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Laser radiation pressure proton acceleration in gaseous target
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Abstract

An analytical model for hole boring proton acceleration by a circularly-polarized CO2 laser pulse in a gas jet is developed. The plasma
density profile near the density peak is taken to be rectangular, with inner region thickness l around a laser wavelength and density 10% above
the critical, while the outside density is 10% below the critical. On the rear side, plasma density falls off rapidly to a small value. The laser
suffers strong reflection from the central region and, at normalized amplitude a0 � 1, creates a double layer. The space charge field of the double
layer, moving with velocity vfbz, reflects up-stream protons to 2vf velocity, incurring momentum loss at a rate comparable to radiation pressure.
Reflection occurs for vf � up

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zf lm=mp

p
, where m and mp are the electron and proton masses, zf is the distance traveled by the compressed

electron layer and up is the plasma frequency. For Gaussian temporal profile of the laser and parabolic density profile of the upstream plasma,
the proton energy distribution is narrowly peaked.
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1. Introduction

Laser-driven proton acceleration is an active field of
research due to its potential applications, including proton
therapy of tumor. The prominent schemes of acceleration are
target normal sheath acceleration [1e4], hole boring [5,6],
radiation pressure acceleration [7e13] and shock acceleration
[13]. While many experiments employ thin foil targets irra-
diated by 1.06 mm or 0.8 mm laser, some experiments [14e16]
have been conducted on gas jet targets irradiated by 10.6 mm
CO2 laser micropulses.

Palmer et al. [15] have reported the generation of 1 MeV
proton beam with 4% energy spread using 6 ps circularly-
polarized CO2 laser pulses of intensity I � 1016 W=cm2

(normalized amplitude of a0 � 0:5) on a hydrogen jet with
triangular density profile of width Ln ¼ 825 mm and density
peak of 10 times the critical value, i.e., n0max ¼ 10ncr. The
results are interpreted as hole boring acceleration where ra-
diation pressure driven plasma front pushes the upstream
protons to twice the shock front velocity.

Haberberger et al. [16] have conducted experiments with 3 ps
linearly-polarized CO2 laser micropulses of intensity I � 6:6�
1016 W=cm2 (a0z1:5� 2:5) impinged on a hydrogen jet of
density peak 3 to 5 times ncr. They observe steepened plasma
density profile and generation of 22 MeV protons with 1% en-
ergy spread. PIC simulations reveal formation of an electrostatic
shock that reflects upstream protons with energy comparable to
the one observed, but with much larger energy spread. It is
claimed that the shock is not driven by radiation pressure
because that would lead to much lower energies.

These experiments have brought into focus two
scenarios of hole boring acceleration. In the first case, a
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circularly-polarized laser of intensity I impinged on an over-
dense plasma half space of density n pushes the plasma ahead
of it as a piston. The piston acquires a velocity vf at which the
rate of momentum imparted to the upstream plasma equals the
radiation pressure. 2I=c ¼ 2nmpv

2
f , giving ion energy

εp ¼ 2mpv
2
f ¼ 2I=nc; here mp is the ion mass and cis the speed

of light in vacuum. Palmer et al. [15] observe this sort of
dependence of proton energy on I=n. Robinson et al. [17] have
generalized the problem to relativistic speeds. Macchi and
Benedetti [18] provide a physical picture of moving layer as
an electron ion double layer, created by the laser ponder-
omotive force. The moving double layer accelerates upstream
ions. These theories, however, consider plasma of uniform
density.

In the second case, a linearly-polarized laser pulse exerts a
second harmonic ponderomotive force on electrons and heats
them locally to temperature Te ¼ mc2ðg� 1Þ, where
g ¼ ð1þ a20=2Þ1=2, m is the electron rest mass. This creates a
shock front. As the shock propagates with supersonic speed, it
reflects the upstream ions at twice its speed imparting them
large energy as reported by Haberberger et al. Levy et al. [19]
have looked into the hole boring problem under the combined
effects of piston action and plasma heating.

