyman-a, b, g
lines at both considered temperatures. As seen from the figure
the line shift increase with density is non-linear.

In Fig. 10, the ne-dependences of Balmer-a, b, g line shifts
are shown for 0.4 eV and 1.0 eV scaled temperatures. The
monotonic non-linear increase of some of the line shifts with
density turns into a decrease at certain densities at which some
of the upper states of contributing transitions become un-
bound. For instance, to the Balmer-aline shift for te ¼ 0.4 eV
and ne ¼ 8� 1019cm�3 contribute only the 3s-2p, 3p-2s
transitions, while for ne ¼ 1020 cm�3 at the same energy only
the 3s-2p transition contributes. The Balmer-g line shift ne-
dependence for te ¼ 0.4 eV terminates at ne ¼ 1019cm�3, as
5s, 5p and 5d states are unbound for ne > 1019 cm�3 (see
Fig. 1).

3.3. Comparison of balmer-a line shifts with
experiments

As we mentioned earlier, most of the experimental studies
of spectral line shifts and widths in dense plasmas have been
performed for the hydrogen atom Balmer-a (Ha) line (see
[29e31,34,35,37], and references therein) in rather limited
ranges of plasma density and temperature. The focus of these
investigations has been the density dependences of Ha line
shift and width to test theoretical predictions. For the limited
density ranges investigated usually a quasilinear density
dependence of these quantities was observed (within the
experimental uncertainties), in agreement with theoretical
predictions [29e31]. Only a more careful analysis [28] of
experimental data (by taking into account the temperature of

Fig. 4. Scaled reduced intensities of hydrogen-like ion Balmer np-2s (a), nd-2p (b) and ns-2p (c) transitions in a plasma with mean electron density

ne ¼ 1019 cm�3 at different temperatures.
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their measurement) has shown that the experimental data
of [29,31] in the combined density range
ð0:45� 10Þ � 1018cm�3 follow a non-linear density depen-
dence, that agrees with both Griem's theory [36] (that includes
dynamical contributions) and more sophisticated theoretical
approaches [27,28] for the Ha line shift.

In Table 3 we compare the results of the present calcula-
tions for the Ha line shifts with experimental results of
Ref. [29] for a number of plasma densities and temperatures in
the ranges ð0:88� 9:76Þ � 1018cm�3 and 5.6e10.2 eV. The
results of theoretical calculations using the Griem's theory [36]
and Green's function approach [25,26] (calculated in Ref. [29])
are also shown in the table and labelled as “Griem” and
“Günter”, respectively. In Table 3 we also give the values of
Coulomb coupling parameter G and screening length l� for
the considered plasmas, both indicating that these plasmas are
weakly coupled (G≪1, d�[32). For comparison, we give in
this table also the Ha line shifts calculated with the Debye-
Hückel potential (the last column).

The results of the present calculations deviate from the
experimental results by 22% on average. The Griem theory
results have an average deviation from the experimental data
of 23%, while the results of Green's function approach have a
much smaller deviation (13%). The significant difference be-
tween the predictions of present, as well as Griem's theory,

results and those of Green's function approach, can be attrib-
uted to the fact that the Green's function approach accounts for
the dynamical effects in the screening much more completely
than the Griem's theory, while the present calculations include
only the static interaction effects.

In Table 4 we give a further comparison of the results of the
present calculations with the experimental results of Ref. [31]
in the density and temperature ranges
ð0:49� 2:54Þ � 1018cm�3 and 5.8e8.3 eV, respectively. The
average deviation of present results from the experimental data
is about 20%. It should be noted that the values of experi-
mental densities and temperatures contain a significant level of
uncertainty (especially in the temperature measurements
where it is up to ±1.5 eV, see [31]).

Both theoretical and experimental results in Tables 3 and 4
show that the Ha line shift increases with the increasing
density. In order to see the character of this increase we plot in
Fig. 11 the experimental data and the results of present cal-
culations, both taken from Tables 3 and 4, as function of
density (The value of the shift at a given density relates to the
corresponding temperature in Tables 3 and 4). The theoretical
results of Ref. [28] (that include dynamical screening) are also
shown. Their values at different densities also correspond to
different temperatures. Fig. 11 shows that the density depen-
dence of both experimental and theoretical results for Ha line

Fig. 5. Scaled reduced intensities of hydrogen-like ion Lyman lines in a plasma with temperature te ¼ 0.4 eV and different densities.
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shift in the considered density range is non-linear. This is in
contrast with the linear density dependence of Ha line shift
observed in plasmas with densities below 1018 cm�3 and
temperatures below 1.6 eV (see [37], and references therein).
The origin of non-linear increase of the line shift with density
is the non-linear decrease of the energy difference between
states involved in the transition when the density increases (or,
equivalently, the decrease of the screening length l�with
density increase; see Tables 3 and 4). This is a result of the fact
that for a given temperature the energy of the upper states
reaches its zero value at smaller densities (larger l�) than the
lower one (see Fig. 1), implying a difference in the gradients
of their energy decrease with the increasing density.

The validity of the present approach for calculation of line
intensities and line shifts of spectral lines of hydrogen-like

Fig. 6. Scaled reduced intensities of hydrogen-like ion Balmer np-2s (a), nd-2p (b) and ns-2p (c) transitions in a plasma with temperature te ¼ 0.4 eVand different

densities.