Ji et al. [20] have put forth the scheme of radiation-pressure-
driven dragging-field proton acceleration. They consider an
overdense hydrogen plasma foil in a very-low-density upstream
plasma. The laser ponderomotive force pushes the foil elec-
trons, leaving behind an extended ion space charge. As this
structure, under radiation pressure, moves ahead, its space
charge field (dragging field) reflects the upstream protons
imparting them high energy. For a0z200, the scheme predicts
energies in hundreds of GeV but with large energy spread. The
analytical treatment ignores the momentum loss of the moving
structure to upstream protons. Yu et al. [21] and Zheng et al.
[22] also consider the ultra-relativistic laser irradiance
(a0 ¼ 250) and a foil thickness smaller than the one required
for the formation of quasi-static double layer. The upstream
plasma has a low charge-to-mass ratio (Z=A ¼ 1=3) and a very
low density. Their 1D PIC simulations reveal snow plow
accumulation of upstream plasma electrons at the radiation-
pressure-compressed layer of foil electrons. The heavier up-
stream ions, however, are run over by the moving proton-
electron double layer. The space charge field seen by the pro-
tons gets strengthened and the protons may be accelerated to
hundreds of GeV energy in a distance of 1 cm, if the double
layer preserves its stability in two dimensions.

In this paper, we present a scenario of dragging field ac-
celeration of protons in a hydrogen jet irradiated by a
circularly-polarized CO2 laser pulse. For a plasma slab of
thickness of the order of laser wavelength and density 10%
above critical, with the outside plasma density 10% below
critical, we note that the laser exerts a large radiation pressure
force � 1:9I=c on slab electrons and creates an ion-electron
double layer. As the double layer is accelerated, it incurs
momentum loss to upstream protons. We choose a density
profile with the flat central peak slightly above the relativistic
critical density and the outside density below critical. A couple

of wavelengths away the upstream plasma density drops down
to low values. As the double layer propagates through the
under-dense hydrogen plasma of density nuðzÞ with velocity
vfbz, the velocity of plasma ions measured in the frame moving
with the front is �vfbz. They suffer reflection due to the space
charge field of the moving front with velocity vfbz with respect
to the front. The double layer suffers a net retardation force
due to these protons.

In Sec. 2 we study laser reflection from a near-critical
density plasma slab placed in a slightly underdense plasma
and then consider a gas jet with parabolic density profile and
deduce the condition for profile steepening and double layer
formation. In Sec. 3 we study the velocity evolution of the
double layer pushed by the radiation pressure and losing
momentum to the reflected upstream protons. In Sec. 4 we
discuss the results.

2. The model problem

2.1. Laser reflection from a near-critical density plasma
slab

Consider a circularly-polarized-CO2-laser-irradiated
hydrogen gas jet with a parabolic density profile, having a
peak density slightly more than the relativistic critical density.
In order to appreciate plasma density profile steepening and
formation of a double layer near the density peak, we begin
with the linear problem of reflection of a laser beam of fre-
quency u normally incident on a rectangular plasma density
profile (Fig. 1), expressed in terms of plasma frequency as

u2
p ¼

�
u2

p1 for jzj> l;

u2
p2 for jzj< l:

ð1Þ

The intensity transmission coefficient of the slab is

T ¼ 16a2h2��ðaþ ihÞ2e�ual=c � ða� ihÞ2eual=c��2; ð2Þ

where h ¼ ð1� u2
p1=u

2Þ1=2, a ¼ ðu2
p2=u

2 � 1Þ1=2 and c is the
speed of light in vacuum. In a special case of
u2
p2=u

2 � 1 ¼ 1� u2
p1=u

2 (i.e., density in the slab is above
the critical density by the same amount as it is below critical
density outside), a ¼ h, the above expression reduces to

T ¼ 1

cosh2ðual=cÞ : ð3Þ

For lz2pc=u ¼ lL (laser wavelength), a gentle density
step, corresponding to u2

p2=u
2 ¼ 1:04 and u2

p1=u
2 ¼ 0:96

(i.e., with 8% density change), gives Tz0:4, a substantially
reduced transmittivity. For u2

p2=u
2
L ¼ 1:1 and u2

p1=u
2
L ¼ 0:9

(20% density change), Tz0:06, i.e., the transmittivity is
severely reduced. The laser of intensity I exerts a radiation
force

Fp ¼ 2I

c
ð1� TÞ ð4Þ
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on the plasma slab, which is close to the radiation pressure a
plasma slab placed in vacuum would experience.

2.2. Parabolic density profile: laser induced steepening

Now consider a parabolic density profile, encountered in
gas jet targets,

u2
p ¼

�
u2

p0

�
1� z2

�
L2
n

�
for jzj<Ln;

0 otherwise:
ð5Þ

A laser pulse impinges on it from the left with electric field

E¼ Aðbxþ ibyÞexp½ � iuðt� z=cÞ�;

A2 ¼ A2
0 exp

"
�
�
t� z=c

tL

	2
#
:

ð6Þ

The low amplitude portion of the pulse reflects from

z¼�z0 ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�u2

�
u2

p0

q
Ln; ð7Þ

whereas the high amplitude portion of the pulse reflects from

z¼�zm ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�u2g0

�
u2

p0

q
Ln; ð8Þ

where g0 ¼ ð1þ a20Þ1=2, a0 ¼ ðeA0=mg0cÞG, A0 ¼ ðm0cI0Þ1=2,
m0 is the free space permeability, ncr is the critical density and
�e and m are the electronic charge and rest mass. g0 contains
a factor G that accounts for dielectric swelling (increase in
laser amplitude as it approaches higher and higher density).
For u2

p0=g0u
2z1, the distance between the two reflection

points is about z0zLn. The pulse covers this distance in time
tL. Thus the velocity of critical layer propagation is

vczLn=tL. Let us compare this with the speed with which
plasma is pushed by the radiation pressure. The acceleration of
the plasma of width l (having ln0mp mass per unit area) is

g¼ 2I0ð1� TÞ
cl n0mp

¼ a20
m

mp

c2u2

u2
pl

ð1� TÞ: ð9Þ

Time taken by the plasma to cover a distance of nearly z0 is
ti ¼ ð2z0=gÞ1=2. This time should be smaller or equal to pulse
duration tL, i.e.,

a20>2
mp

m

lLn

c2t2L
: ð10Þ

For lz10 mm, this condition amounts to Ln � 2:2t2La
2
0,

where tL is in picoseconds and Ln is in micrometers. In Fig. 2
we have plotted the density scale length versus normalized
laser intensity boundary below which profile steepening would
occur. For Lnz40 mm and tL ¼ 3 ps, steepening would occur
for a20 > 2. In case of succession of pulses one may achieve it at
smaller values of normalized laser amplitude. Haberberger
et al. [16] observed such a profile with linearly-polarized CO2

laser of a0z2:5. One should observe it with circular polari-
zation too. Once a narrow overdense plasma peak is created by
the train of pulses, a subsequent pulse sees it as an overdense
plasma foil, and polarizes it, creating a moving double-layer.

3. Radiation-pressure-assisted hole boring acceleration

The radiation pressure force on the double layer of areal
mass density n0mpl, in the non-relativistic limit, is 2I=c per
unit area. The momentum loss rate to the upstream protons of
mass mp is 2numpv

2
f . Hence, the equation of motion governing

velocity vf of the double layer is

Fig. 1. (a) A rectangular plasma density profile irradiated by CO2 laser from the left. (b) The parabolic plasma density profile of a gas jet with an elevated peak

created by radiation pressure. The peak turns into a moving double layer. (c) In the moving frame of the double layer, upstream protons enter the layer with velocity

�vfbz and leave with vfbz.
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n0mpl
dvf
dt