Table 2

The strength n of gradient corrections, Coulomb coupling parameter G,

screening lengths d± and the bound states supported by the potential for a

plasma with scaled temperature te ¼ 0.4 eV and a number of mean electron

densities (in cm�3 units).

ne n G d� dþ Bound states

8 � 1018 0.022 9 1.160 6 31.077 8 2.404 4 n � 4, 5s, 5p, 5d, 5f

1019 0.028 5 1.250 2 27.721 2 2.410 4 n � 4, 5s, 5p, 5d

2 � 1019 0.056 7 1.575 2 19.330 9 2.441 3 n � 3, 4s, 4p, 4d

4 � 1019 0.111 8 1.984 6 13.271 2 2.508 8 n � 3, 4s

6 � 1019 0.165 4 2.271 8 10.491 9 2.585 1 n � 3

8 � 1019 0.217 5 2.500 4 8.766 9 2.673 2 n � 2, 3s, 3p

1020 0.268 2 2.693 5 7.529 3 2.777 7 n � 2, 3s
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ions in plasmas relies on the validity of static potential (1) for
description of the Coulomb interaction screening in the
plasma. As mentioned in Sec.1 this potential accounts for the
manyebody correlations (beyond the pair-wise approximation
of the manyebody correlation function), quantum degeneracy,
gradient corrections to the kinetic energy, electron exchange-
correlations and finite-temperature plasma effects. In terms
of plasma parameters its validity encompasses both low-T,
high-density (quantum) plasmas and dilute-high temperature
plasmas. By incorporating these effects, the static potential (1)
can fairly accurately describe the atomic electron bound state
energies in a plasma and thereby their variation with plasma
parameters (and, consequently, the spectral line shifts). The
standard approach for calculation of spectral line properties in
dilute (ne < 1017 cm�3) plasmas, based on the seminal papers
of Griem and Baranger [38e40], uses a pure Coulomb

interaction between the charged particles, but takes into ac-
count of effects of plasma micro-fields (linear and quadratic
Stark effects) and electron-emitting atom collisions, and even
the quadrupole interactions caused by the inhomogeneity of
the local fields. These effects are responsible for the line shift
and line broadening (and predict a linear red shift [37]). For
high density plasmas (ne > 1018cm�3), the manyebody cor-
relations have to be accounted by using the Green's function
approach in which the self-energy, within the first order Born
approximation for the electron-emitting atom collision, con-
tains the imaginary part of the inverse dielectric response
function [25,26] that includes the effects of time dependent
micro-fields on the emitter (i.e. dynamical screening). Within
this approach, the red line shift shows a non-linear density
dependence [26]. A similar effect on the line shift is produced
by taking into account the electron acceleration in the ion field
when the plasma density is high [28] (as observed in Fig. 11).

Fig. 7. Temperature dependence of line-shifts for Lyman-a (black), Lyman-b

(red) and Lyman-g (blue) lines for plasmas with mean electron densities

ne ¼ 1018 cm�3 (full lines), ne ¼ 1019 cm�3 (dashed lines) and ne ¼ 1020 cm�3

(dotted lines).

Fig. 8. Temperature dependence of Balmer-a (black), Balmer-b (red) and

Balmer-g (blue) line shifts for plasmas with mean electron densities

ne ¼ 1018 cm�3 (full lines), ne ¼ 1019 cm�3 (dashed lines) and ne¼1020cm�3

(dotted lines).

Fig. 9. Density dependence of Lyman-a (black), Lyman-b (red) and Lyman-g

(blue) line shifts in plasmas with temperatures te ¼ 0.4 eV (full lines) and

te ¼ 1.0 eV (dashed lines).

Fig. 10. Density dependence of Balmer-a (black), Balmer-b (red) and Balmer-

g (blue) line shifts for plasmas with plasma temperatures te ¼ 0.4 eV (full

lines) and te ¼ 1.0 eV (dashed lines).
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4. Conclusions

In the present work we have studied the intensities and shifts
of Lyman and Balmer lines of hydrogen-like ions imbedded in
warm high density plasmas. The effective charged particle
interaction is described by a static potential (Eq. (1)) that includes
the manyebody correlations, electron degeneracy, gradient cor-
rections to the free energy and exchange-correlation effects. The
Sch€odinger equation for hydrogen-like ion with this potential is
scalable with respect to nuclear charge. The eigenvalue problem
was solved by using a large set of Slater-type-orbital basis

functions. Intensities and line shifts of Lyman and Balmer tran-
sitions with upper states having principal quantum number n � 5
in the density and scaled temperature ranges 0.8 � (1018e1020)
cm�3 and 0.3e1.2 eV, respectively, were calculated. As ex-
pected, the peaks of line intensities for a fixed plasma density
increase with the increase of temperature, while for a fixed
temperature they decrease with the increasing density. It is also
shown that for a fixed density the shifts of Lyman- and Balmer-a,
b, g lines decrease with the increasing temperature, while for a
fixed temperature they increase when density increases. In the
case of Balmer line shifts, that represent an average of the line
shifts of np-2s, ns-2p, nd-2p transitions, the above density and
temperature dependences can be violated at their upper side as
one (or both) of np and nd states can become unbound. The
comparison of our results for the Ha line shift with experimental
data in the density range ð0:5e10Þ � 1018cm�3 (Te¼ 5e10 eV)
shows on average an agreement within 20% and confirms the
non-linear increase of the shift with density increase.
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