¼ 2I

c
� 2numpv

2
f : ð11Þ

One may mention that the reflection of upstream protons
from the double layer occurs due to the space charge field in
the double layer, primarily in the ion region; in the compressed
electron layer the field falls from n0el=ε0 to zero in a shorter
distance. Initially the field in the ion layer is Es ¼ n0ez=ε0.
However, with time the ion layer spreads. At time t it extends
from z ¼ 0 to z ¼ zf ¼ n0e

2lt2=2ε0mp (in the non-relativistic
limit) with ion density and space charge field

ni ¼ n0

1þ zf
�
l
; Es ¼ n0ez�

1þ zf
�
l
�
ε0

: ð12Þ

The potential difference across the layer is

4s ¼
n0ez

2
f

2ε0
�
1þ zf

�
l
� : ð13Þ

The upstream proton will suffer reflection from the layer
when e4s >mpv

2
f =2, i.e.,

vf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0e2

mpε0

z2f
1þ zf

�
l

s
zup

ffiffiffiffiffi
zf l

p ffiffiffiffiffiffi
m

mp

r
; ð14Þ

and the maximum proton energy gain in the laboratory frame
is

εpm ¼ 2mpv
2
f ¼ 2mu2

p

ffiffiffiffiffi
zf l

p
: ð15Þ

Writing dvf=dt ¼ vfdvf=dz one may write Eq. (11) as

d

dz
v2f þ

4nuðzÞ
n0l

v2f ¼ 2
a20c

2

l

ncr
n0

m

mp

: ð16Þ

In the case when laser amplitude is constant in time, this
equation integrates to give

v2f ¼
2
4v2f0 þ 2

a20c
2

l

ncr
n0

m

mp

Zz

0

ehðzÞdz

3
5e�hðzÞ;

hðzÞ ¼ 1

n0l

Z z

0

nuðzÞdz;
ð17Þ

where vf ¼ vf0 at z ¼ 0.

For a constant density upstream Eq. (17) takes the form

v2f ¼ v2f0 þ
a20c

2

2

ncr
nu

m

mp



1� e

�4nuz
n0 l

�
: ð18Þ

One may notice the enhancement in velocity due to
reduction in upstream plasma density nu. For nu=ncr ¼ 0:1,
a0 ¼ 2:5, vf0 ¼ 0, one may achieve vf=c ¼ 0:13, giving proton
energy εp ¼ 2mpv

2
pz30 MeV.

In the case of linear density profile upstream,
nu ¼ n00ð1� z=LnÞ for z<Ln, one obtains

v2f ¼
�
v2f0 exp

�
l2n
l20

	
þ 2a20c

2ncr
n0

m

mp

�
erf

�
ln
l0

	
� erf

�
ln � z

l0

	

�
�
exp

"�
z� ln
l0

	2
#
;

ð19Þ

where l0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0lnl=n

0
0

p
. As z/Ln and if one takes 2ln=l0[1

and vf0 ¼ 0, one obtains

v2f
c2

¼ a20
ncr
n0

m

mp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0lnp

n00l

r
: ð20Þ

For a0 ¼ 2:5, ncr=n0 ¼ 1=3, n00=n0 ¼ 0:1, mp=m ¼ 1836
and ln=l ¼ 40, one obtains v2f =c

2 ¼ 0:03 and proton energy
εp ¼ 2mpv

2
f ¼ 60 MeV.

For a parabolic density profile, nuðzÞ ¼ nu0ð1� z2=L2nÞ,

hðzÞ ¼ 4nu0
n0l

z

�
1� z2

3L2
n

	
ð21Þ

and Eq. (17), for z � 0:7Ln, simplifies to

v2f ¼ v2f0 þ
a20c

2m

2mp

ncr
nu0

�
1� exp

�
� 4

nu0
n0

z

l

	
: ð22Þ

In Fig. 3 we have plotted vf=c as a function of nu0=ncr for
z=l ¼ 25 and a20 ¼ 2:5. The foil velocity, hence reflected
proton energy, decreases with increasing nu0=ncr as mo-
mentum loss rate by the moving layer increases. For upstream
density 1% of the critical density, the proton velocity turns out
to be 0:4c; whereas for upstream density 10% of the critical
density, the proton velocity is 0:16c.

3.1. Relativistic case

In case the double layer acquires relativistic velocity, Eq.
(16) modifies to

d

dz
v2f þ

4nuðzÞ
gfn0l

v2f ¼ 2
a20c

2

l

ncr
n0

m

mpg
3
f

1� vf
�
c

1þ vf
�
c
; ð23Þ

where gf ¼ ð1� v2f =c
2Þ�1=2 and we have used d=dt ¼ vfd=dz,

dðgfvfÞ=dz ¼ g3
f dvf=dz. This equation differs from Ji et al.'s as

they have neglected the second term on the left hand side.
Equation (21) can be solved numerically for suitable profiles
of nuðzÞ. It can be written as

Fig. 2. Boundary line in density-scale-length-normalized intensity parameter

space. Below the line ponderomotive-force-led profile steepening occurs.
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dvf
dt

¼ 2
a20c

2

g3
f l

ncr
n0

m

mp

1� vf
�
c

1þ vf
�
c
� nu0
n0l

v2f
gf

�
1� z2

L2
n

	
ð24Þ

and solved in conjunction with

dz

dt
¼ vf ;

a20 ¼ a200 exp

�
� 1

t2L



t� z

c

�2

:

ð25Þ

The energy of double layer reflected protons is

εp ¼ mpc
2

8>><
>>:
2
641þ 4v2f

.
c2


1� v2f

.
c2
�2

3
75

1
2

� 1

9>>=
>>;¼ 2mpv

2
fg

2
f : ð26Þ

3.2. Proton energy distribution function

We may deduce the proton energy distribution function as
follows. The number of upstream protons reflected between z
and zþ dz, per unit area, is

dN ¼ nudz: ð27Þ
These protons have energy in the range between εp and

εp þ dεp, where [from Eq. (26)]

dεp ¼ 2mpvfg
4
f dvf : ð28Þ

Using this we may write

dN ¼ fdεp; ð29Þ

f ¼ nu0
�
1� z2

�
L2
n

�
2mpvfg

4
f
dvf
dz

: ð30Þ

Wehave solved Eqs. (24)e(30) numerically for the following
parameters: l n0=ncr ¼ a0lL=2p, uLtL=2p ¼ 30, a0 ¼ 5,
nu0=ncr ¼ 0:2; 0:4 and uLLn=2pc ¼ 10. In Fig. 4(a) we have
plotted the normalized velocity of the double layer as a function
of distance normalized to laser wavelength (vf=c versus z=lL) for
nu0=ncr ¼ 0:2. The velocity rises linearly initially and then at-
tains almost a plateau when the radiation pressure nearly bal-
ances the momentum transfer rate to upstream protons. Beyond
this point the velocity rises mildly in the tail of the laser pulse.
Fig. 4(b) shows the normalized proton distribution function
FðεpÞ ¼ f2mpc

2=nu0lL as a function of energy in units of 2mc
2,

i.e., in MeV. The distribution function is narrowly peaked at
εpz150 MeV. Fig. 5(a) and (b) show similar plots for
nu0=ncr ¼ 0:4. The foil velocity rises with z as the momentum
loss rate to reflected ions decreases due to their decreasing
number. However, with a Gaussian pulse of lower intensity, the
radiation pressure term in the tail of the pulse decreaseswith time
and acquires values lower than the momentum loss term, hence
the velocity of the double layer mildly decreases. The energy
distribution function is more sharply peaked, while the energy
εpm at which the peak occurs, decreases. Fig. 6 shows the plots
for nu0=ncr ¼ 0:2; 0:4; 0:6 and a0 ¼ 2:5. The proton energy
distribution is sharply peaked in all the three cases. However, the
shoulders in energy distribution in Figs. 4 and 5 are symmetric,
while in Fig. 6 these are asymmetric with an abrupt drop at the
high energy side. The energy scaling with a0 appears a bit faster
than a20. This seems to be due to the nonlinear nature of mo-
mentum loss rate to upstream ions. The optimum proton energy
εpm decreases with the density of the upstream plasma.

4. Discussion

Radiation-pressure-driven hole boring proton acceleration,
using circularly polarized laser, is similar to the dragging field

Fig. 3. Normalized velocity of the double layer as a function of nu0=ncr for

parabolic density profile of upstream plasma for z=l ¼ 25 and a20 ¼ 2:5.

Fig. 4. Normalized velocity of the moving double layer (irradiated by a Gaussian laser pulse) through a plasma with parabolic density profile. The parameters are:

a0 ¼ 5:0, uLtL=2p ¼ 30 and nu0=ncr ¼ 0:2.
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ion acceleration of Ji et al. The crucial requirement is the for-
mation of an overdense plasma double layer. It can be achieved
by choosing a gas jet plasma of density close to the relativistic
critical density and relying on the ponderomotive-induced
steepening of the density profile to form a moving double
layer. Ji et al. considered an ultrathin foil of overdense plasma
while the upstream plasma was of very low density and the
normalized laser amplitude was a0[1. We explored the
plasma near-critical density, considered a0 around 1 or 2 and
included momentum loss of the double layer to reflected up-
stream protons.

The combination of temporal Gaussian intensity profile of
the laser and parabolic density profile of the upstream
underdense plasma appears to be unique to ensure a stable
double-layer velocity, which leads to a quasi-monoenergetic
proton beam. The optimum energy εm at which the upstream
proton energy distribution has a sharp peak, decreases with the
increase in upstream plasma density. However, the reflection
of upstream protons occurs as long as the double-layer ve-

locity vf � up

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zf lm=mp

p
. This condition limits the upstream

proton energy to few-hundred-MeV range. The present treat-
ment is applicable as long as the total number of protons re-
flected is significantly lower than the total number of protons
in the double layer.

The treatment ignores shock formation, as for a circularly-
polarized laser second harmonic ponderomotive force van-
ishes and electrons are not heated enough to give rise to a shock.

For a shock to develop the electron pressure in the laser-
compressed plasma must be comparable to the laser radiation
pressure in order for the shock front to propagate away from the
laser reflection region. Else we have hole-boring. With circular
polarization one can also get density profile steepening and the
dragging field of ensued double layer could as effectively reflect
the upstream protons as the shock in the case of linear polari-
zation. Palmer et al. employed larger density scale length hence
their upstream plasma density is large. As a result they get
smaller energies of reflected protons. Their laser intensity is also
less than that of Haberberger et al. With proper structuring of
density profile and laser temporal profile one may get quasi-
monoenergetic protons of several tens of MeV with circularly-
polarized CO2 laser of intensity 1017 W=cm2.

Recently Passoni et al. [23] have come up with nano-
structured double layer targets, comprising carbon foam
layer of density 7 mg=cm3 on 0.75 mm thick aluminum foil.
On irradiating it with 1 mm laser of a0 ¼ 5 they attained a
plasma density near the critical density and obtained ion en-
ergies of the order of 30 MeV via TNSA. However, it raises
the possibility of employing solid foils to create near-critical
density plasma for RPA-hole boring at 1 mm laser wavelength.

The semi-analytical approach adopted here for the creation
of double layer brings out the physics of the process and may
act as a bench mark for state of the art PIC simulations.
Sharpened density profiles have been reported for linear
polarization.

Fig. 6. Normalized velocity of the moving double layer (irradiated by a Gaussian laser pulse) through a plasma with parabolic density profile. The parameters are:

a0 ¼ 2:5, nu0=ncr ¼ 0:2; 0:4; 0:6 and uLtL=2p ¼ 30.

Fig. 5. Normalized velocity of the moving double layer (irradiated by a Gaussian laser pulse) through a plasma with parabolic density profile. The parameters are:

a0 ¼ 5:0, uLtL=2p ¼ 30 and nu0=ncr ¼ 0:4.
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